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FROM THE EDITOR 

This “Special Issue” is devoted mainly to first part of the papers presented 
at the IASS International Conference on Small Area Estimation held in 
Riga, Latvia, 20-21 August 1999. It contains 12 extended and updated 
papers presented at the Conference and one article from Ukraine on Using 
Welfare Statistics to Evaluate Ways to Conserve Gas in Ukraine (by O. 
Romanyuk and A. Levitsky). The second part of the presented papers at 
the Riga Conference, with summing up remarks of the Conference 
prepared by Prof. D. Pfeffermann and Prof. JNK. Rao, will be published in 
the June 2000 issue of our journal. 

This was already the second conference devoted to the problems of small 
area estimation that was organised in a transition country – the previous 
one was organised in Warsaw, Poland, in 1992. Selected papers of the 
Warsaw Conference were also published in Statistics in Transition, in 1994 
(vol. 1, Number 6). 

The Riga Conference was organised on the initiative of the Baltic 
countries, and was aimed at improving knowledge transfer of new 
methods. Results of the Conference are of interest to all statisticians 
working in this field but it is of particular interest for the economies in 
transition in Central and Eastern European countries and the former Soviet 
Union countries, where complete reporting and complete statistical 
investigations are to be replaced or have been replaced with sample 
surveys, the production of reliable small area statistics has emerged as a 
pressing and frequently difficult and costly problem. 

Scientific programme of the Conference was prepared by the following 
members of the International Programme Committee: 

Ödon Éltetö (Hungary), Wayne A. Fuller (USA), Jan Kordos (Poland, 
chair), John Kovar (Canada), Juris Krumins (Latvia), Janis Lapinš 
(Latvia), Danny Pfeffermann (Israel), Richard Platek (Canada), J.N.K. 
RAO (Canada), Carl-Erik Särndal (Canada), Dennis Trewin (Australia) 
and Janusz Wywiał (Poland). 
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The Conference was organised by the International Association of Survey 
Statisticians (IASS), the Central Statistical Bureau of Latvia, and the 
University of Latvia. In addition, the IASS Short Course “Introduction to 
Small Area Estimation“ with Prof. J. N. K. Rao as the course leader was 
organised in Riga a day before the Conference. Detailed report on the Riga 
Conference, prepared by J. Lapinš, was published in the December 1999 
issue of our journal. 

Pre-conference Proceedings with 15 invited papers and 16 contributed 
papers were published before the Conference(see: IASS Satellite 
Conference on Small Area Estimation, CONFERENCE PROCEEDINGS, 
Riga, Latvia 20-21 August 1999, pp 297). However, contributed papers 
were restricted to 5 pages, and invited papers might be updated after the 
Conference. For these reasons we have decided to publish in our journal 
after the Conference extended and updated versions of the papers. 

Before presenting the papers published in this issue, we would like to draw 
attention of our readers to some papers published after the Warsaw 
Conference. In 1994 two interesting articles were published: 

i. Ghosh and Rao [see: M. Ghosh and J.N.K. Rao (1994). Small area 
estimation: an appraisal. Statistical Science, 9, 55-93] presented a 
comprehensive overview and appraisal methods for small area 
estimation, covering the literature to 1992-1993;  

ii. Singh, Gambino and Mantel (see: M. P. Sing, J. Gambino and H.J. 
Mantel. Issues and strategies for small area data. Survey 
Methodology, vol. 20,1994, pp. 3-22) discussed survey design 
issues that have an impact on small area statistics.  

In 1996 Schaible [see: W.L. Schaible (Editor). Indirect Estimators in U.S. 
Federal Programs. Lecture Notes in Statistics No. 108. New York: 
Springer-Verlog] has given excellent account of the use of indirect 
estimators in U.S. Federal Programs. In addition, numerous invited and 
contributed sessions on small area estimation have been organised at recent 
professional statistical meetings, including the American Statistical 
Association Annual Meetings and the International Statistical Institute bi-
annual sessions. 

In 1999 J.N.K. Rao published in Survey Methodology very interesting 
article on small area estimation (see: J.N.K. Rao, Some recent advances in 
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model-based small area estimation. Survey Methodology, vol. 25, No. 2, 
December 1999, pp. 175-186). He gives an overview of the methods used 
for small area estimation. This is an update of his previous overview 
published in 1994 with Ghosh mentioned above. He first presents a general 
discussion on small area models, making a distinction between area level 
models and unit level models. He then describes the development in the 
three main approaches for inference based on these models: empirical best 
linear unbiased prediction (EBLUP), empirical Bayes (EB) and 
hierarchical Bayes (HB), and gives several examples of recent 
applications. Finally, he presents an interesting discussion identifying the 
gaps and areas that require further research. 

Five invited papers presented at the Riga Conference are not included in 
our journal and are to be published in other statistical journals (some in 
Survey Methodology): 

1. Danny Pfeffermann (Israel), Small Area Estimation – Big 
Developments.  

2. Yong You and J.N.K.Rao (Canada), Hierarchical Bayes estimation 
of small area means using two-level models.  

3. M. Ghosh (USA): Some Recent Results on Empirical Bayes 
Methods for Small Area Estimation.  

4. R. Lehtonen and A. Veijanen (Finland): Domain Estimation with 
Logistic Generalized Regression and Related Estimators.  

5. D. Marker (USA): Producing Small Area Estimates from National 
Surveys: Methods for Minimizing Use of Indirect Estimators.  

The following papers are included in this issue: 

1. T. Bryan (USA), U.S. Census Bureau Population Estimates and 
Evaluation with Loss Functions.  

2. Ö. Éltető (Hungary), Enlargement of the Sample of the Hungarian 
LFS to Get Reliable Small Area Estimates for Labour Market 
Indicators.  
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3. P. D. Falorsi, S. Falorsi and A. Russo (Italy), A Conditional 
Analysis of some Small Area Estimators in Sampling with Two 
Primary Units Selected in each Stratum.  

4. W. A. Fuller and Junyuan Wang (USA), Geographic Information in 
Small Area Estimation for a National Survey.  

5. J. Gambino, P. Dick (Canada), Small Area Estimation Practice at 
Statistics Canada.  

6. J. Harvey (Australia), Small Area Population Estimation Using 
Satellite Imagery.  

7. P. Heady, P. Clarke, G. Brown, A. D'amore and B. Mitchell (The 
U.K.), Small Area Estimates Derived from Surveys: ONS Central 
Research and Development Programme.  

8. Li-Chun Zhang (Norway), Some Norwegian Experience with Small 
Area Estimation.  

9. F. Moura, H. S. Migon and M. A. R. Ferreira (Brazil), Small Area 
Estimation for Binary Data via Bayesian Hierarchical Models.  

10. J. Kordos and J. Paradysz (Poland), Some Experiments in Small 
Area Estimation in Poland.  

11. N. A. Nechval and K. N. Nechval (Latvia), Detecting a Change 
Point in a Sequence of Small Area Statistics.  

12. E. Getka-Wilczyńska (Poland), Estimation of Total Domain in 
Finite Population.  

Last article in this issue entitled Using welfare statistics to evaluate ways 
to conserve gas in Ukraine by O. Romanyuk and A. Levitsky, is indirectly 
also connected with small area statistics. It shows how local administrative 
statistics can be used as the basis for analysing important economic and 
social policy issues. Ukraine, for example, urgently needs to develop a 
programme to install gas meters for residential customers. But local gas 
providers are not required to report to the Government on individual gas 
use. This article describes how statisticians were able to use administrative 
statistics from Ukraine’s means-tested assistance housing subsidy program 
to fill this gap. Caseload databases from a sample of local welfare offices 
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were used to estimate actual gas use by individual families. These statistics 
were then used to estimate the possible savings from the installation of 
meters. The estimates show that the costs of installing gas meters in homes 
of low-income families that use natural gas to heat their homes will be 
recovered within two years. Also, the estimates show that a change in the 
normative used as the basis for billing households without gas meters will 
provide an immediate savings to the welfare programme. 

Jan Kordos 
The Editor 
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U.S. CENSUS BUREAU POPULATION ESTIMATES 
AND EVALUATION WITH LOSS FUNCTIONS 

Thomas Bryan1

ABSTRACT 

The Population Estimates Branch (PEB) of the U.S. Census Bureau is 
responsible for producing state, county and subcounty population estimates for 
the entire United States. The annual dataset of estimates contains over 80,000 
records with more than 50 variables. Historically, MAPE and numeric 
differences have been used to evaluate the estimates. Today, it is suggested 
that for very large data series that these evaluation tools have been pushed to 
the limit of their usefulness and that new tools should be examined. PEB has 
responded by developing an evaluative statistical tool known as a “loss 
function” to detect large relative errors and to evaluate alternate series of 
estimates. A discussion of population estimates is presented with examples of 
how to calculate and utilise loss functions for outlier detection and estimates 
evaluation. 

Introduction 

The Population Estimates Branch (PEB) of the U.S. Census Bureau is 
responsible for producing state, county and subcounty population estimates for 
the entire United States. A combination of population estimate techniques is used, 
primarily because available input data and different techniques have historically 
been shown to create the most accurate estimates at different geographic levels. In 
developing and improving population estimate techniques, one of the most 
difficult elements is not the creation of estimates via different methods, but, 
rather, a sound evaluation program. In many small area estimates programs, 
hundreds or even thousands of estimates may be generated for geographic 
entities. Customarily, statistical measures such as Mean Average Percent Error 
(MAPE), Mean Algebraic Percent Error (MALPE), absolute differences and 
visual evaluation have been used to review estimates and compare them to 
previous versions or to other sets of estimates. It has been argued, however, that 
                                                           
1 U.S. Census Bureau, Washington, DC, USA, e-mail: thomas.bryan@ccmail.census.gov.  
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measures such as MAPE are invalid for evaluating error in that they may be 
strongly affected by skewed distributions of error (Swanson, et al. 1999) and that 
they have a difficult time evaluating data series with wide ranges of population 
values. Other evaluative measures such as visual examination and error ranking 
are plagued by inefficiencies and the inability to detect the extent and magnitude 
of error. 

These shortcomings suggest that these evaluation tools have been pushed to 
the limit of their usefulness and that new tools should be examined. This paper 
provides a preliminary examination of such a tool, the loss function, which is 
under development by the PEB for use in its estimation evaluation program. 
Before describing this tool, however, the paper sets the context by first providing 
a brief review of the population estimate system used by PEB. 

Population Estimates 

The legal requirement for population estimates in the United States is given 
in Title 13 of the U.S. Code, which states, “ ...for the purpose of administering 
any law of the United States in which population or other population 
characteristics are used to determine the amount of benefit received by State, 
county, or local units of general purpose government, the Secretary of Commerce 
shall transmit to the President for use by the appropriate departments and agencies 
of the executive branch the data most recently produced and published under this 
title.” 

The Census Bureau generates subnational population estimates for general 
purpose functioning governmental units, which are those that have elected 
officials who can provide services and raise revenue. These estimates are vitally 
important and have a wide variety of uses. These include Federal and state funds 
allocation (Martin & Serow 1979), denominators for vital rates and per capita 
time series, survey controls, administrative planning, marketing guidance, and 
descriptive and analytical studies. (Long 1993) 

By any measure, developing an estimation system to meet these 
requirements is a formidable challenge. The United States is covered by a wide 
range of non-uniform geopolitical units, many with unstable boundaries. As these 
boundaries change intercensally, it is important to recognise that the geography 
used to create their population estimates is unique, and no longer conforms 
exactly to the decennial census geography. The PEB develops population 
estimates for counties, which are the primary legal divisions of most states; Minor 
Civil Divisions (MCDs), legally defined county subdivisions; and Incorporated 
Places, which include cities, boroughs, towns and villages (with exceptions). In 
summing estimates for these levels and their pieces, there are over 80,000 pieces 
of geography for which the PEB makes estimates. 

The difficulty of making accurate estimates for multiple, and oftentimes 
overlapping, levels of geography is compounded by the use of different methods 

 



STATISTICS IN TRANSITION, March 2000                                                             539 

and data sources. The results of these different methods and sources often must be 
reconciled in order to compile final estimates. These estimates are generated and 
reviewed concurrently, and are not necessarily produced in descending 
geographic order. A brief review of the estimation techniques is as follows: 
• National estimates are generated using the cohort-component method, taking 

the 1990 enumeration of resident population, adding births, net international 
migration and net movement of U.S. Armed Forces and civilian citizens to the 
United States, and subtracting deaths. 
• County estimates are created using a component change procedure called 

the tax return method (formerly called the administrative records 
method), which is a variant of the basic demographic equation. 
Household population by county is estimated by adding births and 
subtracting deaths from the base household population. Migrations of the 
population under 65 and 65 and over are estimated independently with 
administrative records. The under 65 migrating population is estimated 
from changes in addresses of tax filers and their dependants on federal tax 
returns, as collected by the U.S. Internal Revenue Service. The over 65 
migration is determined from changes in addresses in the U.S. Medicare 
system, which is the senior citizen health insurance program. To this 
household population, group quarters populations are added from county 
administrative records. The resulting total county estimates are then 
controlled to the new U.S. population total. 

• States are treated as tabulation geography rather than estimates 
geography, in that their estimates are created by summing the controlled 
county estimates. 

• Sub-county population estimates are made using a variation of the 
housing unit method known as the distributive method, which uses 
tabulations of housing stock as derived from administrative records, and 
calculates person-per-household (PPH) and occupancy rates to estimate 
the household population. To this household population, group quarters 
populations are added from county administrative records. Totals are then 
controlled to county household populations as calculated by the tax return 
method. 

Estimates Evaluation 

A population estimation system involves the collection of necessary data, a 
sound statistical procedure to create the estimates and an evaluative system to 
ensure the estimates are reasonable. One of the most difficult steps of a population 
estimates system is not the actual generation of the estimates, but their evaluation.  
Hoaglin et al. (1983: 1) write that there are two general phases in data analysis: 
exploratory and confirmatory. 
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Exploratory analysis isolates patterns and features of the data and reveals 
these forcefully to the analyst. Confirmatory analysis assesses the reproducibility 
of the observed patterns or effects. Given the many applications of official 
population estimates, it is imperative that tests be performed by those generating 
the estimates to assess their reliability and validity before they are certified as 
official. 

There are several methods to motivate exploratory and confirmatory 
analysis. Murdock and Ellis (1991: 242) propose the following five review 
approaches: 
1. Examine the (estimates) in comparison to historical patterns of population 

change and to changes in the components of population. 
2. Evaluate the (estimates) relative to other estimates or projections that have 

been made for the estimation or projection area or areas similar to the 
projection area. 

3. Submit them to selected knowledgeable persons in the estimation or 
projection areas for their assessment of the validity of the assumptions and the 
estimated or projected populations. 

4. Complete sensitivity analysis of the effects of alterations in key parameter 
assumptions. 

5. Perform historical simulations in which the estimation or projection model’s 
accuracy in estimating or projecting population in past periods is evaluated. 

For the first, second and fifth approaches, percent and absolute changes have 
typically been calculated to create exploratory values representing accuracy. 
Those places exhibiting the greatest amount of percent or absolute change, both 
over time and compared to other estimates, were then evaluated further in a 
confirmatory procedure to determine the validity of the estimates. 

The shortcomings of this system are twofold. First, assuming non-normality 
of the distribution of symptomatic values of change, there is no measure to define 
what values are, in fact, outliers. Frequently, a fixed amount of resources for 
evaluation dictate that “the highest x %” or “the yth highest” deviations be 
examined further. In fact, in reviewing population estimates both in time series 
and in ex-post tests, many times there are no outliers at all, and other cases have 
far more outliers deserving of review than stipulated by these subjective rules. 

Second, the use of absolute and percent changes concentrates analysis on the 
very largest and smallest places, as those commonly exhibit the most extreme 
absolute and percent changes, respectively. Pieces of geography with population 
values close to the mean of the series are easily overlooked with this method of 
evaluation, as contaminants may not be conspicuous. Barnett (1994: 395) writes 
that outliers are difficult to detect, as they are not necessarily extreme values, and 
can be cloaked to some extent by the frequently linear process of developing 
estimates. 

In fact, estimates may be considered accurate if they are “close to” the 
parameters they are estimating. Unfortunately, these are often unknown. The 

 



STATISTICS IN TRANSITION, March 2000                                                             541 

Panel on Small-Area Estimates of Population and Income (1980: 10) advises that 
a variety of measures of closeness or accuracy can be defined. Ideally, an 
estimation system should produce: 

1) low average error, 
2) low average relative error, 
3) few extreme relative errors, and 
4) absence of bias for subgroups. 

The first criterion, “low average error”, is perhaps the easiest to measure, as 
it usually refers to the mean of the algebraic percentage difference (MALPE) 
regardless of sign. The fourth measure, bias, is measured as the direction and 
quantity of error in subgroups of estimates relative to each other. In numerous 
rounds of U.S. county and subcounty population estimates, it has been well 
documented in ex-post tests that significant biases exist. (Panel on Small-Area 
Estimates of Population and Income 1980, Davis 1994) 

While the second criterion, “low average relative error” may be measured 
with such simple techniques as percent difference, this is rarely meaningful in the 
context of large data sets with a wide range of values. Thus, deriving a 
meaningful measure of low average relative error is significantly more difficult. 
Likewise, the third criterion, “few extreme relative errors” is very difficult to 
quantify in the same context. The definition of “relative” is subjective and can be 
measured by any number of scales and countless parameters.  

Traditional methods of measuring average relative error have included 
grouping estimates by population size. However, this does not provide the analyst 
an opportunity to evaluate one entire series of estimates against another. For 
example, if the population estimate values in a series range from 10 to 1,000,000, 
then it would be anticipated that large percent errors would exist for small areas, 
and small percent errors would exist for large areas. By grouping the estimates 
into population ranges, the average errors within ranges may be evaluated, but 
evaluation of the estimate series as a whole is still problematic. The average error 
of an entire series is not only biased by the distribution of the population values, 
but also lacks consideration for the magnitude of the absolute errors existent in 
places with large populations. 

As with any evaluative system focusing on relative errors, the effect of 
outliers must be considered. The detection of outliers is important not only insofar 
as they may indicate errors in an estimates process, but also that they are subject 
to close scrutiny by the public in general and users of the estimate specifically. An 
outlier can be defined as “an observation which deviates so much from other 
observations as to arouse suspicions that it was generated by a different 
mechanism.” (Hawkins 1980)  Barnett and Lewis (1994: 1) state that there are 
essentially three ways to contend with outliers: reject them (with the loss of 
genuine information); accept them (with the risk of contamination); or utilise 
robust methods of inference which employ all data but minimise the influence of 
outliers. It is always possible that places may experience extreme relative change, 
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which, upon further confirmatory investigation may be determined to be 
legitimate and explainable. Assuming an estimate is determined not to be valid by 
a confirmation process, the sources of the problem may be investigated and 
determined to be due to either a poor method, poor data, or potentially human 
error. 

Our objective is to develop an efficient system of comparing estimates 
methods and detecting outliers, ensuring the most accurate and reasonable 
estimates within the constraints of available time and resources. 

Loss Functions 

The use of loss functions and optimisation criteria assists in meeting this 
objective in that it is a time-efficient approach to quantifying the low average 
relative error and few extreme relative error measures in evaluating estimates. A 
Total Loss Function (1) creates a value representing a combination of weighted 
absolute and weighted percent difference between known and ex-post estimate 
values. 

                                                         (1) (L = f L e k L e ki i n n( , ), , ( , )K )
where i indexes the n areas. The arguments of L  may be given by the Loss 
Function (2):  

                          L e k Abs e k P e ki i
a

i i
a

i i( , ) ( , ) * ( , )= −1                               (2) 

where L(ei,ki) is the value of the loss function for a given area and ei and ki are the 
estimated and known estimates for the same area, respectively, Abs(ei,ki) is the 
absolute difference between e and k and a is its weight, P(ei,ki) is the percent 
difference between ei and ki and 1-a is the weight its weight. Simplified 
algebraically, the equation (3) reads: 

                          L e k
e k
ki i
i i

i
a( , ) =

−
−1                                               (3) 

making changes in weight applicable to the known value rather than the percent 
difference. When this function is applied, symptomatic values of relative 
difference are created. That is, values “in between” unweighted absolute error loss 
(|e-k|) and unweighted proportionate loss (|e-k|/k), with the location determined 
by the weight applied. In addressing criterion two, “low average relative error”, 
the values of L may be simply averaged to derive L . In addressing criterion 
three, “few extreme relative errors”, individual values of L may be evaluated 
within a series to detect outliers. 
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In establishing weight, it is intuitive that the greater the range of values in a 
known data series, the greater the relative impact of absolute differences and the 
smaller the relative impact of percent differences when compared to a test 
estimate. Smaller ranges of data are naturally influenced moreso by percent 
differences than by absolute differences. The influence of the percent or absolute 
difference on the resulting loss function value is determined by the weight.  

The robust nature of the loss function formula allows the analyst to develop 
“optimisation criteria” to define the relative impact of either the absolute or 
percent error on L. If estimates are to be used for distribution of funds, and the 
minimisation of misallocation is sought, a greater weight may be applied to reflect 
the importance of percent changes. If estimates are to be used by planners or 
decision makers for the evaluation of infrastructure needs, which necessitates 
evaluation primarily based on absolute changes, then a lesser weight may be 
applied. 

While the weight may be subjectively applied in this manner, it is 
recommended that a preliminary index be developed, whereby weights are 
determined by the range of the values in the data set, with any increase in weight 
of the absolute differences between the {ei} and {ki} be offset with a 
corresponding decrease in weight of the percent differences as shown in Equation 
(2). Extensive testing of estimates data in the PEB evaluation and review program 
has shown that the weight as generated by Function (4), in which a fraction 
between 0 and 1 is used to weight the percent difference, efficiently returns L 
values to detect outliers and effectively generates L  values for evaluation of 
multiple estimate series. 

                                       1
25

−
ln( )range

                                           (4) 

Recall that this weight is applied to the known value rather than the percent 
difference in the simplified equation. The principle of weight location is 
especially important for policy and administrative purposes, when the impact of 
estimate error in funding decisions must be analysed efficiently. The relative 
impact of an error, or change, of 10 persons on a community of 100 compared to 
the impact of 100,000 persons in a city of 10,000,000 is difficult to evaluate using 
percent or absolute changes independently. 

Applications 

As mentioned earlier, the loss function may be used both for the detection of 
outliers, as well as for comparing multiple series of estimates. In Example 1, an 
illustration of Approach 5, “Perform historical simulations in which the 
estimation or projection model’s accuracy in estimating or projecting population 
in past periods is evaluated”, is shown. Using the loss function formula on the 
range of known data in Table 1, a weight of .44 is derived. 
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Table 1. Detection of Outliers in Comparing Known and Estimate Values with 
Loss Functions 

Population 
Estimates p

Population 
Estimates c

Absolute 
Difference 

Percent 
Difference

Loss 
Function 

(L )

Range of Known 
Estimates     1 199 100 

Area 1 30 000 32 000 2 000           7% 21          
Area 2 7 500 7 800 300              4% 6            LN  (1,199,000)
Area 3 1 200 000 1 220 000 20 000        2% 42          0,44
Area 4 872 000 882 000 10 000         1% 24          25
Area 5 150 000 155 000 5 000           3% 26          
Area 6 900 1 100 200              22% 10          
Area 7 67 000 70 000 3 000           4% 23          
Area 8 120 000 130 000 10 000         8% 58        
Area 9 500 000 486 000 (14 000)        -3% 44          
Area 10 24 000 25 000 1 000           4% 12          
Area 11 83 000 86 000 3 000           4% 21          
Area 12 214 000 208 000 (6 000)          -3% 27          

=1-

L c p
c p

pi i
i i

i
( , ) .=

−
44

 
Many questions are raised by the results. There are wide ranges in both 

percent and absolute differences, resulting in a weight slightly below .5. If scaled 
by absolute difference, Area 3, with an absolute difference of 20,000, would 
appear to have the largest change. If scaled by percent difference, Area 6, with a 
percent difference of 22%, would appear to have the largest change. Area 8, 
however, appears to exhibit the largest relative change with a loss function value 
of 58. The effectiveness of the loss function in assigning relative error can be seen 
in Area 1 and Area 11, which differ by 53,000 persons in their base populations, 
yet have an identical loss function value of 21. 

After ranking the areas by the loss function, the next necessary step is to 
determine whether any of the most extreme values are unusual to the degree 
which they could be determined outliers. The results of the loss function are non-
normal, and as such, using evaluative measures based on normality are not 
applicable. The function is designed to generate highly skewed data with high 
kurtosis. Therefore, alternate measures of outlier detection must be implemented. 
A viable alternative is the use of “interquartile range” tests, displayed visually as 
boxplots. A boxplot is a resistant graphic device that helps identify location, 
spread, skewness, tail length, and outliers. (Emerson & Strenio 1983: 58-61, 
Hintze 1996: 273-280) Most statistical packages are capable of generating 
boxplots. The left and right edges of the plot are located at the 25th and 75th 
percentiles, defining the “interquartile range”. The heavy center line is drawn at 
the sample median and the central plus (+) sign or diamond (depending on 
software) is at the mean. The horizontal lines, called whiskers, extend from the 
box as far as the data extend, to a distance of 1.5 interquartile ranges. In SAS, any 
value greater than 1.5 interquartile ranges is identified with a “0”, while any value 
greater than 3 interquartile ranges is identified with a “∗”. Please see APPENDIX 
1 for an example of a SAS program which will plot the histogram and provide 
summary and descriptive statistics. The boxplot for the loss function values in 
Table 1 is shown in Figure 1. 
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Figure 1: Boxplot of Loss Function Values of Table 1 

In this example, it can be seen that while Area 8 clearly has the largest 
relative change, that change is not so great that neither it nor any other cases 
would be considered outliers. This determination may be especially useful for an 
estimates program which must perform evaluations on numerous sets of estimates. 
Why perform evaluations on the 10 largest changes in every set of estimates, 
when some estimate series may have no outliers at all and other series may have 
many? 

Table 2. Example of Loss Function as Evaluative Measure for Different Estimates 

 
Example 2 illustrates Approach 3, “Evaluate the (estimates) relative to other 

estimates or projections that have been made for the estimation or projection area 
or areas similar to the projection area.”. Using the loss function formulas, multiple 
sets of estimates, {ei

1},…,{ei
m} may be compared against the known populations, 

{ki}. In Table 2, two alternate sets of potential estimates are compared. The range 
of the known population values is 1,499,100, resulting in a derived weight for the 
percent difference of .43. 

Table 2 reveals important similarities and differences between the two sets 
of estimates. While both create net overestimates, the sums are nearly identical. In 
viewing the sum of the differences, it would appear that with a total 3,250 persons 
closer to ki, and a smaller MAPE, ei

1 is a better set of estimates. Although both the 
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absolute differences and the MAPE at this point are useful information for 
making a determination of which series is a superior estimate, further “relative” 
information may be obtained by application of the loss function to satisfy the 
aforementioned Criteria 2 and 3. 

While having the second to smallest percent error at 2.7%, the relative 
impact of a 40,000 person difference clearly is the most substantial absolute error 
in e3

1. The percent difference between e3
1 and e3

2 is negligible at .7%, but 
compounded by the absolute difference of 10,000 creates a substantially higher L 
(88) for e3

1, which contributes significantly to the L  of 31. Thus valuable 
information on average relative error and extreme relative errors is gained, which 
may give us further insight to which estimates system is superior. 

Conclusion 

When compared to alternate measures of relative error, such as weighted 
averages, the loss function provides three distinct advantages. First, the loss 
function transformation combines the magnitude of the absolute change with a 
weighted percent change to guide the result upwards or downwards. Variations of 
weighting schemes, such as weighted MAPE, universally lower average estimates 
of error, making comparisons relative to size very difficult. (Galdi 1985: 6,10) 
Second, loss functions allow places of all sizes an opportunity to be detected as 
outliers as well as to contribute to an overall measure of error in evaluating 
estimates. A third advantage is that unlike other more common evaluative 
measures such as MAPE, which is reliable but has its own problems with validity 
(Tayman & Swanson 1999), the results of a loss function have strong internal 
validity, insofar as the analyst has defined the parameters of the equation. 

The loss function has some drawbacks. The very nature of a loss function, 
which gives it such good validity for a specific set of estimates, prevents it from 
being a reliable measure across estimates for populations other than a specific 
application. The loss function is not well-known nor has it been widely used 
outside of statistics and operational research, and is not an easy and intuitive way 
for novices to judge and understand the extent of error. It lacks explanatory 
power, in that the individual results of a loss function as well as statistics 
calculated upon them are essentially meaningless except in the context of the 
evaluation being performed. Insofar as it is a “relative measure”, it does not give a 
good indication of a set of estimates relative to series for other time periods or 
pieces of geography.  However, it is emphasised that the loss function be used as 
a contributive measure in an overall process of data evaluation. The loss function 
is designed as a simple method of contributing to a better understanding of two of 
four defined measures of accuracy. 

Future research on the loss function should focus on two areas. First, 
empirical rules of weighting need to be developed and classified based on the 
optimisation criteria being defined. Second, comparisons with the results of 
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MAPE variations, such as MAPE-T and MAPE-R (Swanson, et al. 1999); and 
other similar, but more complex evaluative tools such as M-Estimators (Hoaglin 
et al. 1983) may yield further insight to the reliability of the loss function. 

The creation of population estimates for the entire United States is a difficult 
task. By establishing an optimisation criteria of the loss function, evaluative 
measures can be developed to select the best series of estimates and detect 
potential outliers within estimate series. It is emphasised that optimisation criteria 
are meaningful insofar as they represent the desires of the producers of the 
estimates for different kinds of accuracy. Explicit formulations of optimisation 
criteria are useful for representing preferences for trade-offs in accuracy. (Panel 
on Small-Area Estimates 1980: 89) The loss function presented is thus a useful 
evaluative supplement to conventional statistical measures. 
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ENLARGEMENT OF THE SAMPLE  
OF THE HUNGARIAN LFS TO GET RELIABLE  

SMALL AREA ESTIMATES FOR LABOUR MARKET 
INDICATORS1

Ödön Éltető2

ABSTRACT 

The paper presents and discusses reasons for a considerable enlargement 
of the sample of the Hungarian Labour Force Survey (LFS) from 1998 and its 
impact on the reliability of the regional LFS estimates. A model developed at 
the National Center for Labour Methodology using data of both the LFS and 
the number of the registered unemployed as well as time series analysis is also 
shortly mentioned. 

1. Introduction 

The continuous labour force survey (LFS) was introduced in Hungary in 
1992. The sample of the survey was a stratified, multistage non proportional 
probability sample based on the data of the 1990 census and containing that time 
9960 census enumeration districts (EDs) in 670 settlements (towns and 
villages).The sampling design contained four different sampling fractions 
depending on the size (measured by the number of the population) of the 
settlement. For estimating labour market indicators Horvitz-Thompson type 
estimators were used. However, still in 1992 due to financial restrictions the 
sample size had to be reduced by nearly 20 %. Unfortunately, the execution of the 
reduction was left to the county directorates of the CSO resulting in a large 
variety of sampling fractions in the LFS samples since 1993. Owing to the large 
number of sampling fractions and considerable variations in response rates a 
rather complex and sophisticated procedure had to be applied when estimating 

                                                           
1 Revised and extended version of the paper presented at the Satellite Conference of the IASS on 

Small Area Estimation, Riga, Latvia, 20-21 August, 1999. 
2 Central Statistical Office,P.O. Box 51,H-1525 Budapest, Hungary. 
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nationwide labour market indicators such as the number of employed or 
unemployed persons, see Mihalyffy (1998). 

From the second half of the 1990s a new claim emerged on behalf of users of 
LFS data, namely to have published data on labour market indicators not only 
quaterly and at national level, but also monthly and at least at regional level. 
Presently eight regions and 20 counties (including the capital) are distinguished in 
Hungary which, considering the size of the country, can be regarded as small 
areas. From investigations concerning the reliability of regional estimates it 
turned out that the sample size – especially the number of primary sampling units 
(PSUs) – in many cases did not render it possible to get reliable enough regional 
and monthly estimates from the survey. Therefore in 1997 it was decided to go on 
with the survey on a larger and partly reorganised sample from 1998. The 
decision was also motivated by the intention to comply the EUROSTAT 
requirement that the coefficient of variation (cv) of estimates for characteristics 
relating to at least 5% of the population aged 15-74 years should not exceed 8% at 
regional level. 

First, in section 2 the characteristics of the enlarged sample in comparison 
with the former sample are shown. Section 3 deals shortly with some issues of 
estimation of variances. The main objective of the paper to show the effect of the 
enlargement of the LFS sample on the reliability of regional estimates is discussed 
in section 4. The possibility of using small area type model estimates is treated in 
section 5, while the paper ends with some conclusions contained in section 6. 

2. Characteristics of the enlarged sample 

Preliminary cost calculations indicated that the sample of the LFS could be 
enlarged by about 30 %. Naturally, this could not mean a uniform increase in the 
sample size, but an enlargement disproportional by counties and size categories of 
settlements taking into account the following aspects: 
• Experiences show that the labour market in Hungary is characterised by 

considerable regional and even smaller area variability, therefore the most 
efficient – but at the same time most costly – way of making regional estimates 
more reliable is to increase the number of settlements, primarily that of smaller 
villages in the sample. 

• The enlargement of the sample should promote levelling off the unjustified 
differences in the sampling fractions between various counties of given size 
categories of settlements. 

• Larger variances and non-response rates justify also larger degrees of 
enlargement. 

• For organisational reasons, decrease in the number of addresses in the sample of 
a given settlement is not allowed, except for some specific situations.  

Clearly, not all of the above aspects could be taken into account 
simultaneously, because e.g. variances of various labour market estimates 
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indicated different degrees of increase in the sample size. Finally, as a necessary 
compromise between the various aspects the enlarged sample of the LFS contains 
12776 EDs in 751 settlements from the beginning of 1998. As the monthly 
samples contain one address from each ED (the average size of an ED in the 1990 
census was about 50 addresses), the number of EDs gives at the same time the 
size of the monthly samples expressed as the number of selected dwellings, while 
its threefold gives the size of the quarterly samples. Note that both not self-
representing settlements and EDs were selected with probability proportional to 
size, while addresses from EDs with equal probability. Table 1 below shows the 
structure of the former and present, enlarged sample of the LFS by regions.  

Table 1. Structure of former and present samples of the LFS 

                    Number of             Number of Percent 

Regions settlements EDs addresses settlements EDs addresses increase in 

       in the LFS sample in 1997       in the enlarged LFS sample addresses 

Budapest       1    1116   4464         1   1873   5619    25.9 

County Pest     54      823   3000       65   1300   3900    30.0 

North Hungary  104    1163   4012     134   1737   5211    29.9 

North Plain      88    1294   4581     107   1974   5922    29.3 

South Plain      68    1273   4499       86   1902   5706    26.8 

Central Trans- 
    Danubia     64      924   3140       94   1412   4236    34.9 

Western Trans- 
    Danubia     94      820   2690     128   1250   3750    39.4 

South Trans- 
    Danubia    106      860   2860     136   1328   3984    39.3 

Country total   579    8272    29246     751    12776    38328    31.1 
 

As is indicated in the next section the calculation of the variance of various 
labour market indicator estimates is connected with data relating to the primary 
sampling units (PSUs) of the LFS sample, thus the increase in the number of the 
PSUs by means of the enlargement of the sample is closely related with the 
improvement of the reliability of the estimates. PSUs were either settlements or 
EDs in case of self-representing settlements. All settlements with more than 15 
thousand inhabitants were covered by the sample, i.e. in their cases the EDs are 
the PSUs, but in certain counties settlements with 10-15 thousand inhabitants 
were also self-representing. 

In the course of the enlargement of the sample the number of the PSUs at 
national level increased by the same proportion as the sample size measured by 
the number of selected addresses. However, the rate of increase in the number of 
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PSUs was much higher in Budapest and in the large cities than elsewhere. This 
resulted partly from the fact that before 1998 in large cities, where the EDs are the 
PSUs, quarterly four addresses were selected from each ED into the sample, while 
from 1998 on uniformly three addresses are selected from each ED. This change 
in the structure of the sample itself increased the number of EDs by one third in 
the capital and other large cities without any increase in the sample size. 
Disregarding Budapest the variation in the rate of increase in the number of PSUs 
between regions is not too large, it varies between 15 and 23%. The relation 
between the extent of increase in the number of PSUs and the decrease in rel 
variances of estimates will be investigated in Section 4.  

3. Estimation of variances 

Since the sampling design of the LFS sample is rather complex involving 
stratified multistage selection with probabilities proportional to size and without 
replacement, an analytical formula for calculating the variances of estimates can 
not be applied. In such circumstances the variances can be estimated by some 
method of replicated samples such as e.g. the jackknife method. This method can 
be applied to stratified and weighted samples, too. For its application Robert Fay 
(Census Bureau, USA) elaborated a FORTRAN program package called VPLX in 
the 1990s which can be accessed on  internet and is free to unload at: http: //www. 
census. gov /main/www/access.html . The variance of an estimate is calculated by 
this method on the basis of differences between so called pseudo estimates 
obtained from replicated samples where the replications are constructed through 
leaving out one PSU in turn from the sample. In our LFS the reliability of various 
labour market indicators is calculated applying this VPLX software. We use as 
strata the counties and within them size categories of settlements and the 22 
districts in Budapest, respectively. Altogether 130 strata are used when 
calculating variances of national estimates, while in case of regional estimates the 
number of strata varies between 7 and 22. The number of PSUs in the enlarged 
LFS sample is more than 6100 and it varies between 490 and 780 for county 
regions, while it is almost 1900 for the capital. Table 2 below shows the number 
of strata and PSUs by regions in the present LFS sample. 
 
 
 
 
 
 

Table 2. Number of strata and PSUs in the present LFS sample 

Number of Regions 
strata PSUs 
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Budapest 22 1872 
County Pest 7 489 
North Hungary 20 623 
North Plain 18 729 
South Plain 16 780 
Central Trans-Danubia 16 569 
Western Trans-Danubia 16 542 
South Trans-Danubia 15 513 
Country total 130 6117 

It seems necessary to make two remarks in connection with the method of 
variance computations. 

1. It follows from the way the VPLX  jackknife procedure computes the 
variance of various estimates that generally there are only small differences 
between the reliability of quarterly and yearly estimates. This is not too 
surprising, since the number of PSUs and consequently that of replicated samples 
is essentially the same in quarterly and yearly variance computations (though it 
may occasionally happen that some EDs as PSUs do not figure in a given quarter 
because for some reason nobody from the three addresses selected into the sample 
for that quarter participates in the survey). Thus the yearly estimates are 
somewhat more reliable only because the yearly pseudo estimates obtained from 
the replicates fluctuate a bit less than the quarterly replicated estimates. 
Seemingly the same holds true when comparing the sampling error of monthly 
and quarterly estimates. However, here it happens more frequently that some EDs 
are omitted from monthly variance computations and, furthermore, the quarterly 
replicated estimates are considerably more levelled off than monthly estimates 
obtained from replicated samples. Thus, according to our experience, the 
reliability of quarterly labour market indicators is markedly higher than that of 
monthly estimates and approaches the factor √3 corresponding to the difference in 
sample sizes. 

2. As was mentioned earlier, the sample of the LFS is not proportional, thus 
a weighting procedure is applied when processing the data. Moreover, to 
compensate for non-responses an adjustment procedure is also applied making use 
of external information on the updated number of persons by sexes and age 
groups. Thus the size of the target population – people aged between 15 and 74 – 
is not estimated from the sample, but taken over from macro statistics. This 
provides the possibility to construct indirect estimates utilizing these external 
information. Thus e.g. the number of unemployed persons can be estimated by the 
formula 

                                                
Y
XX
ˆ

Y = ˆ ′  
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where  X̂   is the direct estimate from the sample for the number of unemployed 
persons and  Y is the external macrostatistics for the number of people aged  
15-74. As the latter has no sampling error, we have for the variance of  X ′ˆ     

var ( X ′ˆ ) = Y 2  var (
Y
X̂

) 

According to our recent experience the VPLX method produces considerably 
lower estimates for the cv of       

                                                        
Y
X̂

 , 

the estimate for the proportion of unemployed persons among people aged 15-74, 
than for the cv of X̂  itself. Therefore, in the case of the number of employed as 
well as unemployed persons we now apply indirect estimates when computing 
their variances. However, the variances serving for analyses in this study were 
still computed based on direct estimates. 

4. The effect of the enlargement of the LFS sample on the reliability  
    of regional estimates 

The additional costs induced by the enlargement of the LFS sample are 
justified only if the gains in the reliability of the estimates are considerable 
enough and especially the regional estimates obtained from the enlarged sample 
comply with the EUROSTAT requirements mentioned earlier. Therefore it is 
important to investigate in detail the reliability of regional estimates of various 
labour market indicators obtained from the enlarged sample and compare them 
with those from the 1997 LFS sample, i.e. before the enlargement. More 
specifically, the coefficients of variation of estimates concerning the first and 
second quarters in 1997 and 1998, resp. were calculated and are compared here.   

Out of the numerous labour market indicators the reliability of the following 
four estimates are analysed and shown in the frame of this study: 

• the number of employed persons, 
• the number of unemployed persons, 
• participation rate, 
• unemployment rate. 

For each of the above indicators the variances are analysed broken down by 
sexes, too. It must be noted, furthermore, that the definition of unemployment 
used in our LFS srictly coincides with that recommended by the ILO.  

First, we refer to the fact mentioned earlier that although at national level the 
extent of the increase in the two measures of the sample size, i.e. the number of 
the PSUs and that of sample addresses is about the same, this is far from being 
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true at regional level. Moreover, the percentage increases in the two measures in 
the various regions correlate only weakly, the value of the coefficient of 
determination is only 0.18. The already metioned fact that in large cities the 
number of PSUs increased also on account of reducing the sample addresses from 
an ED in a quarter from four to three largely contributed to the low correlation 
between increases in the number of PSUs and sample addresses.  

The variance of a regional estimate of a certain labour market indicator 
depends, naturally, not only on the sample size (whether measured by the number 
of the PSUs or that of addresses), but also on the variability of the given indicator 
among the PSUs within the region in question. Therefore it is not surprising that 
no high correlation is found between the rate of increase in the sample size and 
the decrease in the rel variances of the regional estimates of the various labour 
market indicators. Still, the linear correlation between the percent increase in the 
number of the PSUs or that of sample addresses in the regions as a result of the 
enlargement of the LFS sample and the percent decrease experienced in the rel 
variances of the regional estimates of the labour market indicators investigated is 
weaker than expected and when the sample size is measured by the number of 
PSUs it is positive, i.e. in the average the larger the increase in the number of the 
PSUs the smaller is the decrease in the rel variances. This is largely caused by the 
already mentioned large increase in the number of PSUs in Budapest and the 
rather moderate decrease here in the rel variances of estimates. Table 3 below 
shows the values of these correlation coefficients for the two measures of the 
sample size. 

As the above correlation coefficients clearly indicate an identical or very 
similar increase in the sample sizes of two regions does not necessarily result in 
decreases to a similar extent in the rel variances of estimates for a given indicator 
and, moreover, in a given region the reliability of estimates for various labour 
market indicators may increase to a different extent in the course of the 
enlargement of the sample. 

Table 3. Correlation coefficients between increase in the sample sizes by regions  
               and the decrease in the cv values of regional estimates 

Sample size as the Number of the Rate of 
number of employed unemployed partcipation unemployment 

  PSUs         0.62      0.31      0.09      0.33 

addresses        -0.48       -0.43       -0.22       -0.73 

Turning now to the main issue of the study, i.e. how the reliability of the 
regional estimates increased as a result of the increase in the sample sizes, first the 
95% confidence limits for regional estimates of the four labour market indicators 
investigated were calculated for the 2nd quarter of 1997 and 1998. These data 
clearly show that in the great majority of cases the 1998 regional estimates are 
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more reliable, have narrower confidence intervals than the 1997 estimates, and the 
difference is quite substantial in many cases. Thus e.g. in the region South Plain 
the estimates for the number of unemployed persons are about the same in both 
years (26.4 and 26.6 thousands, resp.), the confidence limits are, however, much 
closer to the estimate in 1998 (22.2 and 31.0 thousands, resp.) than in 1997 (21.0 
and 31.8). However, in many cases there were substantial changes in the estimates 
themselves – there was a considerable decrease e.g. from 1997 to 1998 both in the 
number of unemployed persons and in the unemployment rate in the majority of 
regions – and in such cases changes in the absolute sampling errors do not 
unambigously indicate whether the estimates obtained from the enlarged sample 
are more reliable and if yes to what extent than those obtained from the smaller 
sample. Therefore it is more expedient to study the relative variances or the 
coefficients of variation and the changes, the decreases in these values.  

If now we turn to investigate how the rel variances of estimates for the above 
labour market indicators have changed from 1997 to 1998, on the basis of the data 
it can be stated that the enlargement of the LFS sample improved to the largest 
extent the reliability of regional and countrywide estimates for the number of 
employed persons. The cv of estimates for that indicator decreased by 24-27% – 
when considering country level estimates for both sexes and both quarters – while 
the extent of the decrease varied within broader limits – between 13 and 43% – in 
the case of regional estimates. 

Estimates for the number of unemployed persons have become more reliable 
by only 13-17% at national level.However, there are substantial differences in this 
respect between the regions.We can find region where the cv of this estimate 
decreased by 33%, in Central Trans-Danubia, on the other hand, only by 4% in 
the second quarter of 1998 and in this region the cv of the estimate for men even 
slightly increased in both quarters considered by 1 and 3%, respectively. 

The improvement in the reliability of estimates concerning the rate of 
participation was also rather moderate, at national level the cv of the estimates 
decreased by 11-15%, while the decrease varied in the various regions between 0 
and 28%, but in two regions it even slightly increased by a few percent, at least in 
one of the quarters. 

It seems, finally, that the enlargement of the LFS sample increased least the 
reliability of estimates for the unemployment rate, at national level their cv  
decreased by 8-14% only, and the decrease varied between 0 and 31% in the 
regions. Here already four cases could be found – two in Budapest and other two 
in North Hungary – where in spite of the larger sample the cv of the estimates 
increased a bit. However, it must be kept in mind that the moderate decrease or 
even slight increase in the cv value can, at least in part, be attributed to the fact 
that the estimates themselves – especially those relating to the number of the 
unemployed and the unemployment rate, i.e. the denominator of the cv – 
decreased considerably from 1997 to 1998. 
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If now we investigate the changes in the reliability of estimates by regions 
instead of by types of labour market indicators, data indicate that, on the whole, 
the estimates have become more reliable primarily in Western and South Trans-
Danubia in accordance with the fact shown in Table 1 that the increase in the 
number of sample addresses was largest in these two regions and the number of 
PSUs also increased to the largest extent in Western Trans-Danubia. For the 
majority of indicators the cv of the estimates decreased rather considerably also in 
County Pest, though in both measures of the sample size the increase was smaller 
here than the county regions' average . 

On the whole, most moderate decreases in cv values of estimates are shown 
in the capital, in spite of the fact that the increase in the number of PSUs was 
largest here, far larger than in other regions.The number of addresses, on the other 
hand, increased least in Budapest showing that increasing the number of Eds – all 
PSUs are Eds in Budapest – has less impact on the reliability of estimates than 
when the PSUs are settlements. 

Tables 4.1 – 4.3 show in detail the cvs of estimates for the four labour 
market indicators in the first two quarters of 1998 broken down by sexes, as well 
as the number of persons observed in the survey and in both cases the 1998 values 
in percent of the 1997 values. 

Looking at the tables 4.1-4.3 it is worth pointing out that in a number of 
cases there are considerable differences between the cv values of estimates 
relating to the two quarters investigated, although the number of PSUs as well as 
that of the selected addresses are the same for both quarters. Naturally, the 
estimates themselves may reflect real changes in the labour market, thus e.g. both 
the number of unemployed persons and the unemployment rate are, generally, 
lower in the second quarter of the year than in the first one resulting in a higher 
value of the cv if the variances are about the same. Moreover, it must be taken 
also into account that according to the rotation scheme one sixth of the sample 
addresses change from one quarter to the next, and, furthermore, there are always 
certain households who co-operate in the survey in a quarter and, for some reason, 
do not respond in the next one. That is one of the reasons why we decided to base 
the study on the data of two quarters and not only on one. 

 
 
 
 
 
 

Table 4.1. Coefficient of variation and sample size by regions for estimates of  
                 employed persons 
 1 st quarter 2nd quarter 
Regions Coefficient of Number of Coefficient of Number of 
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 variation observed persons variation observed persons 
 1998 

in % 
1997=100 1998 1997=100 1998 

in % 
1997=100 1998 1997=100 

Men 
Budapest      2.29    80   1561  113   2.20    82   1658  120 
County Pest    4.08    73   1884  127   3.64     66   1962  134 
North Hungary   3.45    74   2014  129   3.54    69   2110  136 
North Plain     3.26    71   2246  132   3.24    71   2333  135 
South Plain     3.24    79   2171  132   3.17    81   2279  131 
Central Trans- 
    Danube     3.42    76   2084  141   3.55     78   2069  137 
Western Trans- 
    Danube     3.97    81   1920  136   3.87     75   1982  141 
South Trans- 
    Danube     4.03    67   1669  140   3.77     66   1707  140 
Country total    1.19    75    15549  131   1.16    74    16100  134 

Women 
Budapest      2.44    87   1554  123   2.41    87   1617  126 
Country Pest    4.11    72   1557  129   3.77     66   1605  134 
North Hungary   3.32    71   1666  128   3.22     66   1690  131 
North Plain     3.64    80   1802  134   3.60     76   1833  136 
South Plain     3.73    80   1752  129   3.67    82   1835  133 
Central Trans- 
    Danube     3.88    82   1601  132   3.96    81   1645  137 
Western Trans- 
    Danube     3.92    77   1597  132   3.79    72   1616  139 
South Trans- 
    Danube     3.62    57   1395  135   3.82    66   1430  135 
Country total    2.41    76   12924   130   1.22     75    13271  134 

Together 
Budapest      2.09    85   3115  118   2.04    87   3275  123 
County Pest    3.90    72   3441  128   3.48    65   3567  134 
North Hungary   3.15    70   3680  128   3.16    66   3800  133 
North Plain     3.22    74   4048  133   3.17     71   4166  135 
South Plain     3.24    81   3923  131   3.15      83   4114  132 
Central Trans- 
    Danube     3.38    79   3685  137   3.48    78   3714  137 
Western Trans- 
    Danube     3.77    79   3517  134   3.66     73   3598  140 
South Trans- 
    Danube     3.58    60   3064  138    3.57      63   3137  138 
Country total    1.13    75    28473  131    1.10      73    29371  134 
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Table 4.2. Coefficient of variation and sample size by regions for estimates  
                 of unemployed persons 
 1 st quarter 2nd quarter 
Regions Coefficient of Number of Coefficient of Number of 
 variation observed persons variation observed persons 
 1998 

in % 
1997=100 1998 1997=100 1998 

in % 
1997=100 1998 1997=100 

Men 
Budapest        9.63     94   107     96     9.50       89  111   111 
County Pest    11.66     81   135   116   10.06       71  145   129 
North Hungary     6.80     80   374   117     6.96       86  309     95 
North Plain       8.20     94   356   118     8.20       87  321   106 
South Plain       9.75     83   228   140     9,96       90  223   136 
Central Trans- 
    Danubia     10.88   103    171   119   11.38    101  164   130 
Western Trans- 
    Danubia       9.78      83    141   116   10.37      84  139   129 
South Trans- 
    Danubia       9.04      79   220   150   10.33      87  212   146 
Country total      3.27      87     1732   121     3.34      87   1624   117 

Women 
Budapest      10.32     99     96     87   10.60    100    95     86 
County Pest    11.81      80     91   152   11.00      82    99   130 
North Hungary     8.93      92   188   106     8.92      82   187   113 
North Plain     10.81      94   220   147   10.49      95  193   116 
South Plain     11.12      82   140   135   11.50      86  129   125 
Central Trans- 
    Danubia     11.44     80   136   158   11.64      92  111    122 
Western Trans- 
    Danubia     12.70     71     97    164    12.33       77     88    142 
South Trans- 
    Danubia       8.87     67   151   147     9.04      68  146    146 

Country total      7.59     86   1119    132      3.83      86   1048   120 
Together 

Budapest        7.33      95    203      91      7.27      88  206      98 
County Pest      9.75     77    226   125     8.52      71  244    130 
North Hungary     6.22     81   562   113      6.35       83    496   101 
North Plain       7.78      93   576   127     7.32      83  514   139 
South Plain       8.55     83    368   138      8.47      86   352   132 
Central Trans- 
    Danubia       8.56      88   307   133     9.09      96   275   127 
Western Trans- 
    Danubia       8.17      74   238   131     8.43      81   227   134 
South Trans- 
    Danubia       7.28      73   371   148     8.10      77  358   146 
Country total      2.82      85    2851    125      2.80      83   2672    118 
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Table 4.3. Coefficient of variation by regions of estimates for the participation  
                 and unemployment rates 
 1 st quarter 2nd quarter 
Regions Rate of Rate of Rate of Rate of 
 participation unemployment participation unemployment 
 1998 

in % 
1997=100 1998 

in % 
1997=100 1998  

in % 
1997=100 1998 

in % 
1997=100 

Men 
Budapest     1.49    90    9.50   97   1.44      91     9.37    91 
County Pest   1.37    87  12.16   93   1.42      85   10.57    81 
North Hungary  1.85    97    5.89   91   1.87     93     6.59     111 
North Plain    1.80    80    7.46   95   1.92      87     7.53    91 
South Plain    1.74    92    8.99   83   1.56       91     9.22    90 
Central Trans- 
    Danube    1.33    79    9.60    100   1.38      78   10.22    93 
 Western Trans- 
    Danube    1.29    80    9.23   85   1.25     76     9.50    79 
 South Trans- 
    Danube    1.69    88    7.73   84   1.60      76     8.87    95 
Country total   0.58    86    0.31   92   0.57     87     3.07    88 

Women 
Budapest     1.82    91  10.11    101   1.74     87   10.50     104 
County Pest   2.05    81  12.57   86   2.07      88   11.23    89 
North Hungary  2.32    100       8.35   95   2.23     94     8.35    89 
North Plain    2.14    76    9.74   91   2.19      77     9.68    94 
South Plain    2.36    93  10.76   84   2.47      100   11.49    91 
Central Trans- 
    Danube    2.11    82  10.20   73   2.07      82   10.65    86 
 Western Trans- 
    Danube    1.99    76  12.07   73   1.87      74   11.58    77 
 South Trans- 
    Danube    2.04    72    8.35   69   2.10      82     8.36    70 
Country total    1.48    85    7.32   88   0.76      86     3.65    88 

Together 
Budapest     1.26    92    7.16   98   1.23      91     7.12    92 
County Pest   1.43    88  10.51   89   1.39      86     9.03    82 
North Hungary  1.74     109    5.46   91   1.75     102      5.84     104 
North Plain    1.61    75    6.97   94   1.71      80     6.76    87 
South Plain    1.73     100    7.77   83   1.68       103     8.20    95 
Central Trans- 
    Danube    1.28    83    7.16   80   1.26      81     8.03    86 
Western Trans- 
    Danube    1.25    77    7.55   77   1.18     76     7.42    75 
South Trans- 
    Danube    1.50    80    6.19    78   1.48      80     6.81    83 
Country total   0.55    89    2.63    88   0.53      86     2.60    86 
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If we look at the above tables more thoroughly it seems as if the 
EUROSTAT requirements for the reliability of regional estimates obtained from 
the enlarged sample were not met in many cases, especially for estimates of the 
number of unemployed persons and the unemployment rate. According to the data 
of the tables in quite a number of instances the cv of regional estimates exceeds 
the 8% limit. However, this requirement is valid for such subpopulations only 
which represent at least 5% of the population investigated, i.e. persons aged 15-74 
years. The number of the unemployed  exceeds 5% of the population aged 15-74 
years in 12 cases only out of the 48 cases considered (8 regions, 2 quarters, 2 
groups by sexes and together) and in 10 cases of them the cv of the estimate is 
below 8%. There are two cases altogether – the unemployment rate within men in 
South Plain in the 1st quarter of 1998 and in South Trans-Danube in the 2nd 
quarter of 1998 – where the cv exceeds the targeted 8% by 1 percentage point. 
Considering that the cv itself is an estimate having thus a random error this 1% 
departure from the 8% limit in the two cases mentioned does not indicate a 
conclusion that we could not achieve the aim set for the enlargement of the LFS 
sample, i.e. assuring higher reliability for the regional estimates. As can be seen 
from tables 4.1-4.3, in the overwhelming majority of cases the coefficient of 
variation of regional estimates considerably decreased. However, it is important to 
call attention to apply due caution when analysing regional unemployment rates, 
because in quite a number of instances differences in these rates can not be 
regarded significant neither between regions in a given month or quarter of a year, 
nor between different months or quarters within a given region. 

It worth mentioning, finally, that the impact of the enlargement of the LFS 
sample was studied not only on the reliability of regional estimates, but also on 
estimates obtained from other types of classifications of the population surveyed 
such as age groups, occupational groups or groups formed by educational 
attainment. 

5. Small area type estimates 

The question can rightly be raised that instead of increasing the sample size 
of the LFS why we did not try to improve the reliability of the regional estimates 
by applying some small area estimation method making use e.g. of the number of 
registered unemployed persons for which detailed and more or less exact 
territorial data are available monthly. 

As a matter of fact, in the National Center for Labour Methodology (NCLM) 
a model development work began already in 1993 aiming at obtaining and 
publishing monthly small area estimates for labour market indicators.The model 
is an adaptation to Hungarian circumstances of the Local Area Unemployment 
System (LAUS) of the Bureau of Labour Statistics (BLS) of the U.S. and is based 
on data of both the LFS of the CSO and the number of registered unemployed 
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persons, see Banai et al. 2000. In the model the number of unemployed persons, 
e.g. in a given county for period t, Yt  is estimated by the linear regression  

   ( )ttttt XXBYY ˆˆˆ ,
−+=

where  = the estimate obtained from the LFS '
t̂Y

           = the estimate for the number of registered unemployed persons      
                   from the LFS 

tX̂

           = the number of registered unemployed persons from  
                    administrative sources 

Xt

           = the regression coefficient calculated from data relating to all  
                    counties 

Bt

As can be seen from the above equation the regression coefficient is allowed 
to change over time to adapt to changing relationships between LFS and the 
explanatory variable. 

To estimate the number of employed and unemployed persons monthly at 
county level time series analysis methods are applied using Kalman filter 
algorithm. This algorithm efficiently updates the model estimates as new data 
become available each month. At the end of each year county estimates are 
benchmarked to country level LFS estimates. 

An agreement between the HCSO and the NCLM is expected in the near 
future on incorporating the model estimates of the NCLM into the official 
publications of the CSO on the results of the LFS. However, a minor problem is 
still to be solved. The CSO would like, namely, that monthly county estimates 
from the model be benchmarked to regional quarterly estimates from the LFS 
which can be considered reliable after the enlargement of the sample. 

6. Conclusions 

The enlargement of the LFS sample which became effective from 1998 
achieved its aim to obtain reliable regional estimates for various labour force 
indicators from the survey. Moreover, it was also indispensable to be able to 
apply small area type monthly estimates for counties or even for smaller areas. It 
is expected that as a result of a co-operation between the HCSO and the NCLM 
the official publications of the data of the LFS are going to contain also monthly 
estimates at county level obtained from a model developed at the NCLM on the 
employment and unemployment. 
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A CONDITIONAL ANALYSIS OF SOME SMALL AREA 
ESTIMATORS IN SAMPLING WITH TWO PRIMARY 

UNITS SELECTED IN EACH STRATUM 

Piero Demetrio Falorsi1, Stefano Falorsi2 and Aldo Russo3

ABSTRACT 

In the conditional approach in sampling on finite population the 
performance of the estimators is developed considering the conditional sample 
space Uc containing samples having some specific properties. In this paper we 
refer to a two stage sampling design with stratification of the primary sampling 
units; two primary sampling units are selected in each stratum without 
replacement and with varying probabilities. In this work a conditional analysis 
is developed with respect to a reference set Uc that comprises all possible 
samples containing a fixed number of primary sampling units belonging to the 
small area. The paper is developed in the following way: in the first part we 
derive the conditional first and second order probabilities; in the second part 
we obtain the expressions of conditional bias and conditional variance of some 
well known small area unconditional estimators; in the last part we introduce 
the conditional version of estimators previously illustrated and then derive 
their conditional properties in terms of bias and variance. 

1. Introduction 

In the fixed population approach the  sample  design  defines the sample 
space Uu  (set of all possible samples s) and the associated probabilities of 

selection p(s). The evaluation of an estimator Y  of the total Y is based on the 
Mean Squared Error (MSE), under repeated sampling with probabilities p(s), 
using the sample space Uu  as the reference set. 

~
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Sampling theorists prefer the use of the unconditional approach, based on the 
unconditional sample space Uu , in planning sampling strategy. However, after 
the data collection, there must be problem a choice between the unconditional and 
conditional approach for the evaluation of the estimator Y . The conditional 
approach is based on the conditional sample space Uc containing samples which 
have some specific properties. The use of conditional arguments in sampling has 
been studied by Holt and Smith (1979) and Royall and Cumberland (1985). The 
use of the conditional approach for small area estimation has been studied by Rao 
(1985) and Särndal and Hidiroglou (1989). These above mentioned papers 
consider the case of simple random sampling. In our previous work (Falorsi and 
Russo, 1996), within the context of small area estimation, we studied the 
conditional and the unconditional properties of some estimators for a two stage 
sampling design with stratification of the Primary Sampling Units (PSUs) and the 
selection of a only one PSU in each stratum. 

~

In this paper we refer to a two stage sampling design with stratification of 
the PSUs; two PSUs are selected in each stratum without replacement and with 
varying probabilities. This kind of design is very important and is generally used 
in household surveys conducted by the National Statistics Institute of Italy as the 
Labour Force Survey. 

In the sampling context under study it is possible to choose different 
reference sets. In this work a conditional analysis is developed with respect to a 
reference set Uc that comprises all possible samples containing a fixed number of 
PSUs belonging to the small area.  

The paper is developed in the following way: in section 2, we introduce 
some symbolic notations and the expression of the parameter of interest Yd for a 
given small area d; in section 3 we derive the conditional first and second order 
inclusion probabilities; in sections 4, using the above probabilities, we obtain the 
expressions of conditional bias and conditional variance of some well known 
small area unconditional estimators; in section 5 we introduce the conditional 
versions of small area estimators previous illustrated and then derive their 
conditional properties in terms of bias and variance.  

2. Paremeter of interest 

We consider a sampling design  planned for estimating the total YR of an 
area denoted as R. Our aim is to estimate the total  of a small area, denoted as 
d, included in R and obtained by an aggregation of PSUs. Each PSU is totally 
contained within a small area d only. In this context d is an unplanned domain, 
this is an area that was not identified at the time of design and thus may cut across 
design strata. We denote D as the set of strata including d (in our notation a 
symbol denoting a set may also be used for indicating the number of units 

dY
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belonging to the set; the context will clarify the meaning of each symbol). In 
order to explain the subsequent algebraic developments , we introduce the 
following symbols: h = stratum index; i = PSU index; k= SSU index; Nh = set of 
PSUs of the stratum h; Nd,h = set of PSUs of the stratum h belonging to d; Mhi = 
set of SSUs belonging to the PSU hi; Mh = set of SSUs belonging to the Nh PSUs 
of the stratum h; Yhik value of the variable of interest y in the  SSU hik.   

Using the above symbols we define Yd as 

∑ ∑ ∑ ∑ ∑ ∑
∈ ∈ ∈ ∈ ∈ ∈

===
D         D   i         

,
, ,

   
h Dh Ni h N Mk

hikhihdd
hd hd hi

YYYY .          (1) 

3. Inclusion probabilities 

3.1. First order inclusion probabilities 

We denote with s a generic sample selected in D and with n (n = 2D) the 
number of sample PSUs of s and with nd the number of sample PSUs that happen 
to fall into small area d. The number nd is a random variable that may assume the 
values: 0,1,...,n. The conditional analysis is conducted with reference to the 
conditional sample space Uc containing all samples having a fixed number, say 
nd , of PSUs belonging to d. The conditional probability of drawing the sample s, 
such that s ∈  Uc , is (Särndal and Hidiroglou 1989, p. 269)  

                                                       (2) ( ) ( ) ( )spspsp
cU  s

c

1−

∈ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
= ∑

 
where p(s) is the unconditional probability of drawing the sample s in the sample 
space Uu. Therefore, using  expression (2), the conditional inclusion probability 
of  the PSU  hi is defined by (Särndal, Swensson and Wretman, 1992, p. 31) 

                       ( )( )
( )
∑
∈

=
cUhis

chic hisp
  

,π  =            (3) ( ) ( )( )hispsp
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−
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⎥
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⎣

⎡

where s(hi) denotes the generic sample of Uc that contains the PSU hi, p(s(hi)) 
and pc(s(hi)) are respectively the unconditional and the conditional probabilities 
of drawing the sample s(hi). 

In order to derive the expression of the denominator of the right hand term of 
the (3), we observe that it is possible to subdivide Uc into subsets of samples. It is 
feasible to associate a configuration expressed in terms of strata to each subset. 
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The generic configuration may be represented by means of a sequence of  

values (for h=1,…,D), where  =0,1,2 denotes the number of sample PSUs of 
stratum h that belong to the small area d. In each configuration we have  
 , for h 

h,dn

h,dn

∑= h,dd nn ∈D. The following table shows of the set of 

possible configurations when D=3 and 2=dn .  

Table 1. Configurations with D = 3 and nd = 2 

Configurations Strata 

 1 2 3 

g1 2 0 0 

g2 0 2 0 

g3 0 0 2 

g4 1 1 0 

g5 1 0 1 

g6 0 1 1 
  

Let us denote with Uw (w =1,…,W) the set of samples having the 
configuration gw; the probability of selecting a sample of the set Uw   is given by  

 
( ) 012 ,w,w,ww A  A  AUsp ⋅⋅=∈    
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hjhi
djdiCh

w
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1  

)(0

0 hj,hi
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Ch

,w
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A π∑∏
≠

∈ ∉

=  

where Cw,r  is the set of strata of the configuration w in which there are r  (r = 0, 
or 1, or 2) sample PSUs belonging to d and hj,hiπ  is the joint inclusion 

probability of PSUs  hi and hj in the unconditional sample space Uu. In this paper 
we do not give the explicit expression of hj,hiπ , that depends by the PSUs 
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selection method, since it is out of the principal aim of this paper. Consequently 
the denominator of (3) is given by 

                                         .                                  (4) ( ) ( )∑∑
=∈

∈=
W

w
w

Us
Uspsp

c 1

For deriving the number of configurations W  let us denote with b  the 
number of strata where = 1, and with a the number of strata where = 2 

being . Given  and D , the paramenters  a  and b are defined in 

the intervals  , 

h,dn h,dn
ba nd += 2 dn

21 aaa ≤≤ 21 bbb ≤≤ .  
In order to understand the above intervals, let us consider the case in which 

= 6 and D = 6, illustrated in the following table, where :dn 30 ≤≤ a , . 60 ≤≤ b

Table 2. Values of parameters a and b with D = 6 and nd = 6 

a b ba nd += 2  

3 0 6 
2 2 6 
1 4 6 
0 6 6 

In the following we derive, in the general case, the expression of , 
. 

21 a  ,  a

21 b  ,  b
Consider first the situation in which . In this case, a and b have to 

satisfy the system 
Dnd ≥

                                                      .                                      (5) 
⎩
⎨
⎧

≤+
+=

Dba
band  2

Using the first equation of system (5), we derive =  b1 ( )a  nd max2− , 
where max (a) =  if  is even or max (a)= /nd 2 dn ( )  /nd 21− when is odd. 

Therefore 
dn

01 =b  if  is even and dn 11 =b  if  is odd. For deriving , 
consider the expression a =

dn 2b
( )  /bnd 2− , obtained by the first equation of system 

(5); introducing it in the second equation of (5), we have   nDb d−≤ 2  and 
consequently .Furthermore, since a = nDb d−= 22 ( )  /bnd 2− , we have 

 and ( ) Dn/bna dd −=−= 221 ( ) 2212 /n/bna dd =−=  if  is even and  
 if   is odd. 

dn
( ) 2)1(212 /n/bna dd −=−= dn
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Let’s consider now the situation in which Dnd < . In this case, a and b  
have to satisfy the system 

⎩
⎨
⎧

≤+
+=

d

d

nba
ban  2

 

from which, with similar derivations to those above illustrated, we have:  
if  is even and  if  is odd; 

01 =b
dn 11 =b dn  nb d=2 ; 01 =a ; = /2 if  is 

even and = ( -1)/2 if  is odd. Using the above results it is possible to 
demonstrate that the total number of configurantions W is given by 

2a dn dn
2a dn dn

⎟
⎠
⎞⎜

⎝
⎛⎟

⎠
⎞⎜

⎝
⎛

−
−= ∑

=
a
D an

aDW
d

a

aa
2

2

1
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In order to derive the numerator of the expression (3), we observe that there 
are two different situations: (a) the PSU hi belongs to the small area d (for 
i=1,…, ); (b) the PSU hi does not belong to the small area d (for i=1,…, h,dN

h,dhh,d NNN −= ). Firstly we consider the situation (a). Consider the two 
events, F and G, so defined: F, the PSU hi, belonging to d, is selected jointly with 
an other PSU hj (for j=1,…, ) belonging to d; G, the PSU hi, belonging to d, 

is selected jointly with an other PSU hj (for j=1,…,
h,dN

h,dN ) that does not belong to 
d. Hence, the expression that we are looking for, is obtained as the sum of the 
probabilities of the two events F and G 

   ( ) ( ) ( )GpFpGFp +=∪  .   

For obtaining the expression of ( )Fp  we observe that: in the stratum h (that 
is the stratum under study) are selected the PSU hi (that is the PSU under study) 
and the PSU hj, both belonging to d; in the remaining D -1 strata are selected 
( ) PSUs belonging to d. Let’s consider the subset, with cardinality , 

of the W configurations having 

2−dn ( )2hW

2=h,dn  and =l,dn  0, or 1, or 2 (for l=1,…,D 

and ), where , for l=1,…,D and lhl ≠ 2−=∑ dl,d nn ≠  h,  being obviously 

. Let   be the generic configuration of the  configurations 

and denote with  the set of samples having the configuration  in 

which the PSU hi is selected. Hence the probability of selecting a sample of the 
set  is given by 

2≥dn ( )2hwg ( )2hW

( ) ( )hiU
hw 2 ( )2hwg

( ) ( )hiU
hw 2
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where  is the set of strata of the configuration  where in each of 

them are selected r (for r= 0, or 1, or 2) sample PSUs belonging to d. Hence, the 
probability of the event F may be defined by  
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in which the values of the parameters  1a′  and 2a′  may be respectively obtained 
by the expressions of  and , previously given, by substituting in these 
expressions D with D – 1 and   with  -2. 

1a 2a

dn dn
Analogously, in order to derive the probability of the event G, we observe 

that in the stratum h (that is the stratum under study) are selected the PSU hi (that 
is the PSU under study) that belongs to the small area d and the PSU hj that does 
not belong to d; in the remaining D -1 strata are selected ( ) PSUs 
belonging to d. 

1−dn

Now let’us consider the subset, of cardinality , of the W configurations 

having 
( )1hW

1=h,dn  and  0, or 1, or 2 (for l=1,…,D and ), being 

, for l=1,…,D and l

=l,dn hl ≠

1−=∑ dl,d nn ≠  h. 

Let   be the generic configuration of the  configurations and 

denote with  the set of samples having the configuration  in 
( )1hwg ( )1hW

( ) ( )hiU
hw 1 ( )1hwg
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which the PSU hi is selected. Hence the probability of selecting a sample of the 
set  is given by ( ) ( )hiU

hw 1

( ) ( )( ) ( ) ( ) ( ) ( ) 012 11111
         dhi      ,w,w,whi,ww hhhhh
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where  is the set of strata of the configuration  where in each of 

them are selected r (for r= 0, or 1, or 2) sample PSUs belonging to d. Hence, the 
probability of the event G may be defined by 

( ) r,wh
C

1 ( )1hwg

 ( )
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in which the values of the parameters  1a ′′  and 2a ′′  may be respectively obtained 
by the expressions of  and , previously given,, substituting in these 
expressions D with D – 1 and   with  – 1. Consequently - using the above 
expressions, in the situation (a), when the PSU hi belongs to the small area d, the 
conditional probability of inclusion 

1a 2a

dn dn

hi,cπ , defined by the formula (3), is given by 
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For obtaining the expression of the numerator of expression (3) in the 
situation (b), when the PSU hi does not belong to the small area d, let us consider 
the two events, F’ and G’, so defined :F’, the PSU hi, not belonging to d, is 
selected jointly with an other PSU hj (for j=1,…, ) belonging to d ; G’, the 
PSU hi, not belonging to d, is selected jointly with an other PSU hj (for 
j=1,…,

h,dN

h,dN ) that does not belong to d. Hence, the expression that we are 
looking for, is obtained as the sum of the probabilities of the two events F’ and G’ 

( ) ( ) ( )'Gp'Fp'G'Fp +=∪  .    

Having in mind the regards developed for obtaining the expression of p(G), 
the probability p(F’) is given by   

( )
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dj
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π∑

∈
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1
 

in which the expressions of  have been defined above. 
( ) ( ) ( ) 0,1,2, 111

 and    , 
hhh www AAA

In order to obtain the expression of ( )'Gp  we observe that: in the stratum h 
(that is the stratum under study) are selected the PSU hi (that is the PSU under 
study) and the PSU hj, both do not belong to d; in the remaining D -1 strata are 
selected  PSUs belonging to d. Let’ us consider the subset, of cardinality 

, of the W configurations having 
dn

( )0hW 0=h,dn  and =l,dn  0, or 1, or 2 (for 

l=1,…,D and ), being hl ≠ dl,d nn =∑  for l=1,…,D and hl ≠ . Let   

be the generic configuration of  and denote with 
( )0hwg

( )0hW
( ) ( )hiU

hw 0
 the set of 

samples having the configuration  in which the PSU hi is selected. Hence 

the probability of selecting a sample of the set 
( )0hwg

( ) ( )hiU
hw 0

 is given by 

( ) ( )( ) ( ) ( ) ( ) ( ) 012 00000
           ,w,w,whi,ww hhhhh
AAAAdhihiUsp ⋅⋅⋅=∉∈  

being  
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where  is the set of strata of the configuration  where in each of 

them are selected r (for r= 0, or 1, or 2) sample PSUs belonging to d. 
( ) r,wh

C
0 ( )0hwg

Hence, the probability of the event G’ may be defined by  
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in which the values of the parameters  1a(  and 2a(  may be respectively obtained 
by the expressions  and  substituting in these expressions D with D – 1. 
Consequently - using the above expressions- in the situation (b), when the PSU hi 
does not belong to the small area d, the probability of inclusion 

1a 2a

hi,cπ , defined by 
the formula (3), is given by 
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3.2. Second order inclusion probabilities 

The conditional joint inclusion probability of the PSUs hi and lj is defined 
by 
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where: s(hi, lj) denotes the generic sample of  Uc that contains the PSUs hi and  
the PSU lj; p(s(hi,lj)) and pc(s(hi,lj)) are respectively the unconditional and the 
conditional probabilities of drawing the sample s(hi, lj).  

Looking at expression (6) we note first that, in conditional approach, two 
PSUs belonging to different strata have a joint inclusion probability that generally 
is not equal to zero; then in order to obtain the explicit expression of (6), we 
observe that the denominator is given by expression (4). For what concerns the 
numerator, we see that there are six different situations: 
 
(i ) h= l with  ;  (ii) h= l with dhi∈ ∧ dlj ∈ dhi∈ ∧  dlj ∉ ; (iii) h= l with 

;  dhi∉ ∧ dlj ∉

(iv) h≠ l with   ;  (v) h≠ l  with dhi∈ ∧ dlj ∈ dhi∈ ∧  dlj ∉ ;(vi) h≠l  with  
  . dhi∉ ∧ dlj ∉

Let us consider the subset, with cardinality , of the W 

configurations having 
( ) ( )'rl,rhW   

rn h,d = , 'rn l ,d =  (with lh ≠  and r,  r’ that may 
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in which the values of the parameters  and may be respectively obtained 
by the expressions of  and  , substituting in these expressions D with D – 2 
and    with  -(r+r’). 

 1 a&&  2 a&&

1a 2a

dn dn

Further, let  be the generic configuration of the  

configurations and denote with 
( ) ( )', rlrhwg ( ) ( )' , rlrhW

( ) ( )
( )ljhiU

rlrhw ,
' , 

 the set of samples having the 

configuration  in which the PSUs hi and lj are selected. Let us derive 

now the expression of numerator of (6)  for the six cases (i),…,(vi) above 
indicated: 

( ) ( )'rl,rhwg
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• Cases (i), (ii), (iii) 
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• Cases (iv), (v), (vi)  
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in which  is the set of strata of the configuration  where in 

each of them are selected q (for q= 0, or 1, or 2) sample PSUs belonging to d. 
Furthermore, in the formula (7): 

( ) ( ) q,w 'rl,rh
C ( ) ( )'rl,rhwg

  

aa rr ′= = 1  and  bb rr ′= = 2  in the case (iv);  
0, 1,  and  =ar =br 1=′ar 2=′br  in the case (v); aa rr ′= = 0  and  = 1  

in the case (vi). 
bb rr ′=

4. Conditional properties of unconditional estimators 

4.1. Unconditional estimators  

We consider the following estimators of the total : unconditional 

expansion estimator, 
dY

E,dY~ ; unconditional combined ratio estimator, R,dY~ ;  

unconditional combined synthetic estimator S,dY~ ; unconditional composite  

estimator, C,dY~ , expressed respectively by: 
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where:  hiδ is a dichotomous variable that is equal to 1 if the sample PSU hi 
belongs to small area d, otherwise it is equal to 0; mhi denotes the number of SSUs 
selected in the PSU hi; hihikπ  is the unconditional inclusion probability of the 

SSU k, conditional to the selection of the PSU hi (in the following we will assume 
that the SSUs are selected with a simple random sampling without replacement 
and equal probabilities, and thus hihikπ = mhi/ Mhi);  hihikhihik πππ   = , being 

further: 
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where  is the value of an auxiliary variable x observed in the SSU hik; hikX
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the unconditional expansion estimators estimators respectively of 
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 α is a constant  (  10 ≤≤ α ). Overviews the options in the choice of   α  are 
given by Schaible (1978), Ghosh and Rao (1994) and Singh, Gambino and Mantel 
(1994). There are a number of possible approaches in the choice of  α . It may be 
fixed in advance, it may be sample size dependent, or it may be data dependent; 
the latter two options adapt the estimator to the amount of information available 
in the sample, so that ratio estimator is used when it is reliable, and otherwise 
more weight is given to the synthetic component. 

4.2. Conditional bias 

In order to obtain the conditional bias of estimator E,dY~  we express this 
estimator as 
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in which hikλ  is a dichotomous variable that assumes value 1 if the SSU hik is 
included in the sample and value 0 otherwise. Consequently, for nd  1, from the 
above follows 
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in which ( ) ( ) hik,chik,chik,chik πππλ =−+= 1 0  1Ec , being 

hihikhi,chik,c πππ   = . Thus the conditional bias is expressed by 
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In order to obtain the conditional bias of R,dY~ , we consider the linear 
approximation (Wolter, 1985) of this estimator where the partial derivatives are 
calculated at the conditional mean values. We have  

( ) ( )[ ] ( )[ ] ( )[ ]+−+≅ E,dE,dE,dddE,dE,dR,d Y~Y~X~XXX~Y~Y~ cccc E  EEE

( ) ( )[ ] ( )[ ]E,dE,dE,dE,dd X~X~X~Y~X c
2
cc E  EE −− . 

The conditional expectation of E,dX~  may be obtained by expression (8) 
substituting Yhij and Yhi with Xhij and Xhi  and therefore we have that conditional 
bias of R,dY~  is 

 ( ) ( )[ ] ddE,dE,dR,dc YXX~Y~Y~B −≅ cc EE)( . 

Using the linearization method, we can define the conditional bias of synthetic 
estimator, S,dY~ , by  

 ( ) ( )[ ] ddE,DE,DS,dc YXX~Y~Y~B −≅ cc EE)(  

being 
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Hence the conditional bias of composite estimator is given by 

( ) )( 1)( )( S,dcR,dcC,dc Y~BY~BY~B αα −+= . 

4.3. Conditional variance 

In order to obtain the conditional variance, Vc, of the estimator E,dY~ ,  we 
start with the following expression (Cochran, 1977, p.276) 
  

[ ] [ ])(E)(E)( 21c21 E,dE,dcE,dc Y~VY~VY~V +=   

where: E1c and V1c denote the first stage conditional value in Uc respectively of 
the expectation and of the variance; E2  and V2  denote  respectively the 
expectation and variance for a given set of selected PSUs. Using the above and 
the theorem 11.1 described in Cochran (1977, p.301), we obtain 
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 Still using the linear approximation, the conditional variance of estimator R,dY~  
may be obtained from the last one expression by substituting Yhik and Yhi 
respectively with Zhik and Zhi expressed by 

( )[ ] ( ) ( )( )[ ]hikE,dE,dhikE,ddhik XX~Y~YX~/XZ ccc EE E −=   , 

 . hik

M

k
hi ZZ

hi

∑
=

=
1

 



STATISTICS IN TRANSITION, March 2000                                                             581 

The conditional variance of  estimator S,dY~  may be obtained from 

)( E,dc Y~V  by substituting Nd,h and Nd,l respectively with Nh and Nl ,and Yhik and 

Yhi respectively with Qhik and Qhi expressed by  

( )[ ] ( ) ( )( )[ ]hikE,DE,DhikE,Ddhik XX~Y~YX~/XQ ccc EE E −=     ,

 . hik

M

k
hi QQ

hi

∑
=

=
1

The conditional variance of the estimator C,dY~  may be obtained from 

)( E,dc Y~V  by substituting Nd,h and Nd,l respectively with Nh and Nl ,and Yhik and 

Yhi respectively with Whik and Whi expressed by  
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5. Conditional properties of conditional estimators 

5.1. Conditional estimators  

We consider the following estimators of the total : conditional expansion 

estimator , 
dY

E,d,cY~ ; conditional combined ratio estimator, R,d,cY~ ;  conditional 

combined synthetic estimator S,d,cY~ ; conditional composite  estimator, C,d,cY~ , 
expressed respectively by: 
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where:  
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are the conditional expansion estimators of , dX DY  and DX . 

5.2. Conditional bias 

If   the estimator 1≥dn E,d,cY~  is conditionally unbiased. In order to derive 
this result, let’s write the formula (9) in the equivalent form 
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Consequently, from the above follows 
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In order to obtain the conditional bias of R,d,cY~ , we consider the linear 
approximation of this estimator where the partial derivatives are calculated at the 
conditional mean values. We have  

( ) ( )[ ] ( )[ ] ( )[ ]+−+≅ E,d,cE,d,cE,d,cddE,d,cE,d,cR,d,c Y~Y~X~XXX~Y~Y~ cccc E  EEE

( ) ( )[ ] ( )[ ]E,d,cE,d,cE,d,cE,d,cd X~X~X~Y~X c
2
cc E  EE −−   

and therefore the conditional bias of R,dY~  is 

 ( ) ( )[ ] ddE,d,cE,d,cR,d,cc YXX~Y~Y~B −≅ cc EE)( = 0 

being ( ) dE,d,c YY~ =cE  and ( ) dE,d,c XX~ =cE . 

Still using the linearisation method, we can define the conditional bias of the 
estimator  S,d,cY~  by 
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( ) ( )[ ] ddE,D,cE,D,cs,d,cc YXX~Y~Y~B −≅ cc EE)( , 

where ( ) DE,D,c YY~ =cE  and ( ) DE,D,c XX~ =cE . 

Hence the conditional bias of the estimator C,d,cY~  is given by  

( ) )( 1)( )( S,d,ccR,d,ccC,d,cc Y~BY~BY~B αα −+≅ . 

5.3. Conditional variance 

To obtain the conditional variance, Vc, of the estimator E,d,cY~ ,  we start 
with the following expression (Cochran, 1977, p.276) 
 

[ ] [ ])(E)(E)( 21c21 E,d,cE,d,ccE,d,cc Y~VY~VY~V +=  . 

Using the above and the theorem 11.1 described in Cochran (1977, p.301), we  
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Still using the linear approximation, the conditional variance of estimator R,d,cY~  
may be obtained from (10) by substituting Yhik and Yhi respectively with Zhik and 
Zhi expressed by 

 
( ) hikddhikhik XXYYZ −=   , ( ) hiddhihi XXYYZ −= . 

The conditional variance of estimator S,d,cY~  may be obtained from (10) by 
substituting Nd,h and Nd,l respectively with Nh and Nl ,and Yhik and Yhi respectively 
with Qhik and Qhi expressed by  

[ ] ( )[ ]hikDDhikDdhik XXYYXXQ −=  ,           

     [ ] ( )[ ]hiDDhiDdhi XXYYXXQ −=  . 
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The conditional variance of the estimator C,d,cY~  may be obtained from (10) by 
substituting Nd,h and Nd,l respectively with Nh and Nl ,and Yhik and Yhi respectively 
with Whik and Whi expressed by  

( ) hikhikhihik QZW  1  αδα −+=  ,  ( ) hihihihi QZW  1   αδα −+ . 
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GEOGRAPHIC INFORMATION IN SMALL AREA 
ESTIMATION FOR A NATIONAL SURVEY 

Wayne A. Fuller and Junyuan Wang1

ABSTRACT 

The United States National Resources Inventory is a large nation-wide 
survey of the U.S. land area. From the survey, a tabulation data set is created 
that can be used to construct estimates for civil subdivisions (counties) and for 
topographic units (hydrologic units). The basic tabulation units are the units 
created as the intersections of the two subdivisions.   

Small area estimates based on components-of-variance models and using 
auxiliary data from a Geographic Information System and the Census of 
Population are used to create estimates for acres in roads and for changes in 
urban acres. Because some of the tabulation units have very small samples, a 
sampling variance model is estimated as part of the estimation scheme. 

1. Introduction 

We adopt the definition that a small area in the survey sampling context is a 
subdivision of the population such that the sampling error of the direct estimator 
is judged to be unacceptably large.  Of course, the variance may be judged too 
large because it is known that it is possible to reduce the variance.  There are 
several components to small area estimation.  The use of prediction within a 
random model to reduce the variance is a part of many procedures.  However, the 
most important component of variance reduction is usually the incorporation of 
auxiliary information into the model estimation. 

Our basic model for small area estimation is 

                                                    yi  =  xi β + ui ,                                    (1) 

                                                    Yi  =  yi + ei ,                                        (2) 

                                                           
1 Iowa State University, Statistical Laboratory and Department of Statistics 218 Snedecor Hall 
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                              (ui, ei ) ~  ( )[ ] ,,, 22
eiudiagind σσ0                          (3) 

where xi is a vector of auxiliary information for the i-th small area, Yi  is the 
sample estimate for the i-th small area, yi is the true value for the i-th area, ui is a 
variable associated with the i-th small area and ei is the sample estimation error 
made in using the sample to estimate yi.  It is generally assumed that (ui, ei) are 
independent vectors independent of xi and that ui is independent of ej for all i and 
j. It is a relatively easy extension to consider a vector (e1, e2, …, en) of sampling 
errors that are correlated. We assume all parameters are to be estimated and that 
the yi are of primary interest. See Ghosh and Rao (1994) for a discussion of the 
model and for references. 

The nature of the ui, the individual area effects, are of considerable 
importance. We believe the subject matter specialists will only be satisfied if they 
can consider the ui to be exchangeable, in the sense that the subject matter 
specialist has no reason to believe that any subset of the ui has different 
distributional characteristics than any other subset. We shall be considering 
situations in which there are many small areas. From a mathematical point of 
view, it is possible to reduce the expected value of the sum of the squared errors 
for any set of ui if the number of small areas is greater than two. In practice, if 
there are only a few small areas, there is a temptation to identify differences 
among the areas and, hence, destroy the exchangeability. 

The basis model assumes the ei to be independent of the ui.  The optimal 
predictor of yi given (Yi, xi) is determined by the joint distributions of the ei and of 
the ui.  The commonly used linear predictor is optimal if (ui, ei) is bivariate 
normal with a diagonal covariance matrix. 

From this short discussion, the procedure of constructing linear predictors 
based on the model (1), (2), (3) should perform well if there is a large number of 
small areas, if there is a strong relationship between y and x that is well 
represented by model (1), if the behavior of the area effects is well approximated 
by (3), if good estimates of the variances of the ei are available, and if the 
distribution of (ui, ei) is close to bivariate normal. 

We will illustrate the construction of predictors and of some diagnostic 
statistics for the model (1)-(3) using data from a large U.S. survey called the 
National Resources Inventory (NRI). 

2. The U.S. National Resources Inventory 

The NRI is conducted by the U.S. Natural Resources Conservation Service 
in cooperation with the Iowa State University Statistical Laboratory. The survey 
is a panel survey of land use and was conducted in 1982, 1987, 1992, and 1997. 
In the survey, data are collected on soil characteristics, land use, land cover, wind 
erosion, water erosion, and conservation practices. The sample is a stratified 
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sample of the nonfederal area of all states and Puerto Rico. Data are reported for 
the nonfederal area. The primary sampling units are areas of land called segments. 
The segments vary in size, from 40 acres to 640 acres. Data are collected for the 
entire segment on items such as urban land and water area. Detailed data on soil 
properties and land use are collected at a random sample of points within the 
segment. Generally, there are three points per segment, but 40-acre segments 
contain two points and the samples in two states contain one point per segment. 
Some data, such as total land area, federally owned land and area in large water 
bodies, are provided by a Geographic Information System containing a digital 
map of boundaries of federally owned land and of water bodies. The current 
sample contains about 300,000 segments and about 800,000 points. See Nusser 
and Goebel (1997) for a more complete description of the survey.  

The sample size is such that direct estimates have acceptable variances for 
large subdivisions of the surface area. One such subdivision is that for hydrologic 
units. Hydrologic units are drainage areas for major streams. There are about 400 
four-digit hydrologic units in the United States. The estimation procedure is 
designed to reproduce the correct acreage for counties where counties are 
important political subdivisions. There are about 3,100 counties in the United 
States. Because the sample must provide consistent acreage estimates for both 
counties and hydrologic units, the basic tabulation unit is the portion of a four-
digit hydrologic unit within a county. This unit is called a HUCCO. There are 
about 5,000 of these units. Some HUCCOs are relatively small and may contain 
only one segment. Some are relatively large and contain more than 100 segments. 

3. Change in Urban Area 

We will base our discussion on a model for the change in the area of land 
classified as urban. The urban area was determined for each year of the survey. 
We analyze the change in urban area from 1992 to 1997, using the 1992 
population and the 1997 population as explanatory variables. Population is only 
available for counties, not for HUCCOs. Therefore, we defined two variables 

 z~ dr,1  =  NP,92,d U  U1
92

-
,dA, A,92,dr , 

 z~ dr,2  =  (NP,97,d – NP,92,d) U  U1
92

−
,dA, A,92,dr , 

where 

 UA,92,dr = sample estimate of urban acres in HUCCO r of county  
                             d in 1992, 

 UA,92,d   =  sample estimate of urban acres in county d in 1992, 
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 NP,92,d   =  population of county d in 1992, 

 NP,97,d   =  population of county d in 1997. 

We expect both variables to be positively related to the change in urban acres.  
Because a reduction in urban area is extremely rare, we set the population change 
variable, 2,

~
drz  , to a small positive number if the population change is negative. 

Some heavily urbanized areas have a large population and very little area in 
non-urban uses that can be converted to urban use. Therefore the x-vector used in 
the analysis was constructed to recognize the availability of potentially 
convertible land.  The variables used in the mean model are 

 { },50~min 111 drdr,udr, C.,zRz =  

 { },C.,zRz drdr,udr, 50~min 222 =  

where Ruj is the ratio of the total estimated change in urban for the state to the sum 
of dr,jz~  for the state, and Cdr is the total area available for conversion to urban use 
in HUCCO dr. In the sequel, we use the single subscript i in place of the double 
subscript dr as the index for the HUCCO.   

The original estimates have a very skewed distribution.  There are generally 
only a few segments showing change, and changes occur heavily in a few 
developing areas.  Therefore a root of the direct estimates, denoted by λ, was used 
in the analysis.   

A model for urban change is 

                                     
( ) ( )

,
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where Yi is the direct sample estimator of the change in urban acres for the i-th 
HUCCO, , and the ζ)( 21

λλ= iii z,zx i contains an area-to-area component and a 
sampling error component. 

The estimator of β  used in the analysis is 
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It will be shown that the variance of ζi is closely related to . Therefore, the 
estimator (2) is close to the estimated generalised least squares estimator. 

250.-
in

We designed the small area estimation procedure to be fully automated 
because estimates were to be constructed for about 5,000 small areas using more 
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than fifty analysis units, where the analysis unit is typically a state. Therefore we 
sometimes used relatively simple procedures in place of complicated procedures 
that might produce marginal gains in efficiency. For example, one can design an 
iterative estimation procedure for β in which the estimated between-area-
component of variance is used to estimate the covariance matrix of the ζi. We 
used the simpler procedure of estimating β with a weighted least squares 
procedure.  

The sample estimator of the variance of Yi, denoted by , was 
computed with the standard variance estimation formulas. Because some 
HUCCOs contain a very small number of segments, the variance of the estimated 
variance is large for those HUCCOs. A model was developed for the sampling 
variances for two purposes; to provide an improved variance estimator for small 
HUCCOs and to use in estimating β. It was assumed that V{Y

{ iYV̂ }

i} is well 
represented by  

                                       V{Yi} =  ,                                    (3) 25.125.02
iiwn τσ −

where  and c1cii +β=τ x 1 is a small positive constant. Because the model 
change can be zero, a small constant is added to the model mean in the variance 
expression. The coefficients in a regression of log { }2cYV i +

ˆ

ˆ
 on log ni and log 

 where  and c,ˆ iτ 1ˆ cii +β=τ x 2 is a small positive constant, in early analyses for 
selected states, gave coefficients that did not differ significantly from (−0.25, 
1.25). The constant of proportionality was estimated with the simple estimator 
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Our components-of-variance model for urban change is 
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where yi is the true total change for the i-th small area, and ai is independent of ei.   

The specified model assumes that the λ-root of the mean per segment can be 
treated as a random variable with common variance across areas. Although we are 
interested in totals, we prefer to specify the model in terms of means. It seems 
implausible to treat area totals as exchangeable because of the large differences in 
magnitude. 

The root λ = 0.375 was chosen on the basis of the fitted variance model, by 
inspection of plots of the original distribution and by tests of normality on the 
residuals from the regression fit of the mean model. Because of the large number 
of zeros it is not possible to find a root transformation of all estimates that is 
normal. Preliminary analyses were performed on some states. If the zeros are 
omitted and tests for normality performed on the transformed data, the tests 
accept the hypothesis that the deviations from model fit are normally distributed. 
On the basis of a Taylor approximation, the variance of the transformed data is, 
approximately, 

                              { } { }[ ] { }iii YVYEYV 222 −λλ λ=  . 

From model (3), 

                                      { } 22503750
w

.-
i

.
i nYV σ=   

and the variance of  depends only on the sample size. 375.0
iY

It is possible for the model change to be zero and the observed value to be 
positive in HUCCOs with no urban acres in 1992. Thus, the mean of the ai will be 
positive at the point x = (0,0). However, the mean is very small because there are 
few such cases. We chose to permit this model inconsistency rather than construct 
a complicated model for those few cases. The chosen model has the advantage 
that it predicts zero change if there were no urban acres in the HUCCO in 1992. 
This avoids a prediction of positive acres for areas known by residents to contain 
no urban area. 

The between-area-component was estimated by the mean of the differences 
between the squared deviation from the model and the direct estimate of the 
variance. Thus,  
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                                       { } { }i.-
ii YVτλ.eV ˆˆ960ˆ 2512=   

and 0.96 is an empirical adjustment to the Taylor approximation to the variance.  
Note that the directly estimated variance of Yi, not the model estimate, is used in 
the estimation of the variance component. 

The predictor of , constructed with the model estimator of variance, is λ
iy

                                             ( ) βα−+α= λλ ˆˆ1ˆˆ iii Yy x ,                                 (7) 

where 

                                   ( ) 21212 ˆˆˆˆ aw
-
ia n σσ+σ=α −  . 

An estimator of the variance of the predictor of based on the model 
estimator of the variance is 

λŷ

                 { } [ ] ( ) { } iiwaw
-
ia

.-
i VnnyV xx ′βα−+σσσ+σ= −λ ˆˆˆ1ˆˆˆˆˆˆ 2221212250    (8) 

The estimator (8) does not contain a contribution to the variance from 
estimating the variance components. 

Our predictor for yi is  raised to the  power. One can make an 
adjustment for the nonlinearity of the transformation, but we chose the simple 
procedure. An estimator of the variance of  constructed by the usual Taylor 
arguments is 

λŷ 1−λ

ŷ

                                    { } [ ] { }λ−−τλ= yV.yV . ˆˆˆ960ˆˆ 12512                          (9) 

For confidence limits it is preferable to set limits for  and then exponentiate 
those limits. In the production program the small area estimates are ratio adjusted 
so that the sum of the estimates is equal to the sum of the direct estimates for the 
state. Thus, the small area procedure only changes the allocation of the total to the 
HUCCOs. The estimate for the state is the design unbiased estimator. 

λŷ

We present some statistics for a set of HUCCOs in a state in the Midwest. 
The analyses are preliminary as the data had not been released when this was 
written. The HUCCOs were divided into ten groups on the basis of the model 
predicted change in acres. The first group is composed of the 18 HUCCOs with xi 
= (0, 0). This is the group of HUCCOs with zero estimated change. There are 
either 15 or 16 HUCCOs in each of the remaining nine groups. 

Table 1 contains some summary statistics for the grouped data. While the 
HUCCOs were ordered on the predicted change, the number of segments in the 
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HUCCO is generally larger for HUCCOs with larger changes. The fact that the 
mean model fits quite well is demonstrated by agreement between the two 
columns  and . The “t-statistics” were calculated as the difference between 
the group means divided by the standard error of the difference. The standard 
error was calculated using the mean square of the individual differences. The sum 
of squares for  

λY λŶ

Table 1. Summary statistics for mean model for an illustrative set of HUCCOs. 

 Number Average sample Group mean  
Group in group size    λ

iY λ
iŶ t-statistics 

1 18 10.2  0.9 0.0 1.36 
2 15 20.3  5.4 4.0 1.25 
3 16 41.2  7.6 6.1 1.37 
4 16 65.8  5.3 7.8 −2.14 
5 16 74.1  8.2 9.1 −0.65 
6 16 73.3  10.1 10.3 −0.14 
7 16 78.2  10.2 11.5 −1.22 
8 16 64.4  14.5 13.7 0.53 
9 16 75.9  18.1 17.2 0.43 

10 15 109.9  30.1 30.2 0.10 

 
these statistics is 12.27. This value can be compared to the 5% tabular value of 
18.31 for the chi-square distribution with 10 degrees of freedom. The model is 
easily accepted on the basis of this test. The R2 computed for the regression of 

 on xλ
iY i is 0.79.Table 2 contains similar statistics for standard errors using the 

groups of Table 1. The column headed “s.e. (Y λ)” contains the group averages of 

                   { }[ ] { }[ ] 21251221 ˆˆ960ˆ /
i

.-
i

/
i YV.YV τλ=λ  . 

The averages of (  in the adjacent column decrease as one 
moves down the column because the average sample size increases. The entries in 

the column for (  were ratio adjusted so that the sum is equal to the 
sum of the s.e. (Y 

)

)

212250 ˆ /
w

.-
i σn

212250 ˆ /
w

.-
i σn
λ).  There are many direct estimates of zero in the first group, so 

that a comparison of  and { }( ) 2/1λ
iYV ( ) 212250 ˆ /

w
.-

i σn  for that group says little 
about model adequacy. The sum of squares for nine t-statistics associated with 
groups two through nine is 13.44, considerably less than the tabular value of 
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16.92 for chi-square with nine degrees of freedom. Thus, there is no reason to 
reject the form of the variance model. 

The root transformation has a strong variance stabilizing effect. The standard 
errors of the original estimates of change for the largest group are about 3386 and 
the corresponding standard errors for the second group are about 110. 

In this particular state the estimator of the between-HUCCO component of 
variance was negative. In the production version of the program we impose a 
lower bound of 0.008 on the ratio of  to  in the computation of α . The 
lower bound means that the direct estimator in a HUCCO with 125 segments 
receives a weight of 0.50. Because the estimated value for  is zero, the 

estimated variance of the prediction error for  was computed as 

2ˆ aσ
2ˆ wσ ˆ

2
aσ

λ
iy

                     { } ( ) { } iiwii VnyV xx ′βα−+σα= −λ ˆˆˆ1ˆˆˆˆ 2225.02 .                    (10) 

Table 2. Summary statistics for variance model. 

    Mean  
 Number in Group mean  prediction 

Group group s.e. (Y λ) ( ) 212250 ˆ /
w

.-
in σ  t-statistics s.e. of  λŷ

1 18 1.16 4.02  -  0.50 
2 15 3.79 3.76 0.02 0.84 
3 16 3.66 3.35 0.37 1.38 
4 16 1.76 3.16 −2.04 1.79 
5 16 2.98 3.10 −0.14 1.94 
6 16 3.63 3.14 0.33 1.93 
7 16 2.59 3.04 −0.86 2.06 
8 16 3.86 3.14 0.90 1.83 
9 16 5.79 3.07 1.34 2.06 

10 15 3.89 2.92 2.38 2.45 

The last column of Table 2 contains the mean of the prediction standard 
errors, where the standard error is the square root of the model variance of the 
predictor computed with equation (10). There are large estimated gains in 
efficiency from using the small area model, particularly for HUCCOs with a small 
number of segments. 
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SMALL AREA ESTIMATION PRACTICE  
AT STATISTICS CANADA 

Jack Gambino1, Peter Dick2

ABSTRACT 

Small area estimation methods are used at Statistics Canada to produce 
estimates from both business and household surveys as well as from the 
census undercoverage survey. There has been a great deal of research on small 
area estimation over the years, and the methods used in practice continue to be 
improved. This research has been well-documented elsewhere and we do not 
attempt to repeat it here. Instead we focus on the methods that are currently in 
actual use at Statistics Canada. First, we describe the approach used to produce 
small area estimates in the Labour Force Survey. Then we discuss the 
estimation of undercoverage in the census, which uses a variety of methods 
including small area estimation techniques. Next, we give a brief description 
of the approach used in the Survey of Employment, Payrolls and Hours. 
Finally, we present an example of how an ad hoc request for small area 
estimates from the Family Expenditures Survey was handled. 

1. Introduction 

The small area estimation problem can be described briefly as follows: Data 
for small areas or domains, if they exist at all, are often dated (from a census, say) 
or scant (typically from a survey). Statisticians have sought solutions to this 
problem for decades, but the bulk of the published work in this area started to 
appear in the early 1970s. The paper by Ghosh and Rao (1994) includes a good 
list of references and provides an excellent review of the methods that have been 
developed over the years. These methods have become increasingly complex both 
mathematically and computationally. But has statistical practice kept pace with 
statistical theory? 
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In this paper, we provide a partial answer to this question by describing the 
methods that are in actual use at Statistics Canada. No attempt is made to review 
the literature or to give detailed explanations of alternative estimation methods. 
These are covered very well by Ghosh and Rao (1994) and in earlier review 
papers such as Hidiroglou (1992). Also, except for a brief discussion in the next 
section, we say very little about survey design issues as they relate to the small 
area problem; these are discussed by Singh et al. (1994). We also do not discuss 
methods that use census or administrative data exclusively; these are discussed by 
Brackstone (1987). 

A review of the recent literature on small area estimation shows that the 
methods used in practice vary among countries as well as within each statistical 
agency. This is evident from several of the papers presented at the International 
Conference on Small Area Statistics and Survey Designs held in Poland in 1992 
(see Kalton et al. (1993)) and at an earlier conference held in Canada (see Platek 
et al. (1987)). The methods used in practice at Statistics Canada range from the 
most basic to the moderately sophisticated. In this paper we describe some of 
these methods by presenting, in turn, some of the approaches used in household 
surveys, the census and in business surveys. We also present an example of how 
we dealt with an ad hoc request for small area data to illustrate that, sometimes, 
one must improvise to provide a quick response to a request for information. 

2. Small area estimation in household surveys 

The Canadian Labour Force Survey (LFS) provides the basis for most 
household surveys conducted at Statistics Canada. Such surveys are either 
supplements to the LFS (i.e., their questions are asked just after the LFS 
questions), or use LFS respondents at a later time, or use the LFS frame to select a 
distinct sample of dwellings. Consequently, they tend to use estimation methods 
that are the same as, or similar to, the ones used by the LFS itself. Therefore, we 
will begin by giving a brief description of the LFS. 

The LFS is a monthly survey of 53,000 households selected using an area 
frame. In most strata, the survey uses a two-stage design. At the first stage, a 
sample of clusters is selected using a probability-proportional-to-size algorithm. 
Each cluster contains about two to three hundred dwellings. The second stage 
consists of a systematic sample of six to ten dwellings. Once selected, the people 
in a dwelling are interviewed by the LFS for six consecutive months and then 
rotate out of the LFS sample. The dwellings are then replaced by another set of 
dwellings in the same cluster. Each month, the LFS publishes labour force 
estimates by industry, occupation, age-sex group and geographical area as well as 
data on wages, hours of work and union membership. For a more detailed 
description of the LFS methodology, see Gambino et al. (1998). 

In Canada, eligibility for unemployment insurance benefits and the duration 
of benefits are based on the unemployment rate in each of 53 Employment 
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Insurance (EI) regions. The LFS is required to produce regional unemployment 
estimates of high quality for each EI region. Some of these regions are quite small 
in population, and, furthermore, the definition of the regions can change every 
few years. However, rather than rely exclusively on small area estimation 
techniques to deal with this, a conscious effort was made during the redesign of 
the LFS in 1992-1994 to implement a design that would minimize the need for 
special estimation methods. Several design features made this possible.  
• Stages of sampling. In almost all parts of Canada that had a three-stage design 

before 1995, a two-stage design was implemented. This change resulted in a 
sample that is more evenly spread out geographically. This makes it more 
likely that the sample that falls in unplanned (or redefined) domains is well-
balanced among domains. 

• Stratification. Wherever possible, strata were designed to respect the 
boundaries of official geographical units whose definitions are very stable. 
Such units are often used as building blocks for larger regions such as the EI 
regions mentioned above, so this strategy has two benefits. First, any such 
regions are likely to have a stable sample of dwellings, and second, should the 
definition of a region change, the LFS strata are likely to respect the new 
regional boundaries. 

• Sample allocation. To deal with the competing requirements of good 
provincial and regional (sub-provincial) estimates, the sample was allocated 
in two steps. First, a portion of the sample was allocated to produce good 
provincial and national estimates. Then the remaining sample was allocated to 
EI regions without regard to province. Thus, in the second step, the sample 
tended to be allocated to the regions that had smaller populations. 

The strategy was put to the test very soon after the LFS redesign. A year 
after the new design was implemented, the definition and number of EI regions 
changed significantly. Nevertheless, largely because of the design strategy that 
was used, the degree of modification needed to accommodate the new regions 
was relatively minor: 1600 households had to be reallocated to guarantee that all 
new regions had adequate sample. 

In cases where the LFS must resort to using small area estimation methods, 
the sample size dependent (SSD) estimator is used. This estimator has been used 
at Statistics Canada for about twenty years; see the paper by Drew et al. (1982) 
which includes a detailed study of this estimator in the LFS context. Let a denote 
the small area of interest, h denote a stratum and g denote a frame type such as 
urban or rural. The estimator of a variable Y has the form 
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where ∑= h aghag YY ˆˆ , ∑= h ghg YY ˆˆ and N denotes population size. The and 

 terms are the usual regression estimates used by the LFS, described in 
Gambino et al. (1998). In the SSD estimator, if there is sufficient sample in the 
small area a, then the synthetic component is not used, i.e., 
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where k is chosen according to how much sample shortfall in the small area we 
are willing to tolerate before resorting to using the synthetic component. To see 
this, consider the case of simple random sampling and assume k = 2. Then 
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and we see that, for the case k = 2, we resort to using the synthetic component 
whenever we observe less than half the expected sample size. For example, if we 
observe one-quarter the expected sample in the small area, then the synthetic and 
direct components get equal weight ½. Currently, the default value of k used by 
the LFS is 1.5, i.e., it makes use of the synthetic component whenever the 
observed sample size is less than two thirds the expected sample size. 

A potential problem in using the SSD estimator for regular production of 
large numbers of small area estimates stems from the fact that, in practice, a fixed 
value of k is programmed into the estimation system. As has been noted by Ghosh 
and Rao (1994), among others, by depending on the expected sample size in a 
small area, the SSD estimator can use (or fail to use) the synthetic component 
when it should not (or should). For example, if the expected sample size is small, 
then it can be argued that one should almost always give some weight to the 
synthetic component. Conversely, if the expected sample size is large, one should 
rarely need to rely on the synthetic component. This situation does not pose a 
problem if one has the option to review each estimate and adjust k on an estimate-
by-estimate basis, if necessary. 

In a periodic survey like the LFS, the sample size in a specific small area 
varies from period to period. This is due to factors such as nonresponse and 
rotation of units. The latter is due to the fact that a few clusters are replaced each 
month in the LFS. This can pose a problem if the stratum containing the cluster is 
cut by the boundary of the small area: the sample size in the small area will 
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fluctuate if the original cluster and its replacement are on different sides of the 
small area boundary. As a result, the value ofλ may change significantly. 

The LFS regularly produces a moderate number of small area estimates, but 
there is usually sufficient time to review them before they are released. The 
estimation system automatically prints diagnostics, such as the percent 
contribution of the synthetic component to each estimate. Where deemed 
necessary, the weight given to the synthetic component is adjusted. 

Occasionally, the LFS receives special requests for estimates for small areas 
that are not part of the survey’s regular output. Usually, instead of using formal 
small area estimation methods, these requests are handled either by exploiting 
data over time or by combining small areas, or both. To illustrate, we mention a 
request in 1998 to produce estimates of employment and unemployment by 
Census Division (CD). There are almost 300 CDs in Canada, which range in size 
from less than 10,000 people to over two million people. The client was willing to 
sacrifice timeliness of the data to get estimates with smaller variances, so the 
estimates were based on LFS data for the past three years. However, for small 
CDs, the sample size was still too small to produce estimates of reasonable 
quality. As a result, CDs were combined until the sample size was adequate. Note 
that this approach to small area estimation amounts to doing informally what 
small area estimation methods do formally, i.e., borrow strength across time and 
space. One can go one step further and exploit auxiliary information such as data 
from administrative sources. For the problem of labour force estimates for small 
areas such as CDs, this was studied by Choudhry and Rao (1989), who used the 
LFS to compare the direct estimator to an empirical Bayes linear unbiased 
predictor and two synthetic estimators. 

Other household surveys tend to use domain estimation to produce estimates 
for relatively small unplanned domains. Most household surveys are designed 
principally to produce estimates at the national and provincial level. Thus users 
know at the outset that estimates at lower levels will be of lower quality and that 
the budget to use methods other than simple domain estimation does not exist. 
However, even for simple domain estimates, interesting problems sometimes 
arise. We illustrate this by looking briefly at a problem faced by two household 
surveys conducted by Statistics Canada. 

The Canadian Travel Survey is a monthly supplement to the LFS that is 
administered to one third of LFS respondents. It is used to produce estimates on 
the number of trips taken and on expenditures during those trips. The estimates 
are published by both region of travellers’ origin and region of destination. The 
main small area estimation-related problem faced by the survey is due to 
influential observations: for estimates by region of destination, a respondent 
living in a region with large weights may overwhelm the estimates for a region 
where most visitors have small weights. Similar problems occur in other surveys 
such as the Survey on the Importance of Nature to Canadians, which studies 
activities such as hiking and fishing, and also produces estimates by region of 
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destination. Finding ways of dealing with this problem is an area of ongoing 
research at Statistics Canada. 

3. Small area estimation in the Canadian census 

The Census of Canada is conducted every five years. One of its objectives is 
to provide the Population Estimates Program with accurate baseline counts of the 
number of persons by age and sex within each province and territory. 
Unfortunately, not all eligible persons are correctly enumerated by the Census. As 
part of the evaluation of the Census, Statistics Canada estimates, by a sample 
survey known as the Reverse Record Check (RRC), the net number of persons 
missed by the Census. The RRC estimates separately the gross number of persons 
missed by the Census and the gross number of persons erroneously included in 
the final Census count. When combined, the figures estimate the net number of 
people missed by the Census. 

The RRC was designed to produce reliable direct estimates for large areas, 
such as provinces, and for large domains, such as age-sex combinations at the 
national level. However, the Population Estimates Program requires estimates of 
missed persons for single year of age for both sexes for each province and 
territory. Using the direct survey estimate would result in individual estimates 
having unacceptably high standard errors due to insufficient sample in the small 
domain.  

Methodology overview. Several steps and procedures are used to produce the 
required estimates of net missed persons. Direct survey estimates for each 
province and territory are used to create one margin. A curve smoothing method 
is used to produce the national estimates of age and sex needed for the other 
margin. An empirical Bayes regression model creates the estimates for broad age 
groups within a province. A synthetic model then generates the detailed single 
year of age estimates. Finally, the raking ratio procedure is used to ensure the 
detailed estimates are consistent with the fixed marginal totals. 

(a) Marginal totals. Two marginal totals are required: the provincial estimate 
of net missed persons and the national total of net missed persons by single year 
of age for each sex. The provincial and territorial estimates of net missed persons 
can be found in the official population release on coverage studies (Tourigny, 
1999). These are assumed to be correct and all further estimates will respect these 
totals. 

The national estimates for age and sex require some smoothing. The direct 
estimates of net undercoverage rates by single year of age (for each sex) from the 
coverage studies are used as input data. The Whittaker-Henderson graduation 
method (see Wilken, 1982) is used to smooth this series. This method smoothes 
the net undercoverage rates, balancing two qualities: the smoothness of the 
resulting curve and the fit of the curve to the original data. 
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The Whittaker-Henderson method requires the setting of two parameters: the 
overall smoothing coefficient and an importance factor or weight applied to each 
observation. The smoothing coefficient determines how smooth the resulting 
curve will be while the weight determines how much emphasis will be placed on 
each observation. While the choices for these two parameters are subjective, they 
must conform to the historical pattern of net undercoverage by age. 

The resulting smoothed curve must fit the experiences of past estimates of 
net undercoverage rates by age. First, the peak of the curve must occur in the ages 
20 to 35 for both sexes (male higher than female). Secondly, there is no reason to 
expect a differential rate between male and female net undercoverage rates for 
ages less than 15. Finally, it is expected that the net undercoverage rates over age 
40 will be fairly flat, but the differences between the two sexes should be 
maintained by the curves. In choosing the parameter values we would like to 
ensure these conditions are met. 

 (b) Small domain estimation. The detailed estimates of missed persons by 
single year of age and sex within each province are handled in a two-step 
procedure. First, an empirical Bayes regression model is used for broad age 
groups. Then a synthetic estimate is created for the single years of age within the 
broad age groups. 

The objective of modelling the small domain estimates is to produce a series 
of estimates with a smaller mean square error than the direct estimate. However, 
as opposed to the direct survey estimate which is design unbiased, the modelling 
approach will introduce a bias for each estimate. Thus modelling the small 
domain estimates implies that a trade-off is required between reducing the 
variance of each estimate and the bias introduced through the modelling process. 
One approach to ensuring that direct survey estimates are used when they are 
reliable is to introduce an empirical Bayes model similar to that of Fay and 
Herriot (1979). This procedure creates an estimate that is a combination of a 
model estimate and the direct survey estimate weighted by their respective 
variances. Note that since the individual sampling variances are used in 
estimation, a more precise direct estimate will receive much more weight in the 
final empirical Bayes estimate than a direct estimate with low precision. This 
ensures that the model does not dominate estimates that are already considered 
reliable. It is also possible to approach this estimation problem through a 
hierarchical Bayes methodology; details on this method can be found in Datta, et. 
al. (1992). Ghosh and Rao (1994) give an appraisal of both the hierarchical Bayes 
and empirical Bayes approaches to small area estimation. 

The empirical Bayes regression model starts with the direct survey estimates 
of adjustment factors (ratio of true population to Census population) with 
variances for four broad age groups for each sex and each province and territory. 
This approach assumes that we have a two-stage regression model: a sample 
model that describes the basic relationship between the estimated adjustment 
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factors and the true adjustment factors and a regression model that describes how 
the true adjustment factors vary with a set of underlying variables. 

The regression coefficients are estimated using a weighted least squares 
method which ensures that direct estimates from the large provinces with small 
standard errors are respected more than direct estimates from the small provinces 
with large standard errors. However, since the sample variance estimates 
themselves are highly unstable, they are first stabilized using a simple regression 
model. The estimated variances are then used and assumed to be without error in 
the subsequent steps. More details can be found in Dick (1995). 

Once the empirical Bayes model is finished, estimated adjustment factors are 
available for each broad age group for each sex in every province and territory. A 
synthetic model is then used to expand the estimates from the four age groups to 
the required 90. This model essentially assumes that a constant net undercoverage 
rate within the broad age group is to be maintained. 

(c) Consistency adjustment. The marginal totals of the small domain 
estimates from (b) will not be consistent with the provincial and smoothed 
national age-sex totals discussed in (a). Hence a raking ratio adjustment is used on 
the small domain estimates to ensure consistency with both the provincial totals 
and the national age-sex totals. The resulting single year of age by sex estimates 
for each province and territory are the final estimates. 

Evaluating the results. The provincial totals were extensively evaluated prior 
to their release, mainly by comparisons with administrative files on births, deaths 
and immigrants. The national sex by single year of age estimates were evaluated 
through two methods: the sex ratio as estimated by demographic components and 
by error of closure. The sex ratio is simply the ratio of the number of males to the 
number of females. The error of closure for a five-year age group was calculated 
by taking the difference from the 1996 estimates and the population estimate for 
the same cohort from the 1991 estimates with the appropriate demographic 
components accounted for. 

The sex ratio calculated from birth records supported the hypothesis that 
there is no difference in net undercoverage rates from birth to age 16. Hence the 
final curves were adjusted to have similar net undercoverage rates until age 16; 
then the smoothed curves were calculated using the Whittaker-Henderson method 
for each sex for ages 17 to 90. 

The error of closure analysis suggested that the older ages (75 and above) are 
a problem. This implies that either the estimates are too low in 1996 or they were 
too high in 1991. We assume that the problem lies with the 1991 estimates and, 
accordingly, have revised the older ages from 1991. 

Since the empirical Bayes regression method is a well established statistical 
procedure (Dick, 1995), many evaluation tools are available. These tools include 
residual analysis, q-q plots and simulations. These tools were also applied to the 
1991 population estimates and the 1996 results compared favourably with those 
from 1991. 
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4. Small area estimation in business surveys 

The business surveys program at Statistics Canada is undergoing major 
redevelopment as part of the large Project to Improve Provincial Economic 
Statistics (PIPES). Once the transition period is over, business surveys will be 
much more integrated than they have ever been, with co-ordinated questionnaires, 
sampling and estimation procedures. Royce (1998) describes the objectives of 
PIPES and the changes that are taking place.  

One feature of PIPES will be extensive use of two-phase sampling. As a 
result, it is likely that estimation methods similar to those currently used in the 
Survey of Employment, Payrolls and Hours (SEPH) will be used in many cases. 
In this section, therefore, we will describe the estimation methodology used in 
SEPH. 

The Survey of Employment, Payrolls and Hours is a monthly survey that 
uses administrative data and a sample of establishments to collect data on 
employment, payrolls, hours and earnings. Due to the availability of timely 
administrative data, namely, the Payroll Deduction (PD) accounts, SEPH has 
started using a two-phase sample selection strategy. Hidiroglou (1995) gives 
details of the SEPH design and its estimation methodology. A more up-to-date, 
but far less detailed, description is given by Singh et al. (1998). Here, we give a 
brief overview using the notation used in the latter paper. 

In the first phase, a sample of about 200,000 PD accounts is selected 
systematically, and data on payrolls and number of employees are obtained for the 
sampled units. The first-phase sample in each province is stratified by industry 
and size, and a second-phase sample of establishments is selected in each stratum. 
Information on all variables is then collected from all second-phase units via a 
survey. Using linear regression models, the second phase sample is used to find 
relationships between variables available for units from both phases (employment, 
payrolls) and variables available only in the second phase. In turn, these 
relationships are used to predict values of all variables of interest for all first 
phase units, and these predicted values are then used to produce estimates. 

SEPH uses the same estimation method for both large and small domains. 
Let d denote a domain of interest. The first-phase sample  is used to estimate 

totals for employment and payrolls: 
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The inner sum is over all units in the subset s1q of the first-phase sample s1 that 
falls in model group q. The term qk d bx )(,1′  is the predicted value of yk(d). Note 

that this estimator is a type of synthetic estimator since  is computed using all 
units in q. Hidiroglou et al. (1995) compared it to a sample size dependent 
estimator using SEPH data. They found that the behaviour of the two estimators 
was similar overall and concluded that SEPH should use the synthetic estimator 
on the grounds that the series of estimates it produced were somewhat more stable 
over time. 

qb

It should be noted that the above estimation methodology is used by SEPH 
for all domain estimates, including those based on large samples. It was 
introduced to greatly reduce the number of establishments that are sampled, 
thereby reducing costs and response burden. 

5. Dealing with ad hoc requests: A case study 

Occasionally, Statistics Canada receives special requests to produce non-
standard estimates quickly and on short notice. This can pose a serious problem if 
the requested information cannot be produced easily using existing estimation 
systems. This is especially true if some of the estimates are for small areas, and 
more so if the areas do not correspond to the standard areas used by the survey of 
interest. In this section, we illustrate this situation by describing how we dealt 
with a recent request for data on expenditures. 

Calgary is a city of 800,000 people in the province of Alberta. In 1997, 
Statistics Canada was asked to produce estimates on family expenditures for 155 
Calgary neighbourhoods using data from the 1992 Family Expenditure Survey 
(Famex). At the time, Famex was a national survey of about 17,000 households 
which collected detailed information on expenditures and income. Famex has 
since been replaced by the annual Survey of Household Spending (SHS) which 
has about fifty percent more sample and a less detailed questionnaire. Both Famex 
and the SHS use the LFS frame to select a sample of dwellings. 

The request posed several problems: (i) The neighbourhoods did not follow 
the geography used by the LFS; (ii) Some neighbourhoods were very small, 
containing less than 500 households; (iii) Because there were about 350 
households in the Famex sample in Calgary, many neighbourhoods contained 
little or no sample; (iv) There was neither the time nor the resources to modify the 
small area estimation system used by the LFS to handle this special request. On 
the other hand, (a) there was relevant auxiliary information from the 1991 census 

 



STATISTICS IN TRANSITION, March 2000                                                             607 

available, and (b) according to subject matter specialists, expenditure patterns are 
closely related to income, even for people living in different cities. 

Faced with these facts, it was decided to try to use the existing Famex 
estimation system along with the census data to produce synthetic estimates for 
the neighbourhoods. From the census, we had data for each neighbourhood on 
several variables including the number of households by income class, the 
number of single-person and multiple-person households, the number of 
homeowners and renters, and the number of people less than 15 years old and 15 
years and older. The estimation program used by Famex uses the same regression 
methodology used by the LFS, i.e., the basic sampling weights are modified via 
regression to produce final weights that respect age-sex and geographical 
population totals; see Gambino et al. (1998) for details. Thus, had there been 
enough sample in each Calgary neighbourhood, the estimation system could have 
been adapted to use the census data in the regression. Since there was not enough 
sample in each neighbourhood, we appealed to point (b) in the previous paragraph 
to develop an alternative procedure. 

For each neighbourhood, we took all the Famex sample from both Calgary 
and Edmonton (a city in Alberta with roughly the same population as Calgary) 
and coded each household as if it came from the neighbourhood. This made it 
appear to the estimation system that there are about 700 sampled households in 
the neighbourhood. The regression program was then used to modify the sample 
weights to respect the neighbourhood totals from the census. The resulting final 
weights were then used to produce estimates for various expenditures for the 
neighbourhood. 

Various steps were taken both before and after the weighting to ensure that 
the above procedure gave reasonable results.  
• Different sets of census variables were studied to determine which set 

produced the best estimate of average household income. It was found that the 
set {age (<15,15+), owner/renter, household size (1,2+), income class} 
performed the best. For income class, each household was classified into one 
of nine classes.  

• The estimates for any neighbourhood with a population of fewer than 500 
households were not produced. 

• It was recommended that if the final estimate of average household income 
for a neighbourhood differed from the census average by more than 10 
percent, then the expenditure estimates for that neighbourhood should not be 
used. This occurred in 34 of the 155 neighbourhoods. 

• The regression estimation method can produce negative weights, and if a 
particular expenditure is rare in a given neighbourhood, this can result in 
negative estimates. Such estimates were not used. This happened 
infrequently. Of the 118 expenditure variables, 100 never had a negative 
estimate. For most of the remaining variables, there were negative estimates 
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in two or three neighbourhoods. Two variables, namely fuel oil expenditures 
and home renovations, had negative weights in eight neighbourhoods. 
In conclusion, we were able to quickly adapt existing software tools to 

devise an ad hoc procedure that produced useful results for the client. However, 
such improvisation is not always suitable. For example, if the neighbourhood 
estimates were to be used to allocate substantial government funds, the above 
procedure might be questioned, even if it were the only one available. 

6. Conclusion 

The choice of small area estimation methods used at Statistics Canada was 
made separately for each program. Nevertheless, the methods we have discussed 
have some common features. They involve estimates that can be expressed as a 
weighted average of a synthetic estimate and a direct estimate, sometimes with a 
weight of one for the synthetic component. They also tend to favour simple 
methods for deriving the weights. Finally, the knowledge and experience of 
subject-matter specialists often plays an important role in the development of an 
appropriate methodology. 

We have seen that the small area estimation methods used at Statistics 
Canada are based largely on research done in the 1970s. There are undoubtedly 
many reasons for this, but we mention only two. First, some of the research since 
then has focused on the choice of weights to give to synthetic and direct estimates 
when they are combined, but simple approaches such as the SSD one remain 
popular. Second, much of the research in recent years has been on model-based 
approaches to small area estimation, and there is still some reluctance to produce 
estimates based on models. 

The consensus among practitioners in government statistical agencies seems 
to be to use models for small area estimation only as a last resort, and then, with 
great caution. There are good reasons for this practice and they have been 
presented in numerous papers; see, for example, Schaible (1996), which describes 
the methods used by United States statistical agencies and provides detailed 
recommendations and cautions to users. 

Perhaps we underestimate the readiness of users to accept a bigger role for 
models in small area estimation. For example, in some cases the user must choose 
between a model-based estimate and no estimate at all. Sometimes, what matters 
to the user is the pattern across small areas rather than the specific estimates for 
individual small areas. In such situations, the user may be quite willing to use 
estimates in which models play a large role. Two complementary factors that 
influence whether models can be introduced are the use to which the estimates 
will be put and the sophistication of the user. A sophisticated user will understand 
the trade-offs involved when models are used. Such a user will be able to combine 
the statistician's technical advice with the user's knowledge of the financial and 
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policy implications of the estimates to make a sound decision about the choice of 
estimator. 
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SMALL AREA POPULATION ESTIMATION 
USING SATELLITE IMAGERY 

Jack Harvey1

ABSTRACT 

Because ground reference population data is generally available only at 
census enumeration district (ED) level and above, the estimation of population 
from digital remote sensing imagery has to date generally been based on 
models for estimating ED populations from spatially aggregated reflectance 
data. Such estimates have limited usefulness for mapping or for integrating 
with other data in a GIS context. 

An alternative approach is described, based on modelling the population 
of individual pixels. Pixels were classified as residential or non-residential by 
the method of maximum likelihood with some contextual reclassification.  
Ground reference populations for residential pixels were imputed from census 
counts, and these were regressed on individual TM bands together with 
various spectral and contextual transformations. An approximate EM 
(expectation-maximisation) technique was employed for iterative re-estimation 
of the imputed ground reference pixel populations. 

Assessment of validity and robustness has been undertaken by 
application to images of several Australian cities. Estimates of population 
density for individual census collection districts (CDs) were obtained with 
coefficients of determination typically in the range .80-.90 for training samples 
and .70-.80 for full image validation. Total urban populations were estimated 
with errors in the range –2% to +4%. In urban areas of moderate density, mean 
relative errors for the populations of individual CDs were typically in the 
range 15-20%. 

1. Introduction: population estimation by remote sensing 

Population estimation in developed countries has in the past been based on 
two methodologies. Regular censuses have provided comprehensive baseline data. 
This has been supplemented by inter-censal population estimates derived from 
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mathematical models that utilise statutory data about such indicators as births, 
deaths, marriages, school enrolments, land ownership and occupancy, and 
housing construction. Remote sensing techniques have in relatively recent times 
provided a third methodology, the rationale and potential of which was expressed 
by Henderson (1979) thus:  

Estimates of population cannot be obtained directly from remote sensing 
imagery. However, simple models employing visible physical characteristics can 
be designed that infer population densities by surrogate...the result is a rather 
precise population estimate derived without actually counting the people.  

Lo (1986) distinguished four approaches to the use of remote sensing data 
for population estimation. The first three involve a considerable amount of human 
intervention and interpretation: counts of dwelling units based on visual 
interpretation of large scale aerial or space photography; measurement of urban 
land areas (allometric models); and visual land-use classification. With the advent 
of digital imagery, an alternative approach became feasible – the development of 
mathematical models that relate population to the multispectral characteristics of 
the individual pixels of an image.   

2. Landsat Thematic Mapper multispectral data 

The Landsat 5 satellite follows a near polar, sun synchronous orbit at an 
altitude of 705km, and with a period of 98.9 min. Image data for each particular 
area is acquired on the north-south traverse, at around 9.30 am local time. The 
Thematic Mapper (TM) is a mechanical scanning device which sweeps 16 
transverse scan lines simultaneously across a swath of width 185 km. The 
orientation of the 16 TM sensors is such that the spacing of the scan lines on the 
ground is 30m. The sensors produce a continuous output which is sampled at a 
rate which corresponds to a 30m spacing of samples along the scan line also. The 
optical characteristics of the TM are such that the instantaneous field of view 
(IFOV) also corresponds to this spacing, so that each sampled pixel ideally 
represents the integrated response of the TM sensors to the radiation reflected 
from a 30m square on the ground, with the pixels (or strictly, the squares that they 
represent) being contiguous in both across-track (along-scan) and along-track 
directions. In practice, scanning geometry and atmospheric attenuation and 
scattering degrade the signal to some degree both radiometrically and spatially.  
The TM senses radiation in seven spectral bands, of which the six spatially 
compatible bands used in this study are summarised in Table 1. The pixel 
brightness in each spectral band is proportional to the incident radiance. The 
dynamic range of the TM is 8 bits, the output being expressed as an integer in the 
range 0-255.  
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Table 1. Landsat TM Spectral Bands 

Band Wavelength (μm) Description 
   1 0.45 - 0.52 blue 
   2 0.52 - 0.60 green 
   3 0.63 - 0.69 red 
   4 0.76 - 0.90 near infrared 
   5 1.55 - 1.75 mid infrared 
   7 2.08 - 2.35 mid infrared 

The full raw dataset for a TM image can be thought of as 8-dimensional, 
consisting of a 2-dimensional r×p spatial array, where r = number of rows and p = 
number of pixels per row, and where each point in the spatial array has an 
associated 6-dimensional vector of spectral brightnesses. The term "image" is 
used for various visual representations of this information. The mathematical 
transformations which are applied to multispectral data fall into two categories – 
spectral domain transformations which are applied to the data one pixel at a time, 
and spatial domain transformations which involve neighbouring pixels also. The 
terms tone and texture are also used to refer to the spectral and spatial dimensions 
of an image. The full range of general multivariate statistical techniques can be 
employed in the spectral domain. The analysis of spatially structured data is more 
specialised. 

3. Population estimation from digital satellite imagery 

Although there is a substantial literature on the application of digital satellite 
imagery in urban land use contexts, this is not the case for population estimation 
per se. This task differs in two important respects from most remote sensing 
applications in the earth, biological and environmental sciences, where the 
characteristic of interest is usually some aspect of the composition, cover or form 
of the land surface. Such characteristics can be directly related to the measured 
reflectance. In urban applications, the object of interest is usually an aspect of 
land-use, which can be linked to land-cover and thence indirectly to measured 
reflectance. In the case of population estimation, the link is particularly tenuous 
and conjectural. Secondly, the aim is to make quantitative estimates across the 
spatial dimensions of the image rather than qualitative assessments or categorical 
classifications, as is more usually the case. It is to be expected that there is an 
upper limit to the accuracy which is achievable even in principle. If in addition 
the methodology is required to be broadly applicable and robust to differences in 
season, geographical location, culture, etc., then the undertaking is a doubly 
ambitious one.  

In their seminal 1982 study, Iisaka and Hegedus used regression models 
based on the spectral characteristics of individual Landsat Multispectral Scanner 
(MSS) pixels for the purpose of estimating the population of 88 relatively small 
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(500m × 500m) sections of the residential areas of suburban Tokyo. Because 
census-based reference population data was available for 500m grid squares, the 
Landsat data was resampled to 50m × 50m pixels co-registered with the grid. 
Mean reflectances of the 4 MSS bands (designated 4, 5, 6 and 7) calculated over 
the 10 pixel × 10 pixel grid squares were used as the explanatory variables in the 
regression analysis. Only straightforward multivariate linear models were 
considered. The final equations, obtained by stepwise linear regression, expressed 
estimated population as a linear function of the mean reflectances of MSS bands 
4, 6 and 7, with R2 values of .70 and .59 for the two years studied.  

Langford et al. (1991) used a classification-based approach to estimate the 
populations of 49 census wards (clusters of census enumeration districts) in 
northern Leicestershire. The explanatory variables were the numbers of pixels in 
each of five land use categories (industrial/commercial, dense residential, 
ordinary residential, uninhabited, agricultural), obtained by performing a 
supervised classification of a Landsat TM image. For multiple regression models 
with all five explanatory variables, two explanatory variables (dense and ordinary 
residential), and one explanatory variable (all residential) R2 values of .85, .82 
and .75 respectively were obtained. However, the last two models were forced 
through the origin, and the basis of the reported R2 values was not clear.   

Lo (1995) applied both mean reflectances and counts of classified pixels to 
the estimation of the population and dwelling unit numbers in 44 tertiary planning 
units (TPUs) in Kowloon, Hong Kong, using multispectral imagery from the 
SPOT satellite. Five different regression models were reported for each. In four 
cases, the form was linear and the dependent variable was population density (or 
dwelling density). The explanatory variables were: means of SPOT bands 1, 2 and 
3; mean of SPOT band 3 alone; mean population per pixel in high and low 
density residential classes; proportion of pixels in high density residential class. In 
the fifth case, the form was logarithmic, the dependent variable was population 
(or dwelling count), and the explanatory variable was the number of pixels in the 
high density residential class. In each case the models were estimated using 12 
TPUs and then applied to the full set of 44 TPUs. R2 values were reported for 
only the fourth and fifth of these models in the training phase, the values being 
.88 and .77 respectively, the latter of which must be interpreted in the context of a 
model that was logarithmic in form. Results for the full set of TPUs were 
summarised in terms of the relative error in the total estimated population, which 
ranged from –5.3% to +5.3%, and the mean of the absolute values of the 
proportional errors for individual TPUs, which after deletion of 4 extreme outliers 
ranged from 64% to 99% for the different models. Corresponding results for 
dwelling unit estimation varied from –10.1% to +5.0% and from 50% to 77%. 
Whilst the overall totals were estimated with reasonable accuracy, the figures for 
individual TPUs were not, reflecting the difficulty of applying remote sensing 
methodology to an area of very high population density including many multi-
storey and multi-functional structures.  
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Webster (1996) developed models for estimating dwelling unit densities in 
the 47 suburbs of Harare, Zimbabwe. The explanatory variables, derived from 
both SPOT and TM images and based on a subsample of pixels within each 
suburb, were characterised as measures of tone (6 TM bands); measures of texture 
(three measures derived from a classification of pixels into urban and non-urban: 
urban pixel density, homogeneity and entropy); and one measure of context 
(distance from the city centre). Results from five models were reported, one based 
on each of the three texture variables in turn, and two selected using stepwise 
regression (with two and three explanatory variables). Reported R2 values were in 
the range .69 to .81.   

In the same paper, a similar but more extensive analysis was reported for the 
numbers of dwelling units in 65 grid squares on a transect through Cardiff, Wales, 
which were co-registered with a dwelling count database. Of a reported 70 texture 
statistics investigated, the seven chosen by stepwise regression were described as 
measures of ‘edginess’ and ‘ripple’, generated using line detection algorithms and 
Fourier and Laplace transform methodology. R2 values for linear and logarithmic 
models were reported as .86 and .97 respectively. The latter value was inflated by 
a forced zero intercept (as pointed out by the author) and probably also by the 
logarithmic form of the model. Absolute and relative errors were tabulated but no 
summary statistics were reported. 

4. Advantages of the pixel-based approach 

In all of the research cited above, the availability of demographic data 
defined the spatial level at which modelling took place (either a regular grid or 
some form of census district), and the remote sensing data was spatially 
aggregated. The aggregation took various forms: averages over the whole 
aggregation area; texture statistics over an extended sample of the area; and 
counts or proportions of pixels in different land use classes.   

There are a number of potential advantages to be gained by modelling at the 
level of single pixels rather than larger spatial aggregates. Prima facie, the 
relationship between human habitation and spectral reflectances should be better 
defined and expressed at the level of single pixels, since pixels are commensurate 
in size with individual residences, whilst both spectral characteristics and 
population densities can vary greatly within a more extended area. But the pixel-
based approach also has many other advantages in all phases of model building, 
validation and application. These are summarised in Table 2.  
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Firstly, it will be shown that it is possible to model population reasonably 

well at the level of pixels using simple mathematical functions which are 
relatively robust. To obtain relationships of comparable strength at aggregate 
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level generally requires much more complex functional forms, which are likely to 
prove to be less robust. Secondly, most researchers report similar problems: 
underestimation of high population densities, overestimation of low population 
densities, and occasional negative population estimates. Refinements to deal with 
such problems are much more easily implemented in pixel-based models. And 
thirdly, with regard to outcomes, pixel-based estimates provide much more 
flexibility. They are compatible with geographical information systems (GIS) and 
they enable population density maps to be produced at a sufficient resolution for 
most planning purposes, rather than more limited choropleth maps.  

On the negative side, the essential difficulty lies in the fact that it is not 
feasible to obtain reference population data at the individual pixel level. Most 
readily available reference and ancillary demographic data is only available for 
larger areas. Disaggregation of the population of an ED into a constituent 
populations associated with each pixel is less straightforward conceptually and 
computationally than the inverse process of aggregating spectral characteristics 
for an ED. A statistical approach to overcoming this problem is a key feature of 
the methodology developed in this study. 

 5. Study areas and data 

The research described was part of a study (Harvey, 1999) involving six 
mixed urban/rural areas of Australia, surrounding and including the provincial 
cities of Ballarat and Geelong, the state capital cities of Sydney, Brisbane and 
Adelaide (population rankings 1, 3 and 4 amongst Australian cities), and the 
remote mining centre Kalgoorlie. Six-band Landsat TM images of each region 
were co-registered with digitised census collection district (CD – the Australian 
version of ED) boundaries. Figure 1 and Table 3 show the locations and some 
basic characteristics of the study areas. Figure 2 shows the CD structure of two of 
the areas. 

The primary study area for model exploration and development was Ballarat 
Statistical District (BSD), an inland region of some 634 sq. km. in extent, centred 
on the provincial city of Ballarat. For the 1986 Census of Population and 
Housing, BSD comprised 138 CDs, of which 110 were classified as urban for the 
purposes of this study, using a threshold of 500 persons/sq.km. Population data 
from the 1986 census and other Australian Bureau of Statistics sources were used 
to estimate the ground reference population of each CD on the date of acquisition 
of the TM image, February 14, 1988. Similar preparatory work was carried out 
for the other images. 
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6. Form and conceptual basis of models 

Population density is a scale-dependent and time-dependent concept. As the 
size of the area over which it is calculated becomes smaller, population density 
becomes more grainy and variable. For example, the population density of a 
tower apartment block and a surrounding open space are much higher and lower 
respectively than that of the suburb in which they are located.   

With regard to time dependence, the instantaneous population density 
distributions of a city at midday and at midnight are very different. For most 
demographic and planning purposes, population is assigned by place of residence 
(though this is not the case for such applications as the positioning of display 
advertising). Raw census counts are a little anomalous in this regard, being based 
on the place of census-night accommodation. 

In spatial terms, the concept of residential population density changes in 
character as one reaches the quantum scale of the individual residence. On the 
scale of CDs, an individual’s residence is unambiguously and discretely located 
within a particular CD. The same cannot be said at the smaller scale and on the 
regular grid of the pixels of a satellite image, whose boundaries intersect property 
lines, structures and even rooms. We can conceptualise either an instantaneous, 
time-dependent, discrete pixel population, or a notional residential pixel 
population which is time invariant for most pixels on a scale of days or weeks, but 
which is not discrete. Since a place of residence is not a single point but an 
extended area which might contribute fractionally to a number of pixels, in the 
latter case the residential population associated with a single pixel can be 
conversely conceptualised as a continuous variable, whose value is the sum of the 
fractional contributions of the persons whose residences lie partly within the area 
of the pixel. 

Ordinary least squares (OLS) models with normal errors, used in the present 
study and in all of the studies cited, are congruent with this conceptualisation. 
Langford et al. (1991) also obtained very similar results using Poisson regression 
models, which are more congruent with the discrete count conceptualisation. The 
simplest OLS regression models for population estimation are additive linear 
models of the form:  

                                                                 (1) ii j

v

j= 
ji rp εββ ++= ∑

1
0

where  
pi  = population or population density of entity or case i (pixel, ED or 

grid     
   square)  

rij = remote sensing indicator j for case i  
n = number of  explanatory variables or indicators 
εi = random error in population or population density of entity or case i. 
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The random errors εi are assumed to be independent and identically normally 
distributed with constant variance. In the simplest models, rij is the reflectance of 
entity i in band j, but the basic form can be extended to include derived variables 
such as band-to-band ratios and spatial texture measures, and also logarithmic and 
other mathematical transformations of the dependent population variable. 

Table 3. Study Areas 
  Region Urban section***

Name Date  No. 
of 

CDs 

No. 
of 

SLAs
**

Area  
sq. 
km. 

Pop. Av. Pop. 
density 

p/sq.km. 

Area  
sq. km 

Pop. Av. Pop. 
density 

p/sq.km. 

Ballarat 14/2/88 138 6 634 79,179 125 48 64,564 1345 

Ballarat* 15/12/9
4 

72 2 199 35,711 179 27 30,078 1114 

Geelong 14/2/88 224 8 352 147,910 420 68 132,366 1947 

Adelaide 2/2/97 2412 47 1073
5 

1,158,625 108 580 1,001,099 1726 

Sydney 8/12/96 5628 41 3524 3,283,889 932 1220 3,138,640 2573 

Brisbane 16/9/89 2605 225 4623 1,488,880 322 770 1,253,117 1627 

Kalgoorlie 27/9/89 51 1 62 30246 488 19 24,686 1299 

*  The 1994 image of Ballarat included only part of the original 1988 study area.    
**  Statistical Local Areas.   
*** CDs with population density of at least 500 persons/sq.km. 
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Figure 1. Study Areas 
 

The incorporation of neighbourhood transformations of the independent 
variables allows for the possibility that population is related to spatial 
characteristics of the remotely sensed imagery. In principle, explicit provision 
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could also be made for spatial autocorrelation in the dependent population 
variable, though that was not done in the present study. 

Ballarat Study Area Showing CD boundaries and lakes 
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Figure 2.  Ballarat and Adelaide Study Areas 
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When modelling at the aggregate level, if the explanatory variables are 
measures such as average spectral characteristics or proportions of pixels in 
different classes, then the natural dependent variable is population density. If the 
explanatory variables are pixel counts, then the natural dependent variable is the 
total population of the aggregate. When the aggregated areas are equal in size, as 
with grid squares, the distinction is immaterial. 

7. Model evaluation 

The study to date has been exploratory and indicative. The aim has been to 
explore and demonstrate the capability and viability of the methodology at the 
level of the most basic question – “is there any potential for practical 
applicability?” Particular indicative measures of performance were chosen either 
to facilitate comparisons with related work in the remote sensing literature, or for 
their robustness to outliers resulting from occasional gross violations of the model 
assumptions. More systematic and rigorous model evaluation and inference is 
regarded as premature until these violations have been addressed by the methods 
proposed in the discussion below. 

8. Measures of bias, consistency, accuracy 

In describing the properties of statistical estimators, the terms bias, 
consistency and variance have precise technical meanings. In a less precise but 
conceptually related sense, if the true values of population or population density 
are consistently underestimated or consistently overestimated, we can say there is 
evidence of bias in the model or procedure. Whether or not there is bias, estimates 
for individual cases may vary above or below the true values, to a degree which 
may be large or small in comparison to any bias present. This can be referred to as 
variability or conversely consistency. The general term accuracy covers both 
aspects. Accuracy implies both consistency and lack of bias. Inaccuracy may be 
due to either bias, or variability, or both. 

When OLS models are fitted to a training set of data, the procedure ensures 
that the estimates for the cases in training set are unbiased in the sense described 
in the previous paragraph. However, if population density is modelled for 
aggregates of unequal area, it does not follow that the population estimates 
(calculated by weighting the density estimates by area) will sum to the correct 
total. Furthermore, there is no guarantee of unbiasedness whenever an estimation 
equation is applied beyond the set on which it was trained. In the results that 
follow, the relative error in the total urban population is used as a measure of 
overall bias in such circumstances. 

The coefficient of variation R2, which can be interpreted as the square of the 
correlation between observed and fitted values, is commonly cited as an indicator 
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of the strength of a linear regression relationship. However, R2 must be interpreted 
with caution. For models with forced zero intercept, an R2 value calculated in the 
usual way from sums of squares cannot be interpreted in the usual way; it will be 
misleadingly high unless appropriately adjusted (Myers, 1990). Similarly, with a 
transformed dependent variable, R2 relates to the linearity of the relationship 
between the transformed dependent variable and the explanatory variables, and 
may give a misleading impression about the predictive power of the model i.e. 
about the accuracy of estimates of the untransformed dependent variable obtained 
by back-transformation. For broad comparability, in this paper the square of the 
correlation between the untransformed dependent variable values and the back-
transformed estimates are used in place of R2 where appropriate. Furthermore, 
whilst OLS models always produce unbiased estimates for the training set, 
beyond the training set R2 indicates nothing about bias – estimates can be highly 
correlated with ground reference values and yet be consistently high or 
consistently low. 

The relative or proportional error of estimation  

%100×
−

=
g

grRE                

(2) 
where r is a remote sensing estimate and g is a ground reference value, is a 
measure of performance which is the same for both population and population 
density. Since the errors of estimation for individual cases may be positive or 
negative, averages of the relative errors are indicators of bias. An average of the 
absolute (unsigned) values is an indicator of overall accuracy of estimates, 
including both variability/consistency and bias aspects. Two such measures have 
been used here: the mean absolute proportional error and, because it is less 
susceptible to the inflationary influence of a few extreme outliers, the median 
absolute proportional error. For brevity, these statistics are referred to as mean 
relative error and median relative error respectively. 

9.Validity and robustness  

Validation of both classification and regression procedures can be 
considered at two levels, which are here referred to as internal and external 
validation: 

Internal validation – Given a training set of cases on the basis of which 
some procedure/function of the spectral characteristics is chosen, how well does 
that procedure/function work for the training set itself? 

External validation – How well does the procedure/function perform when 
applied beyond the training set i.e. how generally applicable is the 
procedure/function? Whilst it might be interesting from a theoretical or 
conceptual perspective to demonstrate the existence of a relationship between 
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population and some remote sensing indicator in a particular context, for an 
estimation procedure to have any operational use for estimation its applicability 
must be demonstrated over some extended domain. In particular, when building 
complex models using variable selection procedures such as stepwise regression, 
the phenomenon of capitalisation on chance ensures that the model will be 
tailored to the data used to train it, and is unlikely to work as well with any other 
data. 

Robustness is almost synonymous with external validity, but it carries the 
connotation of validity over a broader domain. A procedure a procedure trained 
on a sample or subset of a particular image may be externally validated by 
applying it to other samples or subsets from the same image or a similar image. If 
it also works for other rather different images it is more likely to be described as 
robust. Validity and robustness are not absolute terms nor absolutely 
distinguishable – it is a matter of degrees of generalisation.  

In the present instance, ground reference populations for census collection 
districts (CDs) were used as the basis of validation. CD-based population 
estimation equations were externally validated by applying them to similar CDs in 
another section of the same TM scene. Pixel-based procedures were validated 
firstly with respect to the CDs from which the training pixels were obtained, and 
then by application to a broader set of CDs from the same image. Robustness was 
assessed by application to sets of CDs from different images.   

10. Regression analysis with incompletely determined data 

The inherent difficulty with the pixel-based approach is that we have no 
ground reference data for the dependent variable, i.e. the population of each pixel. 
We only have population figures for aggregates of pixels, in this instance for each 
CD. In the following procedure, we make an initial estimate of the population of 
each pixel, and then iteratively refine those estimates.  

Consider the relationship portrayed in Figure 3 between pixel population p 
and a multivariate vector of remote sensing predictors s, represented 
schematically by a single dimension s. Suppose a particular CD has a ground truth 
population P, and includes n relevant pixels (those classified as residential). 
Initially we make the simplest assumption, that of constant population density, 
and assign to each pixel an equal share of the CD population., i.e. all pixels in the 
CD are assigned the same population 

 
n
Ppi =  i = 1,…, n              (3) 
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       p           Adjusted regression line          
                     A2'     
                  
 
       pi         A1    •     A2 
            BB2' 

      ip̂        A1'    •        Initial regression line 
                              
                  B1    B2   

    
            B1' 
            
    
 
 
        si       s 
 
 

Figure 3. Regression with incompletely determined data 

The pixels of one particular CD are represented in Figure 3 by the line A1A2. 
 Since these pixels have the same imputed population but different spectral 
characteristics i.e. different s values, they fall along a line parallel to the s axis. 
Similarly the line B B1B2B

regression coefficients are calculated and the pixel populations 
estim

 there is in fact a linear relationship between p and s, we can 
now

 represents the initial imputed data for the pixels of another 
CD. 

The 
ated. For points near A1, the regression estimate  ˆ ip will be less than the 

assigned population pi (as illustrated in Figure 3), and the converse will be true 
for points near A2. 

Assuming that
 refine the initial imputed pixel populations, by redistributing population 

within each CD away from underestimated pixels and towards overestimated 
pixels, so as to minimise the sum of squared residuals from the regression whilst 
maintaining the known CD populations. Intuition suggests, and it can be shown 
(Harvey, 1999) that the optimal such redistribution in a least squares sense, which 
minimises the sum of squared residuals about the regression line while holding 
the sum of the p-values constant, is to adjust as follows:  

                           ˆ rpp )( iadji +=                             (4) 

where  p̂ is the regression estimate i

nppr ii

n

−= ∑
i

)ˆ( 
1=
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This has the effect of making all the residuals equal i.e. mapping A1A2 onto 
A1'A2', parallel to the regression line. Similarly the data for the pixels from 
another CD might be reassigned from the line B1B2 onto B1'B2', and so on. 

ible to 
distr

developed independently, the EM approach was suggested (though 
not 

Table 4 summarises some key results of modelling on the primary image. 
region and 

urban area) for eight models.  

. In each case, the procedure consisted of an initial 
supe

Region Urban area 

Figure 3 schematically illustrates the first such adjustment for the pixels of 
two CDs. When the process is iterated, R2 increases monotonically towards some 
limiting value R2

L<1. A value of R2
L=1 would imply that it is poss

ibute the fixed CD populations amongst their component pixels in such a way 
that some linear combination of the x variables will reproduce them exactly. 
Whilst this could happen if only one CD were involved, with more than one CD 
any non-linearity in the relationship between the CD means and the s variables 
precludes it.   

This procedure can be shown (Harvey, 1999) to be a least squares 
approximation to an EM (expectation-maximisation) algorithm. Whilst this 
algorithm was 

implemented) by Flowerdew and Green (1989) in the conceptually related 
context of areal interpolation for combining data from two incompatible sets of 
spatial zones. Both empirical results and simulations have shown that there are 
convergence problems associated with the correlations between the TM bands. 
Nevertheless, the validity and utility of the procedure has been established 
empirically by comparing the accuracy of CD estimates derived using uniterated 
and iterated versions of the estimation equation. 

11. Results: comparison of CD-based and pixel-based models 

Four performance indicators are shown (three of them for both overall 

The first two models in Table 4 are the worst and best models resulting from 
an extensive analysis based on CD aggregates described in Harvey (1999). The 
other models were pixel-based

rvised maximum likelihood classification phase, followed by regression 
analysis on a training set of pixels sampled from all pixels classified as 
residential. The resulting population estimation equation was then applied to all 
residential pixels in the image. Negative estimates were reset to zero. Estimates 
were aggregated to produce CD estimates, which were then compared with the 
ground reference figures to provide the first level of validation summarised in 
Table 4. Details are in Harvey (1999). 

 
Table 4. Comparison of CD-based and Pixel-based Models  

 Basis  Form of model R2* 

Mo-
del 

of 

model 

(Number of classifiers/ 
number of predictors) 

 Mean 

%  

error 

Median 

%  

error 

Total 

% 
error 

Mean 

% 
error 

Median 

%  

error 

Total 

% error 
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1 CD Simple**  .54 553.6 31.0 -
142.3 

83.2 28.5 +25.6 

2 CD Compl . 39.4 +13.5 28.2 +0.6 ex*** 84 17.4 13.6 

3 P  B 0 ixel asic (6/6) .8 53.7 29.2 +1.3 32.7 26.0 -21.9 

3i Pixel Basic (6/6) iterated .82 0  36.6 17. +7.8 24.9 14.3 -4.1 

4 Pixel Complex (25/6) .79   -19.5 51.4 28.3 +2.5 32.2 25.0 

4i Pixel Complex (25/6) iterated +9..81 38.8 17.8 9 26.3 16.2 -3.4 

5 P -41.ixel Complex (25/13) .73 52.7 41.4 -29.1 48.3 41.2 4 

5i P -15.ixel Complex (25/13) iterated .67 26.0 16.2 -10.7 21.7 15.4 6 

* R2 values based on CD population densities. 
** Linear function of 4 band means.   
*** Square root transformation of dependent variab

deviations of various spectral transformations  

In el M ds  us fo th sifi n 
ariables were selected by stepwise linear 

of 60 spectral and spatial transformations, but 
 

regr  (the same 60 plus 20 multiplicative 
inter

stent characteristics in 
all variants of the equation, which can be speculatively related to the reflectance 

 
resul

  
le; 8 explanatory variables: means & standard 

 mod  3, just the 6 T ban were ed r bo clas catio and 
regression. In model 4, 24 classification v
discriminant analysis from a set 
only the 6 TM bands were used at the regression stage. In model 5, stepwise

ession was performed on 80 variables
action terms), of which 13 were chosen. In each case, the regression fitting 

was iterated 6 times as described above. 
Table 4 shows firstly that the iterative re-estimation procedure gave 

improved results both with respect to overall accuracy (indicated by the mean and 
median relative errors), and bias in the urban estimates (indicated by the 
percentage error in the total). This improvement was bought at the cost of a 
greater degree of over-estimation of the small non-urban populations. However, a 
similar level of over-estimation also occurred with the CD-based model 2. Over-
estimation of low population densities was also reported for the aggregate-based 
models of Langford et al. (1991) and Webster (1996). The iterated pixel-based 
models generally achieved comparable results on all criteria to the more complex 
of the CD-based models.  

Furthermore, the iterated model 3, utilising just the 6 TM bands for both 
classification and regression, performed as well as any of the more complex 
models. The regression equation for pixel population was: 

pixel pop = 2.019 + 0.120b1 + 0.214b2 - 0.231b3 - 0.014b4 - 0.084b5 + 0.142b7             (5) 

The specific details of this equation were subsequently found to be quite 
data-dependent, but even so, consistent levels of estimation accuracy were 
obtained in validation sets. There were a number of consi

properties of various manufactured and natural materials. Figure 4 shows a typical
ting raster image of population density. 
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Ballarat urban area: estimated population density 

(Grayscale: black = high, white = low) 
 

Figure 4. Typical Population Density Image 

12. Results: refi

The procedu age were further 
tested on the othe  to over-estimate 
low population densities, which led to large errors in population because of the 

he “black box” CD-based model, in 
the pixel-based model this could be attributed to misclassification of features such 
as ru

 pattern of residential and other land use.  

shape of the 
statis

nement and validation  

res developed and trained on the primary im
r study images.  Both types of model tended

relatively large areas involved. In contrast to t

ral roads as residential, and it was possible to address this problem by 
including a contextual reclassification step. Using an averaging filter, pixels 
initially assigned low population in areas of low average population density were 
reclassified as non-residential. This refined procedure was applied to all seven 
images listed in Table 3.  

Normalisation. Clearly, in its raw form a linear combination of the 6 TM 
bands is unlikely to be robust even to geographical and seasonal differences in 
angle and intensity of solar illumination, much less to seasonal or climatic 
differences in vegetation, geographic differences in rocks and soils, and cultural 
differences in intensity and

Nevertheless, when normalised via z-scores based on the means and standard 
deviations of the 6 TM bands in the residential class training sets, the prediction 
equation was found to be moderately robust to geographical and temporal 
differences in season and climate, particularly for urban areas. It was less robust 
to differences in average population density or to differences in the 

tical distribution of population densities within an image. It was concluded 
that such normalisation can provide only a very limited, imperfect and rather risky 
mechanism for training an estimation formula on one image and applying it to 
another image.    
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Table 5. Comparison of Census Collection District Population Density Estimates   
              for Training Samples and Full Images 

Study Sample  Sample  Scope R2 Region Urban area 

area size fraction 
(CDs) (% of 

  Mean Median Total Mean Median Total 

CDs) %  

error 

%  

error 

% 
error 

% 
error 

%  

error 

% 
error 

Ballarat 14 10 Sample .92 15.5 7.1 -7.8 12.6 6.2 -1.2 

1 . 29.3 +2.2 19.6 +0.8 988   Image 81 17.0 15.8 

B Sam le  allarat 14 20 p .86 26.8 12.7 +22.3 11.0 9.5 +5.6 

1994 Image .86 1 2  7 2   22. 12. +7.5 16.8 9. +4.

Geelong 11 5 Sample .90     60.7 8.2 +50.8 11.4 7.4 +4.3

   Image .75 75.4 18.4 +28.6 20.6 15.2 -0.8 

Adelaide 12 5 +1 Sample .79 52.8 16.0 17.7 17.8 14.3 -3.6 

   Image .70 50.5 16.8 +14.8 19.6 14.1 -1.2 

Sydney 112 2 + Sample .09 43.7 22.3 12.3 29.2 21.8 +0.7 

   Image .03 161.0 26.5 +7.1 32.4 25.1 -2.2 

Loca gress  t g  more mod a a  go tha  
 varian fo  popu n e a is pro re  

a r egion ed a l ing pl  
 w t regi o or e enti or  

approach, residential pixels from small samples of CDs were used as regression 
train

rgely 
due 

l re ion rainin . A est nd re listic al n a
universally in t rmula for latio stim tion  a cedu for
obtaining reliable estim tes fo  a r  bas on  smal train  sam e of
population data from ithin hat on. T expl e th pot al f this

ing sets and the resulting equations were then used to derive CD estimates. 
Table 5 and Figure 5 show some typical comparative results for all CDs in a full 
image and for the particular CDs from which the training sets were derived.  

The first three images were much less extensive than the last two; hence the 
sampling fractions are relatively large though the sample sizes are small. R2 
values decrease down Table 5, associated with increasing density and complexity 
of urbanisation and the resulting high density outliers. Total populations were 
overestimated for both training samples and images in all but one case, la

to misclassification of various image features in rural areas as residential. 
Urban totals were estimated quite accurately in most cases, both for the training 
sample CDs and for the whole image. The accuracy of individual CD estimates, 
indicated by mean and median relative errors, was similar for all images but 
Sydney. For the larger images and samples, there is a closer correspondence 
between the results for the sample and the image. This fact can be used to 
selectively delete outliers from the training sample to reduce bias. Overall, the 
best results were obtained for the Adelaide image, which was large enough for 
training samples to be of reasonable size, but which does not have the same extent 
of high density urbanisation as Sydney. 

Ballarat 1988: CD population density 
(n=138) 

Ballarat 1988: CD population (n=138) 
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Figure 5. Population Densities and Populations of Census Collection Districts: 
Ground reference Estimates vs Remote Sensing Estimates for Two Study 

Areas 

Estimates for Statistical Local Areas. Table 6 and Figure 6 show the results 
o  
the  
increase  
of Sydney) the extent of the reduction in ight be regarded as modest. 
This

f further aggregating the CD population estimates for Adelaide and Sydney to
level of Statistical Local Area (SLA). Considering the magnitude of the

in aggregation level (50-fold in the case of Adelaide, 140-fold in the case
error levels m

 is perhaps due to positive spatial correlation between the errors in 
neighbouring CDs within an SLA. Nevertheless, at this level of aggregation the 
linear relationships are much stronger, and the nature and extent of the departures 
from linearity for the two images are much clearer, in particular the concentration 
of under-estimation in relatively few SLAs. 

Table 6. Population and Population Density Estimates for Statistical Local Areas  
Study Numbe

r 
 R2 Region Urban area 

area of 
SLAs 

  Mean 

% error 

Median 

% error 

Total 

% error 

Mean 

% error 

Median 

% error 

Total* 

% error 

Adelaide 46 Population 0.97 47.5 18.3 14.7 9.7 5.6 4.7 

  Pop. dens. 0.97       

Sydney 41 Population 0.86 22.5 13.2 7.1 22.3 12.6 4.0 
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 Pop. ns.        de 0.50   

*  estima of u an totals re higher than for the corresponding models in Table 6. This is 
because th n cutoff of 500 persons in te r e d  

ide: SL op ens =46)

The tes 
e urba

rb a
/sq.km. corpora s a large  area wh n applie  at SLA

level than at CD level. 
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Figure 6. Population Densities and Populations of Statistical Local Areas: 

Ground reference Estimates vs Remote Sensing Estimates for Two Study Areas 
 
 

13. Conclusions and discussion 

 
untransformed TM bands for supervised classification and iterated regression 
modelling, produces population estimates of comparable accuracy to aggregate-
based models which are more mathematically complex and more data-dependent 
in form.  

It has been demonstrated that a pixel-based modelling strategy, utilising 6
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A benchmark has been established by demonstrating the validity of this 
methodology. Macro and micro level estimates have been produced for urban 
popu

he results for the training set CDs are comparable with reported training 
set r

sed and 
pixe

ossible to improve accuracy, both in principle and in 
prac

lations of up to 3,000,000, on the basis of relatively small (2-5%) ground 
reference population data sets, without substantial bias or loss of accuracy at the 
small-area level. With the exception of the Sydney results which are dominated 
by a relatively small number of CDs with extremely high densities, R2 values 
based on t

esults in the other studies cited. The relative error in the estimated total urban 
population of both Adelaide and Sydney study areas was less than 3% in all cases. 
Average relative errors for individual CDs in the city of Adelaide were typically 
in the range of 15-20%, and for SLAs in the range 5-10%. In the more intensively 
urbanised city of Sydney, the corresponding errors were higher (25-35% for CDs 
and 13-22% for SLAs), but much lower than the 64-99% reported by Lo (1995), 
using aggregate-based methods for tertiary planning units in Hong Kong. 

In view of the results obtained for seven different test images, using many 
variants of the estimation equation based on many different training sets, it is 
conjectured that the levels of accuracy obtained for the population estimates of 
CDs and SLAs in urban areas with population densities in the range 200-4000 
persons/sq.km. are probably close to the limit of accuracy that can in principle be 
achieved with this methodology. Lower accuracy at both the high and low 
extremes of population density is a common feature of both aggregate-ba

l-based approaches. However, the pixel-based approach is more amenable to 
refinement and improvement.  At low densities, accuracy can be readily improved 
by binary masking of obvious land-cover/land-use anomalies and by further 
development of the contextual reclassification step. At high densities, provision 
can be made for anomalous concentrations of population associated with 
institutions and residential tower blocks (the obverse of binary masking). The 
incorporation of ancillary GIS layers of information such as estimates of building 
height would enable more refined models for measures such as “population per 
floor level” to be fitted. 

The methodology developed and evaluated in this study could in principle 
provide the basis for operational procedures for estimating large regional 
populations using Landsat TM imagery supplemented by training data in the form 
of population counts of relatively small areas. Questions remain about whether 
circumstances exist in which the results obtained would be sufficiently accurate to 
be of practical use, either in their own right or in some ancillary role; about the 
extent to which it is p

tice; and of course about cost effectiveness. The issue of the operationally 
feasibility and utility of remote sensing methods for population estimation 
remains open for consideration by geographic and demographic practitioners. 
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Table 2. Comparison of Pixel-based and Aggregate-based Estimation Methods 

Feature or aspect Aggregate-based methods Pixel-based methods 

Model building and training   

• Information about the relationship between 
population and spectral response 

Loss of detailed information  about spectral 
response on individual pixels  

Pixel-level population not known, 
but can be estimated 

• Mathematical form of model Complex - selection required - problem of 
capitalisation on chance 

Simple, no selection, robust 

• Available sample size and degrees of freedom Small (relative to pixel-based methods) Large 
• Area (and population) required for training 
       (converse of sample size) 

Large (relative to pixel-based methods) Small 

• Suppression of anomalous spurious population 
features (masking) 

Difficult – areal incompatibility Routine 

• Addition of anomalous concentrations of 
population 

Feasible Routine 

• Classification and stratification  Possible via areal interpolation methods for 
some forms of model 

Routine 

• Incorporation of ancillary information  e.g. 
differential weighting by building heights or 
occupancy ratios 

Difficult if available on an incompatible areal 
basis 

Routine 

• Statistical texture measures Larger extent – wider range of measures 
available e.g. pattern-based 

Local neighbourhood measures 
only 

• Morphological approaches to classification Difficult. Areal incompatibility Routine via masking layer 



Feature or aspect Aggregate-based methods Pixel-based methods 

Estimation beyond the training set   

• Estimates for incompatible areas defined for 
the same training region 

Difficult – areal interpolation methods required. Routine 

• Estimates for similar areas to training set Defined comparable areas required Routine 
• Estimates for areas of arbitrary size and shape Difficult – areal interpolation methods required.  

Also, models may not be robust to changes in 
scale. 

Routine 

• Estimates for other regions Normalisation generally not feasible A degree of robustness via 
normalisation 

General   
• Resolution & GIS Resolution very coarse Routine - pixel level is finer than 

administrative units and fine 
enough for most demographic 
applications.  However, difficult 
to validate below the scale at 
which population data is available 

• Mapping Without further analysis, limited to choropleth.  
Further data and areal interpolation analysis 
required for dasymetric mapping 

As above 
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SMALL AREA ESTIMATES DERIVED FROM SURVEYS: 
ONS CENTRAL RESEARCH  

AND DEVELOPMENT PROGRAMME 

Patrick Heady, Phil Clarke, Gary Brown, Antonietta D'Amore,  
Bruce Mitchell1

ABSTRACT 

The ONS Small Area Estimation Programme aims to develop an 
operational system for deriving small area statistics from social surveys, using 
multi-level models. The fact that Britain does not have a co-ordinated system 
of records on individuals and households restricts the possible types of 
estimator to a form of synthetic estimation. A comparison of two kinds of 
synthetic estimator is related to literature on the ‘ecological fallacy’. 
Substantive results for three different variables are presented, and related to 
ideas of a common ‘geography of deprivation’. Finally, the research priorities 
for the rest of the programme are listed. 

The ONS Small Area Estimation Programme (SAEP) is a programme to 
develop an operational system of small area estimation derived from social 
surveys for a range of policy relevant variables relating to income, labour market, 
health and social issues. A key aim of the programme is that the resulting 
estimates should have a known (though not necessarily very high) level of 
accuracy. 

It is proposed to implement the estimates by multi-level modelling using an 
assembled database of the continuous social surveys carried out by ONS (for 
information on the target variables) and data from available administrative 
systems and censuses (for information on auxiliary variables/covariates). A 
database management system will be constructed to hold these datasets and 
estimates. It is intended that estimates will be available on a range of boundary 
systems. For this it will incorporate a geographic information system (GIS) to 
hold digitised boundary systems, to deal with geographic sorting and map 
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presentation. Finally it will also incorporate a user-friendly front end for 
specifying the estimation and data requirements. 

This paper will discuss (a) some issues relating to data assembly in the 
British context (b) the implications these have for inference methods (c) some of 
our substantive findings, and a presentational issue they raise and (d) the priority 
issues during the remainder of the project. 

ASSEMBLING THE DATA 

Unlike a number of European countries, Britain does not have a co-ordinated 
system of records on the individuals and households that make up its population. 
Simplifying slightly, we can say that the elements from which the SAEP database 
has been constructed are as follows: 

Auxiliary data on the populations in local areas is available (on a 100% 
count basis) from the decennial census, and various administrative sources. This 
data is generally provided for the units of official geography: a nested hierarchy 
of area types of which the smallest is the census enumeration district (ED). EDs 
are clustered into wards, which in turn are clustered into local authority districts 
(LADs).   

Survey data is collected using clustered samples (except for the 
geographically unclustered Labour Force Survey, which will be discussed in a 
separate paper). The PSUs in the standard survey designs are postcode sectors. 
These are units of about the same size as wards, but with an entirely different set 
of boundaries, so that each postcode sector is likely to contain segments of two or 
more wards, and vice versa. Many EDs are wholly contained within a single 
postcode sector, but many others cross postcode sector boundaries. 

Except for special exercises, carried out about census time, it is not possible 
to link survey data to census or administrative data for particular individuals or 
addresses. Nor is it possible in practice to collect data from survey respondents 
that is directly comparable to census or administrative data (there is usually either 
a difference in explicit or implicit definitions, or else a difference in date). 

The only way we can link survey data to covariate data, is to make a 
connection between the location of the sampled household, and its spatial location 
in the hierarchy of administrative areas. We are able to do this since, as members 
of the Office for National Statistics, the SAEP team have access to the spatial co-
ordinates of each household address. ONS also holds digitised boundaries for all 
units of official geography. Using the standard GIS point-in-polygon procedure, 
we can then place each sampled address within a specific ED, ward and LAD – 
and attach statistics about these areas to the survey record as auxiliary data. 
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HOW THE FORM OF THE DATA CONSTRAINS THE METHODS 
OF INFERENCE 

One way to think of the various different kinds of small area estimator is to 
divide them into 

1. Design-consistent estimators 
2. Model-based (synthetic) estimators, and 
3. Combined estimators which are weighted averages of 1 and 2. 

The data available to us severely restricts our choice. The fact that ONS 
surveys use clustered samples rules out design-consistent methods – since any 
particular survey will only produce direct data about the postcode sectors 
included in its sample, which cover a very small proportion of the country as a 
whole. So, for the remaining postcode sectors, there are no survey observations 
from which design-consistent estimators could be constructed. Since design-
consistent estimators are not feasible, the third category (combined estimators) is 
not practicable either. So we are obliged to rely on synthetic estimators. 

In fact the restrictions imposed by our data go further than this, and mean 
that only certain forms of the synthetic estimator are available. Some formulae 
will help to clarify the point.1 In the linear case, the synthetic estimator takes the 
form 

                                               jj xy βα ˆˆˆ +=                                             (1) 

Within a multi-level modelling framework there are two kinds of equation from 
which we might estimate β, along with a model-based area-level variance that can 
be used for setting confidence intervals. The first equation is  
 

ijjij
unit

ij euxy +++= βα                                        (2) 

in which the parameter is estimated using unit-level  covariate data. The second 
equation is  

ijjj
area

ij euxy +++= βα                                       (3) 

in which area-level covariate data is used to estimate the parameter.  

Since we cannot match survey and covariate data at unit level, equation (2) 
is not an option for us, and we have to use area-level covariates in our parameter-
fitting equation. However we have to modify the equation to allow for the fact 
that the official geographic units for which our covariate data is available (ED, 
ward, and LAD) are not the same as the geographic units (postcode sectors) for 

                                                           
1 For simplicity, but without loss of generality, we will assume that there is just one auxiliary 

variable. 
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which we have the clusters of survey responses necessary to estimate within-area 
variance. The equation we actually use is as follows  

ijjik
area

ij euxy +++= )(βα                                              (4) 

where j  represents postcode sector, 
 i  represents household, 
 k  represents ED of household i 
 and hence xk(i) is covariate data for ED k containing household i, 
 uj is the random term at level 2, postcode sector, 
and eij is the random term at level 1, household. 

In this formulation, the area random term uj and its variance [2u measure the 
additional variability of postcode sector population means - after allowing for the 
predicted differences due to the differing census characteristics of their 
component EDs. On the assumption that the model represents reality reasonably 
well, we can use the formula to calculate synthetic estimates for EDs. We can 
then aggregate EDs and part EDs, to produce postcode-sector estimates – round 
which we can place confidence intervals using our estimate of [2u . 

Usual gross weekly income 

Before going on, it may help to anchor things if we present, as an example, a 
synthetic estimate of mean household income. The data on income was drawn 
from the 1996 General Household Survey (GHS), and the covariate data was from 
the 1991 census. 

The fixed part of the fitted model (used to predict average usual gross 
weekly income in each enumeration district) was 

Loge(income) = 10.195 + 0.617*(proportion of households with earners [centred 
on national mean]) + 0.328*(proportion of household heads in social class 1 or 2 
[centred on national mean]) -1.038*(proportion of household with no access to a 
car [centred on national mean]) 

A map of the predicted enumeration district mean income predictions is 
shown as Map 1. People who know Britain will recognise the familiar pattern of 
prosperous and deprived areas – so that the estimates are certainly credible in 
general terms. They are also reasonably well justified in terms of the proportion 
of between-area variance explained. The three covariates explained 76 per cent of 
the between-area (i.e. between postcode sector) variance. Though this is not 
enough to provide narrow confidence intervals round the estimate for each 
particular postcode sector, it is certainly high enough for the estimates to be 
useful in general terms; or it would be, if we could be sure that the model was 
well-specified - a problem to which we now turn.   
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Map 1: Synthetic Estimates of 
Household Mean Income 

Map 2: Census Proportions in 
Social Classes 1 & 2 

The relative merits of using unit-level or area-level covariates for parameter 
estimation 

We will start with some empirical results. We wanted to see whether the use 
of area-level rather than unit-level covariates for parameter estimates had any 
major implications for the resulting synthetic estimates. Although this is not 
something that we can usually measure, there was a period of a few months either 
side of the last census, in 1991, during which some of the limitations of the 
British statistical system did not apply. In particular it was possible for ONS staff 
to obtain full census information, both for the postcode sectors used as survey 
PSUs, and for the individual sampled addresses. This made it possible to carry out 
an experiment – comparing synthetic estimates of mean household income 
derived in two different ways. In both instances the small area of interest was 
defined as the postcode sector, the information on income came from households 
included in the 1991 sample of the GHS, and the x-variables were derived from 
the census. But in one instance the x-variables were area-level variables (the 
proportion of households in the sampled postcode sector which were headed by 
someone in social class 1 or 2, and the proportion of households which owned 
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their own accommodation), while in the other instance the same two x-variables 
were measured as (0,1) indicators for the sampled household itself. 

As the following equations show, the resulting models assigned very 
different β coefficients to the two x-variables. (The models are expressed as 
exponentials because they were originally fitted to the log of household income).  

Model with household-level x-variables 

Predl1v = exp(10.135 + 0.142*(social class indicator) + 0.349*(home ownership 
indicator))/100 

Model with area-level x-variables 

Predl2v = exp(10.148 + 0.6107*(social class proportion) + 0.3952*(home owner 
proportion))/100 

The next step was to use each model to calculate synthetic estimates of 
average household income for each post-code sector in the GHS sample – and to 
plot the two sets of estimates against each other. As Graph 1 shows, the two sets 
of estimators – although highly correlated – are very different from each other. 
Predl1v, the estimator based on coefficients derived using household-level 
covariates, has a much narrower range than predl2v the estimator derived using 
covariates averaged at area-level. (The existence of a substantial difference 
between the two sets of estimators is not limited to the example of income. We 
obtained a similar result in the case of a health indicator.)  

Which of these two synthetic estimators of income should we prefer? In 
arriving at a still rather provisional answer to the question, we will look first at 
some empirical evidence, and then sketch a theoretical argument.  

As we did not know the true income figures for the post-code sectors we 
could not check directly. So we argued as follows. If we knew the true values of 
the mean household income (measured on the whole population) in each of our 
sampled areas, a fairly obvious diagnostic check would be to plot these against 
the values predicted by each of the models. If the real values were treated as the 
y-variable, and the predicted values as the x-variable, in a regression, and if the 
model fitted reasonably well, the true values would cluster around the 45 degree 
line. Of course we don’t know the true population values for mean household 
income. But we do know the sample mean values for each postcode sector. Since 
the expected value of the sampled value for an area is the same as the population 
value, the sample mean values for the areas concerned should also be distributed 
about the value predicted by the model – and should also result in a regression 
line with a 45 degree slope – though the spread of the sample means about the 
regression slope will of course be much wider than the (unobserved) spread of the 
population means. 
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So we have an empirical criterion for deciding which of these two models is 

better. In each case we regress the sample mean incomes for each sampled PSU 
against the predicted values – and see which regression line is closest to the 45-
degree line. The regressions are shown in graphs 2 and 3. The conclusion is clear: 
the model based on coefficients derived using area-level covariates fits the data 
reasonably well; but the model derived using household-level covariates produces 
systematic errors. It underestimates the mean income of those areas for which it 
produces relatively high estimates, and overestimates the mean income of those 
areas for which it produces relatively low estimates. In a word, it produces small 
area estimates, which are much too close to the national mean.  

Turning to theory, we looked at some reviews of small area estimation 
methods, to see if we could find an explanation of why synthetic estimates based 
on βarea and βunit should differ so much – and any guidance as to which we should 
prefer – but without success. Singh et al (1994:10) give what they call a 
‘regression synthetic estimator’ in which β is estimated using individual-level 
covariates, but do not consider the possibility of estimating β using area-level 
covariates. Ghosh and Rao (1995:62 on) do consider two underlying models of 
the small area estimation situation – in one of which the auxiliary data is available 
at area level only (equation 4.1), and for the other of which the data is available at 
individual level (equation 4.2) – and apply a range of estimation techniques to 
both. But they do not compare the estimates derived from real data under the 
different set-ups. Skinner (1993) does discuss the relative merits of individual and 
area-level data for estimating β, and concludes that it may sometimes be better to 
use area-level data – because individual-level covariates derived from surveys 
may be differently defined, or measured, than apparently identical covariates 
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collected for areas by censuses or administrative sources.  But his discussion is 
not relevant to the present case, in which both individual (i.e. household) and 
area-level covariates were obtained from the same source (the 1991 census). 

 

 
  

However, a possible explanation of the behaviour of the two sets of 
estimators can be found in another branch of statistical literature – that relating to 
the so-called ‘ecological fallacy’. To quote a recent paper (Steel & Holt 1996:39) 
‘It is well known that statistical analysis based on aggregated data, such as area or 
group means, may be invalid because of the ecological fallacy. This fallacy 
occurs when analyses based on area level means give conclusions very different 
from those that would be obtained from an analysis of unit level data, if they were 
available’. A good deal of work has been done to understand why differences 
should be as great as they are, and under what circumstances individual level 
relationships may nevertheless be inferred from aggregate data (see also King 
1997). However, for present purposes, the point that matters is simply that there is 
no necessary relationship between individual-level and aggregate-level 
relationships, and therefore (turning Steel and Holt’s second sentence around) that 
analyses based on unit level data can give very different results from those that 
apply to area level data. To take the special case of regression (with centred y and 
x, and using i to denote unit and j to denote area) this means that the two 
expressions for the whole-population regression coefficient 
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will often take different values.  

 
It is clear that an estimator of βunit based on equation (2) will have an 

expected value close to the expression in equation (5), and an estimator based on 
equation (3) will have an expected value close to equation (6). So it is not 
particularly surprising that the two procedures can produce substantially different 
sets of synthetic estimators. However the fact that they do produce different 
estimators has implications for the realism of the model in equation (2). If the 
model in equation (2) were a good description of reality, equation (3) would 
simply be an aggregated version of the same thing, and would produce a similar 
estimate of β. The fact that it does not shows that we need a different underlying 
model – one which allows unit-level and area-level slope parameters to differ. 
Equation (7) gives one such model. 1    
 
              ijj

poppop
j

areapop
jij

unit
ij euxxxxy ++−+−+= )()( .... ββα                (7) 

 
This model has an interesting property. If we take expectations over each unit 
within each area, the term containing βunit vanishes, leaving us with the expression 
 

                                j
poppop

j
areapop

j uxxy +−+= )( ...βα                                 (8) 

which suggests that βarea is indeed a suitable estimator of the relationship between 
the population mean values of y and x – which is the relationship on which 
synthetic estimation depends.  
 

                                                           
1 We are grateful to Tim Holt for suggesting this formulation. 
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SOME SUBSTANTIVE FINDINGS, AND THE GEOGRAPHY OF 
DEPRIVATION 

In the course of SAEP we are also producing estimates for a range of social 
and health variables. Maps 3 and 5 show the estimates of the proportion of 
households containing someone in poor health, and the proportion of households 
living in overcrowded accommodation. These estimates were fitted using a 
logistic version of the model in equation (4), and the fitted models accounted for 
89% and 76% respectively of the between-area variance on the logistic scale.  

 

 
Map 3. Synthetic Estimates of Proportions 

of Households with people in  
“Poor General Health” 

Map 4. Census Proportions of Households 
including people with 

“Limiting Long-Term Illness” 
 

If we compare these two maps with the map of estimated income a strikingly 
similar pattern emerges. The same areas, Teeside, Manchester, The Pennines, 
Birmingham, South Wales and London, show up in each map: areas with high 
values for poor general health and household overcrowding are represented by 
dark shades,  and roughly correspond to the areas for which light shading 
indicates low values of household income. This suggests that all three measures 
may be reflections of an underlying wealth-poverty dimension. In Britain there is 
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quite a long tradition of producing composite indices of ‘deprivation’ or ‘social 
exclusion’, and using them to identify those areas in greatest need of social 
support. From this point of view, one might question the value of producing 
separate estimates that appear to be little more than different aspects of the same 
underlying phenomenon.  

 

 
Map 5. Synthetic Estimates of Proportions 

of Overcrowded Households 
Map 6. Census Proportions of Heads of 

Households not born in UK 
 

 
However, if we look more closely we see that there is some value in 

producing separate sets of estimates. The geographic pattern shown by the 
different estimators does in fact differ in significant ways. While South Wales is 
amongst the worst for general health, London is less bad, conversely London is 
worst of all for overcrowding and South Wales less so. The reason for this can be 
seen if we look at the specific models underlying each estimate. The model for 
general health is given by  

 
 
Logit (proportion with poor general health)   = 
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-1.535 – 0.794*(proportion of households containing pensioners [centred on 
national mean] 

+ 3.651*(proportion of household with members suffering from long term 
limiting illness [centred on national mean]) 

- 0.562*(proportion of household heads in social class 1 or 2 [centred on 
national mean]) 

while that for overcrowding is given by 

Logit(proportion overcrowded) = -3.902 + 2.775*(proportion of households born 
outside UK 

[centred on national mean])  
+ 2.690*(proportion of households with no access to car 
 [centred on national mean]) 

While both models contain terms that are fairly straightforward 
wealth/poverty indicators (proportion of household heads in social class 1 or 2, or 
proportion of households with no access to a car), the health model contains two 
variables which are specially relevant to health issues, and the overcrowding 
model includes a variable (being born outside the UK) which is associated with 
family size. Maps 4 and 6 show the geographical distribution of these covariates, 
and help to explain the distributions of the synthetic estimates to which they 
contribute. 

So, we can conclude that, although there may well be something to be said 
for a single index which captures the main features of the geography of 
deprivation, it is nevertheless still useful to search for more specific explanatory 
variables when trying to model the distribution of particular forms of deprivation. 

PRIORITIES DURING THE REST OF THE SAEP PROGRAMME 

Several of the priorities for the rest of the programme are in fact extensions 
of the work just described. We will be extending the set of trial estimates to about 
15 variables, derived from each of the following surveys. 

General Household Survey (GHS) 
Labour Force Survey (LFS) 
Family Expenditure Survey (FES) 
Family Resources Survey (FRS) 
Survey of English Housing (SEH) 
Health Education Monitoring Survey (HEMS) 
 

We have also started to look at the predictive power of a series of non-census 
covariates, including 

Standardised mortality ratios (SMR)s 
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Unemployment claimant rates 
Claiming rates for other social security benefits. 

However, the power of these auxiliary variables is limited at the moment, 
since they need to be expressed as proportions of an underlying population, and 
updated estimates of current population are not at present made for areas smaller 
than an LAD. The need to enhance and coordinate the availability of local level 
statistical data is one of the conclusions that is emerging from this project – 
highlighted most dramatically by the restrictions on inference procedures 
described earlier in this paper. 

The remaining aspect of this project, which there has not been space to 
discuss here, is the general issue of robustness. The project includes a number of 
simulation studies of the effect of such features as non-response, interviewer 
variance, and departures from model assumptions on the performance of synthetic 
estimates. We have been extremely fortunate to obtain Eurostat funding under the 
SUPCOM programme for a joint study with Statistics Finland in which we will 
use Finnish data to estimate local statistics whose true value is known as a result 
of their system of administrative statistics. The results will enable us to carry 
further the empirical investigation of different estimation methods described 
above – and, we hope, provide the empirical background for the development of 
the kind of theoretical analysis which we have so far only begun to sketch in.  
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SOME NORWEGIAN EXPERIENCE  
WITH SMALL AREA ESTIMATION 

Li-Chun Zhang1

ABSTRACT 

In this paper we examine and communicate some of the Norwegian 
experience with small area estimation. Case studies will be used in discussing 
modeling techniques, effects of auxiliary information, adjustment of 
overshrinkage, as well as several issues and obstacles in the coming 
Norwegian Census 2000. Our experiences showed us that small area statistics 
require a wholesome approach, since success often does not so much depend 
on a particular technique, but. the context or environment under which it is 
applied. Methodologically we wish to emphasize the need to view small area 
estimation under the predictive framework, where modeling provides means 
rather than ends in themselves. 

Key words: modeling, auxiliary information, overshrinkage, prediction, area-
specific bias. 

1. Introduction 

The increasing demand on small area statistics has generated considerable 
research interest in the past years at national statistical agencies around the world 
(e.g. Brackstone, 1987; Ansen, Hallen, and Ylander, 1988; Schaible, 1993; 
Decaudin and Labat, 1997). As the main provider of social economic data in the 
Norwegian society, Statistics Norway regards small area statistics as an integral 
part of its productive activity; and throughout the years small area estimation has 
been the subject of a number of studies. For instance, Laake (1978, 1979) 
contained some early attempts at the synthetic estimator in combination with post-
stratification. Heldal, Swensen, and Thomsen (1987) carried the discussion 
further in connection with the Norwegian Census 1990, while Spjotvoll and 
Thomsen (1987) concentrated on the composite estimator and proposed an 
efficient empirical Bayes method. Also Neural Network (Nordbotten, 1996) has 
been studied in the same context. Here we re-examine some of these experiences 
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650                                                          Li-Chun Zhang: Some Norwegian Experience ...  

together, or in comparison, with alternative methods including generalized raking 
(Deville, Sarndal, and Sautory, 1993), general semi-parametric regression models 
(Green, 1987), nested-error regression model (Battese, Harter, and Fuller, 1988) 
and linearized area-effect model – related to the works of Gelman and Little 
(1997) and Lazzeroni and Little (1998). The discussions are organized in four 
case studies, following a general formulation which unifies the various modeling 
approaches involved. 

2. SMAREST: SMall ARea ESTimation 

Methodological developments of SMAREST in the recent twenty years or so 
have witnessed a growing emphasis on modeling. The reason is understandable: 
SMAREST arises when direct estimation based on corresponding subsamples 
become unfeasible/unreliable; assumptions across area/domain are then necessary 
in order to make use of "indirect data". Modeling in SMAREST as such provides 
means by which we arrive at small area statistics. Indeed, small area prediction is 
in many ways more appropriate a term than SMAREST. The difference is not 
trivial as users often question the validity of the underlying model, which may not 
always be conclusively resolved, even when the model does seem plausible in 
many respects. It reminds us of "the need to look at the problem of small area data 
in its entirety and not only as an estimation problem" (Singh, Gambino, and 
Mantel, 1993), and the importance of clarification and integration of the basic 
model assumptions into the design already at the planning stage. Likewise is 
sensitivity analysis in case the model fails essential to the practice of SMAREST. 

Without losing generality, modeling in SMAREST has two considerations: 
to make use of indirect data, it must contain structural features which are common 
across area/domain; whereas to account for between-area variation, it must also 
deal with area-specific deviation from these common, synthetic features. Denote 
by y the survey variable. Let a be the area index. Denote by μa  the mean-
parameter of the survey variable from area a, i.e. μa = E{ya].The synthetic 
features common to the population can often be summarized in the following 
manner, i.e. 

 
),()( aaa xgh ξξμ ==                                         (1) 

 
where h( ) is the link function, and ξ some global parameter, and xa the relevant 
auxiliary information. Notice that h( ), ξ and g( ) are all independent of a. 
Typically g( ) is of the linear form which, through the link function h( ), makes 
way for generalized linear models. Whereas the general form, among others, 
allows for non-parametric approach as well. In particular, (1) is specified at the 
area-/domain-level if ya is a scalar, in which case the auxiliary  xa is a vector in 
general; whereas it is specified at the individual-level if ya is a vector, i.e. 
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T
Na a

yyy ),...,( 1=   where Na is the size of the small area/domain, and xa a 
matrix in general. 

To account for overdispersion an additional deviation part is sometimes 
necessary, which can similarly be summarized in ),( aaa ezηη = , where za  
contains relevant auxiliary information, and ea random errors with prior 
distribution  π(ea) – often though π(ea)  is only specified up to the first two 
moments of ea. Notice that ea is postulated by the model, and has nothing to do 
with sampling error. Combining the synthetic feature with the local deviation, we 
have, for ζa and  ηa defined as above, 

 
).,(),()( aaaaaaa ezxgh ηξηξμ +=+=                       (2) 

 
We call ζa the synthetic-parameter and ηa the deviation-parameter. The mean-
parameter μa is obtained from ζa + ηa through a transformation defined by the link 
function h( ). In particular, (1) is the special case of (2) where ηa≡ 0. 

A number of models for SMAREST can be expressed by means of (1) and 
(2). Let g( ) take the linear form, i.e. , and h(μξξ T

aa xxg =),( a)= μa. Setting ηa= 
0 gives us the linear model, whereas allowing for area-specific random ηa leads to 
the variance-component approach. For instance, the group-mean model (Holt, 
Smith, and Tomberlin, 1979) which motivates the synthetic estimator based on 
post-stratification can be defined in terms of (1), where ξ is the post-stratum mean 
across the areas, and xa  the known post-stratum proportions within the relevant 
small area. The random area-effect model (Ghosh and Rao, 1994) follows from 
(2), where ηa = zaea for some fixed za and random effect ea. Whereas in the nested-
error regression model (Battese, Harter, and  Fuller, 1988), we have ηa = ea  and za 
= 1. Moreover, setting h( ) to be some non-identity link, we obtain the generalized 
linear model (McCullagh and Nelder, 1989) by (1), and the generalized linear 
mixed model (Breslow and Clayton, 1993) by (2) where  with 
normally distributed e

a
T
aa ez=η

a. Finally, in non-parametric approach, g( ) may be 
deterministic yet does not have closed form, an example of which will later be 
mentioned in connection with the Norwegian Census 2000. 

3. Some Norwegian experience of SMAREST 

The following cases have been taken from the practice of Statistics Norway. 
The first one deals with the use of auxiliary information in the Norwegian Labour 
Force Survey (Laake, 1978; Heldal, Swensen, and Thomsen, 1987; Zhang, 1999). 
Next we discuss treatment of overshrinkage using an empirical Bayes approach 
(Spjotvoll and Thomsen, 1987) and a penalized (quasi-) likelihood approach 
under the general semi-parametric regression models (Green, 1987). The third 
case will be based on data from the Effectivity Survey 1996 conducted by the 
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Norwegian Fishery Directory – Statistics Norway was consulted on the matter of 
a re-design. The techniques involved are nested-error regression model (Battese, 
Harter, and Fuller, 1988) and linearized area-effect model, which is related to the 
work of Gelman and Little (1997) and Lazzeroni and Little (1998). Finally, we 
shall discuss some issues and obstacles in the Norwegian Census 2000. 

3.1. Use of auxiliary information in the Norwegian Labour Force Survey (LFS) 

"An unbiased estimate is obtained from a sample survey for a large area; 
when this estimate is used to derive estimates for subareas under the assumption 
that the small area have the same characteristics as the large area, we identify 
these estimates as synthetic estimates" (Gonzalez, 1973). In presence of auxiliary 
information it is seldom to apply the mean of a large area directly to all the small 
areas. Synthetic estimates are often formed in combination with post-
stratification, the assumption being that the post-stratum mean does not vary over 
the small areas which cut across the post-strata. As noted earlier, such a synthetic 
estimator can be motivated by model (1), i.e. let h be the post-stratum index, 
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where Uah denotes the corresponding sub-population and  Nah its size.   

Laake (1978) evaluated this synthetic estimator in the context of the 
Norwegian LFS. The post-stratification was based on auxiliary information of Sex 
and Age. No improvement, measured in terms of the mean square error, was 
found in the resulting synthetic estimator at the county level. Heldal, Swensen, 
and Thomsen (1987) brought new light to the conclusion, by which time a 
population Register on employment-status had been established which could be 
linked to the LFS at the individual level. Due to the high correlation between the 
Register-Employment and the LFS-Employment, post-stratification according to 
the former substantially improves the efficiency of the corresponding synthetic 
estimator at the county level. However, post-stratification based on Register-
Employment, Sex and Age (12 groups), though feasible at the national level, 
would lead to a large number of empty cells within each county. Zhang (1998) 
adopted the generalized raking (Deville, Särndal, and Sautory, 1993), and found 
that the gain in efficiency at the national level (through post-stratification) was 
largely preserved at the county level (through calibration). The results carry the 
conditional inference of Holt and Smith (1979) to stratified random sampling, 
here with each county forming a stratum, by means of generalized raking within 
each stratum (Zhang, 1999). 

This example reminds us of the importance under of a wholesome approach 
towards small area statistics. The success of a technique depends always on the 
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context in which it is applied. The use of quality auxiliary information was first 
made possible through the establishment of the Register on employment-status. 
Without the Register, the counties would have to be treated as "small" areas from 
which direct estimators are too unreliable to be accepted. Whereas the generalized 
raking is applied within each county, i.e. only direct data are used for the county 
estimates and the counties are no longer "small" areas. Moreover, to enhance the 
performance of the county estimates, the Norwegian LFS underwent a re-design 
period between 1996 and 1998. Among other things stratified sampling has 
replaced an approximate self-weighting two-stage sampling, and smaller counties 
are now given a relatively higher representation in the LFS. 

3.2. Overshrinkage among within-stratum municipality estimates in the  
       Norwegian LFS 

Under a Bayesian framework, overshrinkage in SMAREST basically implies 
that the small area estimates in general display less between-area variation than 
what is postulated a priori. Morris (1983), Spjotvoll and Thomsen (1987) and 
Ghosh (1992) developed so-called constrained approaches to address the problem. 
Denote by s the sample and  sα the sub-sample from area a, with the respective 

size n and nα. Let  
α

α
α

n

y
y si i∑∈= .  Spjotvoll and Thomsen (1987) adopted a 

simple empirical Bayes (EB) model which, in our present notation (2), can be 
given as 

[ ] [ ] oVare μμσμμμ ααααα ===+= a
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i.e. the sub-sample mean is an unbiased estimator of the corresponding mean-
parameter. Assume that the EB estimator belongs to the linear class, i.e. 

ααα βαμ += yˆ . In the constrained EB (CEB) estimator,  (αα, βα) are such that  

[ ] [ ] 22)ˆ(E    ˆ σμμμμ αα =−= andE . This leads to a composite estimator of the 
following form, i.e. 
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where 

2
1

=γ .  It was noticed that  γ = 1 corresponded to the EB estimator such 

that [ ]2)( μμα −E  was minimized, which would result into overshrinkage among 

αμ̂ . Whereas γ = 0 leaves us with the direct estimator αy  alone. Since 
μα ≡][E y  by stipulation, estimator (3) satisfies μμα =]ˆ[E . The parameter γ 

can be considered a shrinkage factor which balances between the direct estimator 
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αy  and the indirect population mean μ. Often neither μ nor σ2 is known, in which 
case (3) is applied after substitution of their respective estimates based on the 
sample. 

Green (1987) studied the general semi-parametric regression models, and 
suggested to base estimation on the penalized (quasi) likelihood (PQL). The 
following simple model in the notation of (2) derives directly from such general 
semi-parametric regression models. Suppose binary survey variable y, in which 
case  μα becomes the parameter of the Binomial distribution in area a, and 

 
     .0)[         where)1log(log)( =+=−−= ααααα ξμμμ eEeh          (4) 
 

Should the distribution of eα be normal, the model would be a special case of the 
generalized linear mixed models (GLMM, Breslow and Clayton, 1993) and, more 
generally, the hierarchical generalized linear models (HGLM, Lee and Nelder, 
1996). Unlike Green (1987), model (4) specifies the first moment to be zero, and 
can be called an empirical generalized linear mixed model (EGLMM). The 
estimation procedure described in Green (1987) remains applicable, however, the 
additional assumption can perhaps be used to motivate the following PQL, i.e. 
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under which .0ˆ =∑α αe  The term ),;( eyl ξ  measures the ability of αμ̂  to 

account for the data. Whereas large values of  eα can be considered the penalty 
to be paid for the increment in  ),;( eyl ξ , without which eα can be chosen such 
that αμ̂  yield perfect fit to the data. Tuning parameter λ (≥0)  has similar 
effect on the PQL estimates as that of the shrinkage factor γ  in (3). It controls 
the roughness of penalty: λ = 0 gives us the direct estimates, whereas  
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Data from the Norwegian LFS in the 4th quarter of 1995 have been used to 

study both methods. Post-stratification was applied to the LFS-sample according 
to Register-Employment – (yes, no), Sex – (male, female), and Age – 12 age-
groups each of five years. For a clearer overview, we collapsed the 12 age-groups 
into 3, i.e. (1-3, 4-10, 11-12), thereby reducing the number of post-strata from 48 
(= 2 x 2 x 12) to 12. Within each post-stratum, sub-sample from a municipality 
was admitted provided (i) it contained at least 10 people, and (ii) it is non-
degenerated in the sense that the observed LFS-Employment Rate there was 
neither 0 nor 1. Based on all such admitted sub-samples we calculated the LFS-
Employment Rate using, (a) the direct within-stratum municipality estimates hyα  
for binary LFS-Employment y, (b) the CEB estimates (3) with shrinkage factor γ 
= 0.5 where the method of moment (Copas, 1972) was used to estimate  (μ, σ2),  
(c) the CEB estimates γ = 0.5) with the sample variance of the observed LFS-
Employment Rate as the ad hoc estimator of σ2, and (d) the PQL estimates  under  
model (4)  where  λ = 1. Dispersion among these within-stratum municipality 
estimates has been plotted in Figure 1, where the numbers in "<>" indicate how 
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many municipalities were involved within each post-stratum, and the marks the 
estimated overall post-stratum LFS-Employment Rates. 

The method of moment estimator (Copas, 1972) of (μ, σ2)was such that, in 
several post-strata, we had to truncate negative  to zero. The shrinkage factor 
had no effect on the CEB estimates there, which consequently had no dispersion 
at all. This extra contingency was mainly of which so far we have not any direct 
experience yet. 

2σ̂

3.3. Linearized area-effect in the Effectivity Survey 1996 

In the Effectivity Survey 1996 conducted by the Norwegian Fishery 
Directory, the sample contained 394 fish boats from a total of 1283 in the 
population. (The particular "population" which we are talking here accounts for 
over 80% of the total fishing income in Norway.) Classified according to (i) the 
length of the boat – 4 classes, (ii) the type of license granted – 22 types, and (iii) 
the county in which the boat was registered – 9 counties, there were altogether 
166 non-empty domains in the population, of which 109 were represented in the 
sample. Let the amount of fish Catch be the survey variable, denoted by y. We 
notice that the Catch is in fact known for all the fish boats, so that various 
methods can be checked empirically against the true values. Based on monthly 
report to the Directory, a yearly fishing income, denoted by x, is available for 
each boat, which will be used as the auxiliary variable. This gives us a simple 
regression model, i.e. 
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where βα  is the domain-specific `slope', and  Nα the size of the corresponding 
domain, denoted by Uα. We refer to this as the domain model, which motivates 
the direct within-domain ratio estimator. 

Battese, Harter, and Fuller (1988) applied nested-error regression model for 
prediction of County Crop Areas. In the present context and notation of (2), let   

αααμ yx   and  ,  all be vector-valued, and 
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with independent eα, and εα, and E[eα]= 0, and E[εα]=0, and  
The individual error, i.e. e.for    )(  and  ,)( 22
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for  j∈sα  has a nested structure calling for variance-component approach (Fuller 
and Battese, 1973). The nested-error regression model makes use of indirect data 
through global β and accounts for between-domain variation through random  eα 
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Linearized area-effect model (LINARE) seeks to account for the area-/domain-
effects through a suitable linear structure. Denote by B = B(x) the A× q design 
matrix whose ath row corresponds to the ath domain, and ξ the q ×1 parameter 
vector. Domain-specific `slopes' are now given by the A×1 vector Bξ,, and we 
obtain a simple synthetic model in the sense of (1) as 
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In particular, the design matrix B may arise from the defining variables for 

the domains in the same way calibration arises from post-stratification through 
suitable dummy-indexing. The domain model is recovered given A×A identity 
design matrix B; otherwise reduction in the rank of B typically corresponds to 
deletion of higher-order "interactions" among the defining variables. 

Whereas Lazzeroni and Little (1998) and Gelman and Little (1997) went on 
to fit a hierarchical model, the LINARE (5) remains synthetic and no deviation-
parameter is introduced. Inference employs standard techniques for the linear 
models, after deletion of redundant columns in the .n× q  sample design matrix, 
whose ith row is given by the ath row of B provided i∈sα . Above all, this calls 
for specification of variance-constants, denoted by     

2
1 )( such that   ,),...,()( τε

ααα jj
T

N vVarvvxvv === . 
The LINARE is motivated here by the fact there were 57 domains not 

represented in the sample, where any model has to be synthetic in the sense of (1) 
since random effect can not be `predicted' there. We applied the LINARE to the 
data of the Effectivity Survey 1996, where B was set up in the same way as 
calibration towards the marginal totals of x, i.e. 35 (= 4 + 22 + 9) of them. The 
variance-constants were defined as ,  where we chose r = 1 – varying r 
had very little effect on the results. We calculated (i) the direct within-domain 
ratio predictor under the domain model for the 109 domains which were 
represented in the sample, and (ii) the empirical best linear unbiased predictor 
(EBLUP) under the nested-error regression model for all the 166 domains, and 
(iii) the best linear unbiased predictor (BLUP) under the LINARE for all the 166 
domains. Empirical comparison with the known population values have been 
summarized in Figure 2, separately, for the 109 domains represented in the 
sample and the rest 57 domains. 

r
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As we have remarked earlier, modeling in SMAREST serves above all as 
means of small area prediction. The existence of the 57 underrepresented domains 
therefore necessarily affects the angle of modeling – “the approach involving 
components has arisen from the need to take account of the between-small-area 
components of variance. However a much more rewarding approach is to seek to 
explain why small areas differ" (Holt and Moura, 1993). We might add that 
sometimes "to explain" means to be able to predict. As far as the 109 domains 
represented in the sample are concerned, the domain model is intuitive, whereas 
the nested-error regression model is flexible in treating the domain-effects as 
random. The LINARE, on the other hand, seeks explanation in a linear structure. 
However, all the three models gave results close to each other for this part of the 
sample and population. The differences became first clear in the rest 57 domains. 
The domain model was not feasible at all; neither can the random effects be 
“predicted”. Although the LINARE seems to adequately account for the observed 
between-domain variation, it does not necessarily follow that we have found the 
explanation to "why small areas differ" – there were a few obvious non-
conformities there. Better results could be achieved through the LINARE or the 
nested-error regression model, in combination with a design, under which all the 
domains are ensured representation in the sample. 

3.4. Some issues and obstacles in the Norwegian Census 2000 

Due partly to the improvements on the quality of register-based information, 
including those mentioned earlier in the context of the Norwegian LFS, the 
Norwegian Census 1990 was based on a large-scale sampling survey, in 
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combination with traditional population census. The design was such that census 
was carried out only among the smallest municipalities, whereas random samples 
were taken from the larger ones. Statistics there were produced using methods 
such as post-stratification and raking, in combination with the various register 
sources (Lillegärd, 1993). The coming Norwegian Census 2000 will be divided 
into two parts, i.e. the household and personal census. The latter has basically 
been conceived as register-based, with one or two special small supplementary 
surveys. Traditionally, population census, administrative registers, as well as 
sampling surveys have been the sources of small area statistics; and SMAREST 
concerns only the last of these three. The strategy of the Norwegian Census 2000 
has given rise to both conceptual and technical challenges. 

Above all conceptual clarification is needed between register-based and 
population census. While both provide information at the individual level, there 
exist irreconcilable gaps due to the nature of the two production methods. This 
introduces the following dilemma: without adjustment, the register-based census 
is incomparable with the previous population censuses, nor current survey-based 
statistics; whereas in adjusting the register-based census to be more population-
census-alike, one runs the risk against concealed incompatibility despite all the 
effort, which no longer can be attributed to conceptual differences alone. It is 
essential that the public users are made sufficiently aware of such differences in 
advance, in order to avoid possibly irreparable damages to the future. 

For instance, method of classification has been studied to produce register-
based Census Employment statistics which secures agreements with the LFS 
estimates at the national level. While it would be inappropriate to get into the 
details here, it suffices to notice that the procedure is deterministic and of the 
synthetic nature in the sense of (1), where g() is does not have a closed form and x 
a number of register sources including the Register used in the LFS estimation. 
The method contains no area-specific adjustment, and the deviation-parameter (2) 
is absent. This differs from the traditional population census, as well as the 
Norwegian Census 1990, where direct estimation was employed for the sampling 
municipalities. Though there are no intrinsic reasons why a synthetic approach 
should not be able to produce good small area statistics, it is not a simple issue to 
evaluate its performance in this respect, unless we take its validity for granted. 
Due to the developments since 1990, neither the availability nor the quality of the 
register sources remains the same. This has also made it difficult to empirically 
test any register-method based on the data of the Census 1990. 
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A simple illustration can be given through the following exercise. A random 
sample of municipalities were selected from the Norwegian LFS in the 4th quarter 
of 1995, among which we retained those sub-samples containing at least 150 
people. The idea is to treat the admitted sub-samples, denoted by s, as our 
population, and see whether the observed municipality LFS-Employment Rates 
can be "explained" in some synthetic manner. More explicitly, we estimated the 
LFS-Employment Rate within each municipality, (i) using a synthetic estimator 
based on post-stratification according to Register-Employment (yes, no), Sex 
(male, female) and Age (12 age-groups) – the post-stratum means have been 
estimated based on s; (ii) under a generalized linear model (GLM), i.e. 
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and xi the 16 x 1 dummy-indexed auxiliary vector w.r.t. Register-Employment, 
Sex and Age; (iii) under an EGLMM where we added a random area-effect eα to 

the GLM above, and estimation was based on PQL with a penalty term – ∑α
α
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and (iv) using a ratio adjustment of the corresponding observed Register-
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Employment Rate, denoted by  ./    whereˆ e.i. , ∑∑ ∈∈
==
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In Figure 3 the results were compared to the observed municipality LFS-
Employment Rates, where we have marked the differences which were 
significant. 

Compared to the GLM, the EGLMM did not improve the agreement between 
the observed and fitted municipality LFS-Employment Rates in this case; and the 
idea of "explaining" the LFS-Employment through some synthetic structure alone 
seems not entirely implausible. In fact, no significant difference was found 
between the GLM estimates and the observed values. Despite such plausibility, it 
remains difficult to establish the validity of these methods for all the 
municipalities in Norway based on the data material available. (Notice that we 
have used some of the largest sub-samples in the LFS, which also came from the 
larger municipalities in the population.) Given the fact that Employment is 
certainly not among the worst census variables in this respect, evaluation of the 
register-based census statistics remains a difficult task for the Norwegian Census 
2000. 

4. Conclusions 

The demand on small area statistics seems to grow in pace with the ever 
quickening social economical changes around us. Research in SMAREST of the 
recent years have produced a variety of methods with clear emphasis on 
modeling. Through the use of indirect data, this may greatly improve the 
efficiency of the resulting estimator. Thus area-specific bias frequently becomes a 
central concern. We feel that evaluation of SMAREST should be placed under the 
predictive framework, where models are means rather than ends in themselves. 
More often than not. the predictive ability of a model may not be equated to the 
fact that it satisfactorily accounts for the observed area-dispersion, unless all the 
areas are adequately represented in the sample. Indeed, our experience seems to 
suggest that success often does not so much depend on a particular technique, 
than the context/environment in which it is applied. We therefore strongly call for 
a wholesome approach to small area statistics. Sometimes the combined effort 
could even turn SMAREST into direct estimation. As noted by several authors 
before us, lack of data characterizes SMAREST, which makes it difficult, if not 
impossible, to conclusively establish the validity of any model empirically based 
on the material available. Consequently, neither can sensible; robust measures of 
error be produced without careful planning followed by reliable data collection. It 
is therefore particularly important that plausible assumptions, which may or may 
not be articulated by an explicit model, should be clarified and integrated into the 
design from the beginning. 
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SMALL AREA ESTIMATION FOR BINARY DATA  
VIA BAYESIAN HIERARCHICAL MODELS 

Fernando Moura, Helio S. Migon and Marco A. R. Ferreira1

ABSTRACT 

Small area estimation is concerned with the prediction of means or totals 
of small geographical areas or subpopulations where the sample size is small. 
The underlying theme is to pool the data from other areas to estimate the 
parameters for a particular area making use of auxiliary variables through a 
model. The aim of this paper is to present a full hierarchical Bayesian 
generalised linear model approach for small area prediction. Monte Carlo 
Markov chain method is used to assess the posterior distribution of the 
parameter of interest The priori distribution is firstly elicited  for  parameters 
in the original space and then transformed to the space of the regression 
coefficients in order to make the comparison of competitive models more 
adequate.  

Three different link functions are applied and a predictive criterion is 
also implemented to compare the models.  

An evaluation study based on a real data set is carefully discussed to 
illustrate the proposed methodology. 

Keywords: Small area estimation; Bayesian hierarchical models; MCMC; 
Prior assessment. 

1. Introduction  

Classical approaches to small area estimation using hierarchical models have 
been proposed and applied with success in sampling survey literature. Battese et 
al.(1981,1988) propose and apply the random intercept model for estimating soya 
crops in Iowa state. Prasad and Rao (1990) get second order approximation to the 
mean square error of the small area estimator based on a quite general hierarchical 
model. They also get approximately unbiased  mean square error estimator and 
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develop in details closed expressions for the MSE and its respective estimator for 
three particular cases of the general hierarchical model.  

Moura and Holt (1999) consider a more general framework in which all 
regression coefficients can be random and small area covariates can be introduced 
to explain some differences between small areas. Simulation studies carried out 
with real data show the superiority of small area estimators based on hierarchical 
models to the synthetic and conventional regression estimators (see Moura (1994) 
for details). 

However, when the variable of interest is binary, closed expression for the 
MSE and its estimator are not possible. Despite that, some hierarchical model 
applications to small area estimation for the discrete case based either on 
empirical Bayes approach or on Monte Carlo Markov Chain (MCMC) methods 
have come out in the literature.  

MacGibbon and Tomberlim (1989) propose a logistic regression model 
incorporating random effects and nested random effects into the model for 
reflecting the complex structure of a multi-stage sample design. They applied 
empirical Bayes techniques to simulated data and compare it with the unbiased 
estimator and the logistic regression (without random effect) one through a 
design-based Monte Carlo study.  

Ghosh et al. (1997) considered a hierarchical Bayes linear models and gave 
conditions to ensure the propriety of posteriors in the presence of non informative 
priors. He illustrated their procedures applying MCMC methods to real situations 
found in practice. He also introduced the notion of "model averaging" in the 
context of small area estimation by using estimates which are weighted averages 
estimates based on the different models, where the weights are the posterior 
probabilities of these models given the data. 

Malec et al. (1997) investigate the use of a Bayesian hierarchical analysis for 
predicting small area proportions. The small area were defined as collection of 
clusters. They considered a logistic hierarchical models of two levels, where the 
clusters are the second one. Their model links cluster regression parameters to 
covariate measured at the cluster level. Because they know the values of the 
binary response variable for the whole universe, they could compare estimates 
produced using different methods with MCMC one. They also compare the full 
hierarchical Bayes estimates with empirical Bayes estimates and standard 
methods, such as: synthetic estimates (obtained by logistic regression) and  
conventional randomisation-based approach.  Malec et al. (1997)  show that a full 
Bayesian analysis is feasible for producing sensible small area estimates and 
measures of variability, even in large-scale sample surveys.  

In this article  a full hierarchical generalised linear model approach for small 
area prediction of proportion is presented. In order to compare different 
competitor models, an approach to elicit the prior coefficients is proposed. The 
posterior distributions of the proportion predictors are obtained via Monte Carlo 
Markov Chain methods. The procedure are applied to a real data set using three 
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different link functions. A predictive criterion is implemented for comparing 
competitors models.  

The plan of this paper is as follows. In Section 2 the Bayesian hierarchical 
model for proportion, which involves three different link functions, is presented . 
The hyperparameters prior specification is discussed in Section 3. The posterior 
distribution of the small area proportion and the estimation procedure is discussed 
in Section 4. Finally, an evaluation study and some extensions and conclusions 
are discussed in Section 5. 

2. The Bayesian Hierarchical Model for Binary Response 

A two level hierarchical model relating the binary response to a set of  
covariates is considered. The second level are the small area and the first are the 
sample units. The model can be easily extended to deal with multistage sample by 
defining hierarchical prior for each sample stage. It is important to note that the 
binary response variable  is only known for the sample units, where i = 1,.., m 

and  j = 1,.., N
yij

i  were respectively used for indexing the ith small area and the jth 
sample units. Thus the main aim is to predict    for  the non-observed sample 

units (see section 4 for further details). The random variables  are assumed to 

be independent Bernoulli with parameter 

ijy

ijy
π ij .  

Furthermore, given the vector of p+1 covariates )x,...,x,1(X ijp1ijij = , the 
following generalised hierarchical model is assumed: 

)(Bern~|y ijijij ππ  

                                    iijij X)(g β=π                                              (1) 

where  is the link function. In this work three link functions were 
considered: the logit, the complementary log and the probit. It is assumed that the 
distributions of the ’s conditional on a set of parameters  

)(g ijπ

iβ β  e Γ  are normally 
independent with mean   and precision β Γ , where  β  is  a  (p+1)x1 vector of 
regression coefficients. The prior distributions of  the parameters β   and  Γ  are 
assumed to be independent.  In the next Section we will discuss how to assess the 
prior distribution of  β  in order to facilitate the model comparison. 
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2. Prior Specification for β  

Bedrick et al (1996) considered the problem of specifying prior distribution 
on regression coefficients for generalised linear models. They argue that it is 
much easier task to first elicit prior of conditional means of the observable 
response given the regression covariates,  than to attempt to specify priors for  the 
regression coefficients. In the case of  binary regression models, with p+1 
covariates (including the intercept term), their method consists of eliciting (p + 1) 
independent priors for the probability of the response variable being equal to one 
( ; k=1,...,p+1) given a suitable regression covariates ( , 
k=1,...,p+1). As pointed out by Bedrick et al. (1996) the square matrix X with the 
p + 1 rows formed by the vectors , must be non-singular in order to get the 
joint prior distribution of  the 

kπ )x,...,x,1(=x p1
*
k

*
kx

β , from the joint distribution assigned to : kπ

                     
β∂

β∂
βξ=β

−
− )X(G))X(G()(p

1
1                                             (2) 

where denotes the joint prior distribution assigning to ; k=0,..p and  
 is the vector transformation that applies the inverse link function  

to each element. The equation (2) is further simplified when  the priors for  are 
independently assessed. 

(.)ξ kπ
(.)G 1− (.)g 1−

kπ

For hierarchical models vague priors are usually specified for the highest 
level hiperparameters and usually the Bayes factor is not well defined. Thus, 
model comparison can not be made. As far as our main concern in this work is to 
compare different link functions for binary regression we should adapt the 
Bedrick et al. (1996) approach for hierarchical generalised linear models. Two 
alternatives will be presented and briefly discussed.  

The first proposal consists of assigning prior for the probabilities conditional 
on . Thus, the  could be roughly interpreted as the set of p+1 
parameters associated with an “average small area”. Therefore, the prior 
distribution of β  can be obtained as in equation (2). This alternative is easily 
implemented in the context of MCMC, as will be shown in the application 
section, although it does not take care of the variance of the random effect since 
the distributions involved could not be tractable.   

β=β i s'π

The second proposal consists of developing a set of approximations to deal 
with the random effect variation. The hierarchical linear generalised model 
usually assumes normality for the parameters of the various stages in the 
hierarchy. Then, conditioning on the precision parameter Γ and making  
approximations to obtain  the mean and variance of the link function it is possible 
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to get the parameters of the β  distribution. This proposal, under development,  
relies strongly on the normal approximation of the link function and therefore can 
be criticised.  

3. The Posterior Distribution of the  Small Area Proportion  

The aim  is to make inference about the proportion of an attribute of interest 
for each small area. For the ith small area, its respective proportion can be written 
as: 

                 θ i

ij
∈j s

ij
j s

i

y y

N
i i=

+
∉

∑ ∑
                                                      (3) 

where  and    are respectively  the population size and  the sample units in 
the ith small area. 

Ni si

In the Bayesian framework, the inference about θ i  is carried out by finding 
the posterior distribution of the random unknown quantities θ i  given the 
observed sample }sj:y{)s(y ij ∈= , under the models described above. 
Unfortunately for the models considered here, these posterior cannot be obtained 
in closed form and MCMC methods might be applied.  

3.1. Estimation via MCMC 

The full conditional distribution for each parameter is proportional to the 
joint distribution of all the random quantities involved in the model: 

                                                       (4) p y p p pij i i
j

n

i

m i

( | ) ( | , ) ( ) ( )β β β βΦ
==
∏∏

11
Φ

It is ease to verify that the full conditional of  β  under normality of the β  priori  

is multivariate normal with mean [ ]m C C m ii

m
γ γ γ γ β* *= +− −

=∑1 1
1

Φ
−1

  and matrix 

of  variance   where m  and  C  are respectively the mean 
and the variance of  the priori 

C C mγ γ
*− −= +1 1 Φ γ γ

β . The full conditional distribution of  is 
Inverted Wishart with parameters  and 

Φ
n n mΦ Φ

* = +

)S S ii

m
i

T
Φ Φ
* ( )(− −

=
= + − −∑1 1

1
β β β β  where  and  are the parameters 

associated  with the Inverted Wishart priori of  
nΦ SΦ

Φ .   
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In the case that p(  is given by equation  ( 2 ) the full conditional of  β   is 

proportional to . This distribution is not in a ease form to 

sample from. Two alternatives are: to use Gibbs sampler via some 
acceptance/rejection scheme or to apply Metropolis-Hastings. As far as the above 
density is log-concave the adaptive acceptance-rejection method will be used, as 
implemented in BUGS.  

)β

p pi
i

m

( | , ) ( )β β βΦ
=
∏

1

The posterior summaries for the parameters of interest can easily be obtained 
from a large sample drawn from the full posterior distribution, after a “burn-in” 
period of some iterations, using BUGS program. The Bayesian estimator for each 
small area proportion and its respective conditional variance can be evaluated by 
calculating, via MCMC, the mean and the variance of the posterior distribution 
described above. 

Summarising the posterior distribution of the parameters of interest can be 
obtained as: 
a) Draw a sample from  , )D|y(p ij isj∉∀    via MCMC,  where D is the observed 

data. 
b) Denote this sample by ,   5000,...,1k;y )k(

ij =

c)  A sample for each  i=1,...,m  is obtained from the following expression: iθ

                       
i

sj

)K(
ij

sj
ij

)k(
i N

yy
ii

∑∑
∉∈

+
=θ         k=1,…,5000                            (5) 

4. An Evaluate Study 

The data set used to evaluate the performance of the estimators was extracted 
from the Brazilian Basic Education Evaluation carried out in Rio de Janeiro in 
1996. The whole data set contains the proficiency values of the mathematics 
exams applied to 15288 children. The covariates used in all the models were: sex 
(0 male; 1 female); ethnic (0 white; 1 others);  the educational attainment of the 
child parents (1 high education; 0 no formal education); the first indicator age 
class (1 sixteen or seventeen; 0 otherwise) and the second indicator age class (1 
greater than seventeen; 0 otherwise).  

Thirty four regions were taken to be the small areas. In each small area, a 
10% simple random sample of children was drawn. The finite population 
quantities of interest are the m=34 small area population proportions of children 
with proficiency less than the first quartile of the whole population distribution.  
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In this work we considered a particular case of the general hierarchical 
model represented by equation (1) where only the intercept term is allowed to 
vary across the small areas, that is:    

)(Bern~|y ijijij ππ          

          pijpij11i00ij x....x)()(g β++β+ν+β=π                               (6) 

where   is univariate normal with zero mean and precision i0ν 0τ . Three link 

functions )(g ijπ  were considered: logit where ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

π−

π
=π

ij

ij
ij 1

log)(g ; 

complementary log-log where g ij ij( ) log{ log( )}π π= − −1  and probit or 

inverse Normal function with  ( )ij
1

ij )(g πΦ=π − . 

The non-hierarchical models discussed later in this section can be considered 
as a particular case of the three models above with 0i0 =ν  for all i=1,....,m..   

The six prior probabilities distributions, corresponding to the six covariates 
cited above (including the intercept term) were assumed to be independently beta 
distributed. Their respective means and variances were elicited by a Brazilian 
Basic Education expert in correspondence with the six fixed values of the 
covariate vector. Since the covariates are all dichotomous the respective 
distributions of the  regression parameters could be recursively calculated from 
equation (2). It is worth noting that the computational algorithm becomes very 
efficient for the fact that the covariates are all dichotomous. 

β

To represent vague prior knowledge, we choose the parameter precision 
associated with the intercept coefficient ( τ 0 ) to be Gamma distributed with both 
parameters equal to 0.001.  

After a burn-in period of 2000 iterations, the last 5000 were kept. In order to 
test convergence of this last chain, the Geweke(1992) diagnostic was applied to 
the six models considered in this evaluation study. Geweke (1992) convergence 
diagnostic consists in building up two news chains. One containing the first x 
percent of the test chain and the other the last y percent. The ZG statistic is the 
difference between the two chains means divided by the asymptotic standard error 
of their difference. If the whole chain is stationary, the sample distribution of ZG 
tends to a standard normal as the chain length goes to infinite. Hence values of ZG 
which fall in the extreme tails of a standard normal distribution suggest that the 
chain was not converged early on. Table 1 below shows the ZG statistics with x 
=10% and y=50% for the Logit Random Intercept Model. The results provides no 
evidence against convergence of  all the parameters. Similar results were found 
for the others models. 
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Table 1. Geweke diagnostic ZG  for the Logit Random Intercept Model   

Parameters ZG

0β  -0.370 

1β  -0.418 

2β  -0.784 

3β  1.470 

4β  2.05 

5β  1.21 

0τ  -1.20 

The summary of the posterior distribution of the parameters models for 5000 
iterations are presented in the tables below. 

Table 2. Summary of the Posterior Distributions for the complementary log-log  
               link function 

Model 
Parameters Log-log Random Intercept C-log-log  Regression 

 2.5 
Percentile Median 

97.5 
Percentile 

2.5 Percentile
Median 

97.5 
Percentile 

0β  -2.95 -2.64 -2.36 -2.91 -2.61 -2.33 

1β  -0.02 0.23 0.48 -0.01 0.25 0.51 

2β  0.44 0.67 0.90 0.43 0.66 0.90 

3β  1.29 1.54 1.79 1.28 1.52 1.77 

4β  0.36 0.56 0.77 0.34 0.54 0.74 

5β  0.07 0.26 0.46 0.08 0.27 0.46 

0τ  4.78 12.92 127.3 - - - 

 

 

 

 

Table 3. Summary of the Posterior Distributions for the logit link function  
Model  

Parameters Logit Random Intercept Logit  Regression 

 



STATISTICS IN TRANSITION, March 2000                                                             673 

 2.5 Percentile 
Median 

97.5 
Percentile 

2.5 
Percentile Median 

97.5 
Percentile 

0β  -3.04 -2.69 -2.34 -3.00 -2.67 -2.37 

1β  -0.05 0.25 0.54  0.00 0.27 0.55 

2β  0.50 0.75 1.02 0.49 0.75 1.00 

3β  1.59 1.89 2.21 1.58 1.86 2.17 

4β  0.43 0.66 0.92 0.42 0.65 0.88 

5β  0.10 0.34 0.56 0.13 0.34 0.56 

0τ  3.23 8.55 38.26 - - - 

Table 4. Summary of the Posterior Distributions for the Probit link function 
Model  

Parameters Probit Random Intercept Probit  Regression 
 2.5 Percentile 

Median 
97.5 

Percentile 
2.5 

Percentile Median 
97.5 

Percentile 

0β  -1.67 -1.52 -1.37 -1.66 -1.53 -1.39 

1β  -0.03 0.13 0.27  -0.01 0.13 0.28 

2β  0.27 0.42 0.56 0.27 0.41 0.55 

3β  0.94 1.11 1.29 0.92 1.90 1.27 

4β  0.23 0.37 0.50 0.24 0.36 0.49 

5β  0.06 0.19 0.31 0.07 0.19 0.32 

0τ  8.86 24.04 136.1 - - - 

One of  important practical advantage of  MCMC techniques over  classical 
ones is to provide, besides the point estimates parameters, the posterior 
distribution of the parameters of interest. Figure 1 below illustrates this by 
showing the distributions of θ  for three chosen small areas. The sample sizes for 
the three small areas were 7, 33 and 85 respectively. It can be seen from Figure 1 
that although the posterior distributions of 

i

θ i  produced by the regression model 
have smaller variation than the ones given by the hierarchical model, the means of 
these three distributions are far from the respective true proportions. Therefore 
credible intervals based on the regression model seems to be undercovering.  

Figure 1. Box-plots of  the distributions of  the small area proportions for the  
                Logistic Regression and Logistic Hierarchical Models   

 



674                                    F.Moura, H.S.Migon, MA.R.Ferreira: Small Area Estimation...  

 0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

1 4 15

Regression 
Hierarchical  

Small Area

In order to help practitioner survey to choose among several competitor 
models for the specific small area prediction issue, we presented a new criterion 
based on the predictive distribution of a replicate of the observed data vector 
conditional on the model. Therefore, predictions for the total in the sample of 
characteristic of interest for each small area is made from this predictive 
distribution. The discrepancy function used for model selection was the relative 
difference between the total sample prediction and the total observed data in each 
small area. The posterior means of this discrepancy function was calculated for 
each small area and averaged overall the 34 small areas, according to the 
procedure described below: 

Let  the predictive density function for the binary response 
y at the jth sample unit of the ith small area, conditional on model 

)y|y(f ij,obsij,preζ

ζ  and the 
observed data  ( for all i=1,..,m and  ij,obsy isj∈ ) . The symbols (pre) and (obs) 
respectively denote the predictive and  the observed data. Thus we can use 
MCMC method for generating a sample of  this predictive density function and 
calculate for each small area and model ζ : ∑

∈

=
isj

ij,prei,pre yy   

                             and            ∑
∈

=
isj

ij,obsi,obs yy . 

Therefore the expectation of the discrepancy function ( EDF) considered can 
be estimated via Monte Carlo as: 

∑ ∑
= =

−−=ζ=
34

1i

L

1k

1
i,obsi,obs

)k(
i,pre,ij,preobspre )y(yy

L
1

34
1]y|)y,y(d[EEDF      (6) 
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Where k is here used to index the kth Monte Carlo sample. The sample size was 
fixed as L=5000 after a burn-in of the first 2000 samples.  

The performance of the three hierarchical models, together with their 
respective non-hierarchical models: logistic, probit and complementary log 
regression were compared. Since, the true proportion for each of the 34 regions is 
known,  it  was also  possible to calculate the relative differences  in percentage 
between the posterior means and the true proportion for the six estimators 
considered as below: 

    1
true,i

34

1i
true,ii ))s(y|(E

34
1100RD −

=

θθ−θ= ∑                                         (7) 

The Table 5 above shows the average of  the  relative differences overall the 
34 small areas and the overall discrepancy for the six models considered. 

Table 5. Relative Differences for the six Models and their respective  
               Discrepancy Function Expectation 

Model 
Hierarchical Regression 

  
Link 
Function RD EDF RD EDF 
Logit 13.80 12.9 18.06 15.4 
C-log 13.35 13.0 18.00 15.4 
Probit 14.20 12.9 18.26 15.6 

It can be seen from Table 5 that the hierarchical models perform 
considerably better than their regression counterparts. As far as small area 
predictions are concerned it seems that there is no much difference between the 
three link functions. The discrepancy function seems to be a reasonable criterion 
for choosing among models. It discriminates between the hierarchical and 
regression models. However, as one might expected, it cannot discriminate 
between two models with approximately the same power of small area prediction.  

The Figure 2 below shows a plot of the posterior mean for the C-log 
hierarchical and C-log Regression models against the true proportion of each 
small area. The plots for the others models are very similar. It can be seen from 
Figure 1 that for many small areas the posterior means of the hierarchical model 
are very close to the true proportion, although the same cannot be said about the 
regression counterpart. More work on model fits and analysis must be done in 
order to understand why not so good predictions were obtained for some small 
areas.  

 
Further research should be done in order to define model selection criterion 

from different link functions, keeping the same prior specification. An attempt  to 
specify prior for the precision parameters that take into account the variability 
among the small areas should also be done.      
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Figure 2. Posterior Means of the C-log Models against the true small area  
                proportion  
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SOME EXPERIMENTS  
IN SMALL AREA ESTIMATION IN POLAND 

Jan Kordos1 and Jan Paradysz2

ABSTRACT 

The authors describe  in a synthetic way research studies carried out in 
different fields, and particularly in the field of labour market and 
unemployment, agricultural statistics, living conditions studies and regional 
development. Special attention focused on experiments in which different 
methods of estimation were used, and particularly empirical Bayes estimation 
for small areas (poviats). Experiments evaluated the existed sources of 
information, such as censuses, agricultural censuses, administrative registers,  
computer databases, and local data banks. Some experiments in this field have 
been already started. The authors present some results of these experiments. 

Key words: Small area estimation, Empirial Bayes estimation 
agricultural census, administrative registers. 

1. Introduction 

The first attempts at applying various approaches to parameter estimation for 
small areas have been discussed in a few articles. (e.g. Kordos 1994, Paradysz 
1998). This article will be limited to the presentation of research projects 
undertaken in the recent years, with special emphasis placed on some experiments 
which are still in progress. Results of these experiments will be presented in 
synthesis. In addition, some space will be devoted to an overview of research 
projects carried out after the international conference on small area statistics held 
in Warsaw in 1992. (Kalton, Kordos, Platek, 1993). Hopefully, it will contribute 
to a better understanding of research and experiments undertaken recently. 

                                                           
1 Warsaw School of Economics, Warsaw, Poland, e-mail: j.kordos@stat.gov.pl. 
2 University of Economics, Poznan, Poland, e-mail: paradysz@novci1.ae.poznan.pl. 
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2. Major research projects  

After the above mentioned 1992 conference in Warsaw, one can observe a 
growing interest in estimation methods for small areas in Polish academic 
institutions. Projects in this field are being conducted in Poznan, Łódź and 
Warsaw. Their results have been presented at national conferences and some 
authors have published articles on the subject (Bracha, 1994; Domanski, Pruska 
1996; Golata 1997, 1998; Kordos 1997,1999; Kubacki 1997, 1998; Paradysz 
1998). They were both overview articles and research reports. They stressed the 
need for co-ordination of research and the necessity of greater involvement on the 
part of the Central Statistical Office (Kordos 1997). Attempts have been made to 
apply some estimation methods for small areas in employment research, in 
particular to measure the extent of unemployment (Golata 1997; Kubacki 1998), 
the extent of poverty (Kordos, Kubacki 1999) and in agriculture-related surveys 
(Kordos, Matenko, fc.). Unfortunately, the Central Statistical Office has 
participated in those projects only marginally. Finally, some experiments 
undertaken recently were aimed at making use of certain estimation methods for 
small areas, in particular the method of empirical Bayes estimation. These 
projects will be outlined below. 

The growing interest in estimation methods for small areas observable in 
Poland as well as in other countries results from the ever increasing demand for 
information about small areas. In the case of Poland, this has been additionally 
connected with preparation for the country's new administrative division, which 
was introduced in January 1999. As a result of the change, Poland has been 
divided into 16 voivodships, 373 counties (poviats), including 65 municipal ones, 
and 2489 communes (gminas). This has created the problem of rendering results 
obtained in previous years applicable to the new administrative division. In the 
process of data estimation for small areas one can make use of various 
information sources such as administrative registers, data bases, local statistics 
and censuses. An overview of data sources available in Poland will be presented 
below. 

3. Possibilities of using various data sources 

In Poland, as in other countries, it is possible to use various data sources 
such as administrative registers, databases, local statistics data as well as full-scale 
statistical surveys from previous years including censuses and agricultural 
censuses. Below, the basic data sources that are useful in data estimation for small 
areas will briefly be described. 

Among demographic registers, one that deserves special attention is PESEL. 
As early as 1970, the Government requested that the Ministry of Internal Affairs 
should prepare and experimentally verify the concept of PESEL (Comprehensive 
Electronic System of Population Register). Formed as part of Government 
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Information Centre, it was to be the central data bank about the Polish population. 
Data for the system were to be provided by population registration offices. 
According to its principles, the PESEL system is to characterise each citizen with 
respect to about 100 variables.   

Between 1990-1992 the Central Statistical Office (GUS) attempted to use the 
PESEL data for purposes of population statistics. Unfortunately, this attempt 
failed and statistical analyses continue to be made on the basis of information 
systems used by GUS previously. At present the PESEL system is often used in 
regional research. The Regional Statistics Centre is currently using the PESEL 
data to reconstruct them in household cross-section. In the future, reconstructed 
households will be a very good source of auxiliary variables for detailed surveys. 
It is assumed that the concept of integrated system of socio-demographic statistics 
will bring the following benefits: 
1) it will provide current and accurate information about the number of 

population and its demographic, socio-occupational and educational structure; 
this information will be used to make socio-demographic analyses 

2) it will enable up-to-date description of demographic processes by means of 
analysis of the population social mobility in consecutive stages of life activity. 

The current statistics of population is a potentially useful, though seldom 
used, source of auxiliary variables in social and demographic surveys. Among the 
first applications of small area statistics in Polish demographic surveys was the 
study aimed at indirect estimation of abortions in Poland on the basis of 
Czechoslovakian statistics, which were considered reliable in this respect. 
(Jozwiak-Paradysz, 1993). Further examples of small area statistics methods can 
be found in cohort studies. The 2001 census is to include a survey of women's 
fertility. The census sample is planned to be rather large and will include about 
150 000 families. One of the aims of the census is a reconstruction of women's 
fertility in real cohorts for the present voivodships. Detailed tabulation of results 
allowing for cohorts and generations at the voivodship level will involve the use 
of indirect estimation techniques based on auxiliary data from current statistics of 
population  movement. 

Demographers hope that the results of the 2001 census will enable them to 
better analyse demographic and social phenomena which have either not been 
studied thoroughly enough so far or have appeared only recently as a result of the 
economic transformations. The first category of problems includes such issues as 
the number and durability of marriages in real generations. Within the second 
category, there are phenomena such as severe poverty, homelessness, social 
pathology and illegal immigration.  

The 2001 census will also be a valuable data source for the Local Data Bank 
(Pol. BDL). Attempts at creating a national bank of local data have been made by 
various institutions dealing with public statistics.   

In 1993 the President of GUS founded Local Statistics Centre (see: 
Obrebalski and Strahl 1999). The Centre was assigned the mission of creating and 
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maintaining a Data Bank about Cities and Communes. It came into being at a time 
which was particularly difficult for Polish regional statistics. On the one hand, in 
the wake of economic and political transformations the traditional information 
sources have either disappeared or have been significantly reduced. It is 
surprising how little is known about the part of economy which was developing 
the most quickly after 1989 i.e. about trade. The Local Data Bank shows that most 
clearly. On the other hand, however, public statistics still does not take advantage 
of the possibilities which integration of the existing data sources can bring. 
System principles adopted in regional statistics do not keep up with development 
in the area of information technology. Consequently, there have been cases of 
Regional Employment Offices demanding paper data which were available in 
commune computers and could easily be transferred by modern data storage 
means. Similarly, little use is being made of vast amounts of data available thanks 
to tax reports. Likewise, it is not possible to access information from real estate 
registers which are waiting for courts to be computerised and linked to geodesic 
data sources. These latter ones, in turn, are only marginally used by public 
statistics. It seems that in order to alleviate the situation, it is necessary to revise 
the system of circulation of source statistical documentation and the way in which 
the Local Data Bank is provided with data. So far it has been functioning as a 
table system of data provision. It is necessary, however, to start converting it into 
a system of individual data provision. GUS has made the Local Data Bank 
available to the general public via the Internet (cf. http://www.stat.gov.pl/). Data 
about Wielkopolska communes obtained from the Local Data Bank were used as 
auxiliary variables to estimate the household structure for the new administrative 
units (see 4.3). 

Small area statistics will prove very useful in historical-demographic studies. 
It should be observed that historical demography has developed its own system of 
indirect estimation. Among these techniques, there are methods of estimating the 
number of population or density of population on the basis of tax sources and 
estate revision. Using methods of small area statistics, it is possible to render such 
estimations more accurate. First of all, such attempts can be made with respect to 
family reconstruction using the methodology developed by a French researcher L. 
Henry (1980). On the basis of existing Church registers (baptism, marriage and 
funeral registers) demographers are able to reconstruct families from the past. The 
informative value of reconstructed families is much higher than the simple sum of 
information at the level of individual unintegrated events. Unfortunately, family 
reconstruction is very time-consuming and usually incomplete. Consequently, it is 
better to treat the reconstructed parishes as a sample. Sources of auxiliary 
variables are much poorer than in contemporary demography , but they can be 
found (see: Dehnel, 1997). 
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The agricultural census of 1996 

The complete census of agriculture was conducted in May 1996. It 
comprised all farms in the country, including household land lots as well as 
owners of livestock (Wanke, 1997). We believe that data from this census can be 
used in estimation of small areas. Some experiments in this respect have been 
made and selected results are presented below. 

Distribution of individual tax payers by income 

There are several registers that can be used in estimating living conditions 
and levels of poverty by counties. The most important one, which is still 
unavailable, could be the register of individual taxes (POLTAX), provided one 
could obtain distributions of taxpayers by income. It seems that this problem 
should be analysed separately since the register could be used to estimate various 
parameters connected with living conditions in regional cross-sections. 

The register of people receiving social allowances 

This register is still not computerised but it contains many interesting 
features which could be used effectively to measure living standards and poverty 
in regional cross-sections. So far, we have taken advantage only of data about the 
number of people receiving social allowances in voivodships. 

The register of pensions and pensioners 

The ZUS (State Department of Social Insurance) registers of pensions and 
pensioners contain a great deal of information which could be used in analysing 
regional poverty and living conditions, in particular with respect to pensioners 
and health benefit recipients 

The register of communes – local statistics 

Local statistics created at the level of communes constitutes a very rich 
source of data. With access to such data it is very easy to create databases for 
counties, which can then be used in estimations for small areas. 

The 2001 Census of Population 

The 2001 Census of Population will be the main source of data used in the 
near future for analysis and estimation of demography and social phenomena. As 
a complete census, it will provide basic demographic structures of populations in 
county (poviat) cross-sections and will yield information about the main means of 
support, about unemployment, physical disability etc. It will, however, not 
provide information about incomes and their distributions. 
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4. Experiments using empirical Bayes estimation 

The empirical method of Bayes estimation has been used in the following 
fields of studies: 

1)  in estimation of areas under crop and the number of livestock 
2)  in measurement of poverty 
3)  estimation of the structure of households. 

Some results of the studies will be presented briefly below. 

4.1 Experimental estimation of areas under crop and the number of livestock 

The experiment is aimed at developing a method of estimation results by 
poviats (counties) in future agricultural sample surveys. Basis for the experiment 
is the 1998 agricultural sample survey which were conducted according to the old 
administrative division of the country. In January 1999 the administrative division 
of the country has been introduced. There is a problem how to compare results of 
the surveys conducted previously for new administrative division of the country, 
and mainly by poviats. To what extent stratification after selection may be 
applied. How to use data from other sources for such estimation. First, however, 
some experiments are needed. 

The experimental studies were conducted in two voivodships: Lubelskie and 
Warminsko-Mazurskie. Data for the experiment were taken from: 

a)  the agricultural sample survey carried out in June 1998, 
b) the complete agricultural census of 1996, treated as a source of auxiliary 

information. 
The sample survey of 1998 was conducted according to the old 

administrative division when there were no poviats (counties). The poviats were 
only introduced in January 1999. Nevertheless, an attempt was made to estimate 
selected parameters for new voivodships by poviats, taking advantage of the data 
from the sample survey of 1998 and from the agricultural census of 1996. 

First of all, data from the survey in each voivodship were regrouped 
(stratification after selection) according to new poviats (counties), for which the 
following parameters were estimated: 

a)  the total value of a given variable: yj(98), and 
b)  the variance of this estimate: s2 [ yj (98)]. 

The following parameters have been estimated: (i) total area of the holding, 
(ii) total area of arable land, (iii) total area under wheat, (iv) total area under rye, 
(v) total area under potatoes, (vi) total number of cows, (vii) total number of 
cattle, (viii), total number of pigs, and (ix) total number of sows. 

Using data from the complete census of 1996 as auxiliary variables marked 
as yj(96), xj(96), zj(96), ... , for i-th poviat, the first objective was to examine to 
what extent information for the same parameter obtained from the complete 
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census of 1996 i.e. yj(96), would strengthen estimates obtained on the basis of the 
sample survey of 1998. The method of empirical Bayes estimation (EB) was used. 
It is assumed that all assumptions for applying the empirical Bayesian estimation 
method are fulfilled.  The following equation of regression was formulated: 

jjj euybay +++= )96(ˆ)98(ˆ       (1) 

where a, b are regression coefficients 

yj(98) – estimate of parameter y for the poviat j using  the 1998 
agricultural sample survey, 
yj(96) – total for parameter y for poviat j from the 1996 Census of 
Agriculture, 

 u  – the error of the model 
 ej – random error of the dependant variable for the j poviat. 

Other forms of regression curves may be put in linear form as in equation (1). 

Before the final selection of the form of regression curve, it was necessary to 
examine which of the four regression curves best explained the variation of the 
investigated parameter yj(98) using the R2 – coefficient of determination. The 
following curves were examined: linear, power, logarithmic and exponential. In 
most cases, the power or linear regressions yielded the best results. 

After estimating parameters of the model of regression i.e. a and b, the 
corresponding values for yj(98) for each j-th poviat (county) were calculated: 

)96(ˆ)98/(ˆ jj ybary +=                     (2) 

where yj(96) – value of the investigated variable in the agricultural census of 1996 
in the j-th poviat. Next, using the analysis of residuals, the variance of the 
regression model was estimated i.e. s2(u). Having thus estimated all parameters 
necessary for applying Bayes estimation i.e. yj(98), s2[yj(98)], yj(r/98 and s2(u) 
empirical Bayes estimation for i-th poviat can be calculated, assuming for this 
analysis independent sample selection in each poviat, and normality of estimators. 
As a result, we obtain empirical Bayes estimation using the following equation 
(Dol, 1991; Kordos, 1999b): 
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The variance of estimate (3) takes the form: 

 



686                                            J.Kordos, J.Paradysz: Some Experiments in Small Area...  

)()]98(ˆ[
)()]98(ˆ[

)]98/(ˆ[ 22

22
2

usys
usys

EBys
j

j
j +

=            (4) 

After  introducing the following notation: 

k
s y

s uj
j2

2

2

98
=

[ ( )]
( )

 

and appropriate transformations of formulas in (3) and (4), they take the following 
form: 

)98(ˆ
1

1)98/(ˆ
1

)98/(ˆ
22

2

j
j

j
j

j
j y

k
ry

k
k

EBy
+

+
+

=          (3a) 

 

)]98(ˆ[
1

1)]98/(ˆ[ 2
2

2
j

j
j ys

k
EBys

+
=          (4a) 

Looking at formulas in (3a) and (4a) one can clearly see that an increase in 
precision when empirical Bayes estimation is used depends on kj

2. When kj
2 is 

very small, empirical Bayes estimation proves useless and it is better to use 
sample estimation. The precision  of estimator can be increased significantly 
when kj

2 > 1. Below, only selected results of the experiment are given, while the 
complete results with analysis will be published shortly (Kordos, Matenko, 
forthcoming). 

The experiment was conducted in two voivodships, the first of which 
(Lubelskie) consists of 20 poviats, the second (Warminsko-Mazurskie) of 17.   

We confine ourselves here only to present some estimates of the following 
parameters: 
• total value of selected characteristics in the i-th poviat from the sample, i.e. 

(98), which is denoted in tables by y(s), jŷ
• its relative standard error, i.e. - in tables: v(s), )]98(ˆ[ jyv
• total value obtained by empirical Bayesian estimation, i.e. (EB/98) – in  

tables: y(b),  
jŷ

• estimate of the total value from regression model, i.e.  (r/98) – in tables: 
y(r), 

jŷ

• first weight used in equation (3a), i.e. 
k

k
i

i

2

21+
 - in  tables: w(r), 

• relative standard error of  (EB/98), i.e.  - in tables: v(b), jŷ )]98/(ˆ[ EByv j
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• difference in relative standard errors, i.e. v(s)-v(b) in percentage points, 
• difference between estimate from a sample and  EB estimate, i.e. y(s)-y(b), 
• relative difference of y(s)-y(b) to y(s) (in per cent). 

For each table a form of regression model used is given with coefficient of 
determination (R2) and variance of the regression model, i.e. s2(u).  

We present only three tables with results below. However, in the experiment 
9 different characteristics connected with total area under different crops, and 
totals of different kinds of livestock have been studied. Some results of the 
experiment in tables 1, 2 and 3 are given. 

It is too early to draw a final conclusions from this experiment. We can see 
that significant increase in precision may be observed in some poviats. For 
example, for estimation total number of sows in both voivodships, precision of 
estimates by poviats increased significantly: from 1.7 points to 31.2 points. Less 
increase in precision is observed in estimating total number of cows, nevertheless 
still significant. The analysis of the experiment is still in progress, and it is too 
early to draw final conclusions. 

4.2. Possibilities of estimating poverty levels by poviats 

This part of the project focused on examining possibilities of estimating 
poverty levels for small areas in Poland (e.g. counties) using results of the 2001 
census, available administrative registers and surveys of households (Kordos, 
Kubacki, 1999). For purposes of comparison, the authors presented a general 
outline of the methodology of estimating poverty levels for small areas (counties) 
which is used in the USA (see: National Research Council ,1998), and drew 
conclusions for Poland. One suggestion involves making an experiment to 
estimate poverty levels for the former 49 voivodships, using data from household 
budget survey 1996 together with available registers and applying experimental 
Bayes estimation. Such an experiment would make it possible to estimate future 
poverty levels by counties, after the 2001 census has been carried out. 

Before that, however, the authors suggest to conduct an experiment for 
which data from household surveys and other sources may be used. Data from the 
following registers of former voivodships would be used as prognostic variables 
for estimation: individual taxes, people receiving social allowances, unemployed 
people, ZUS pensioners and health benefit recipients, the number of households. 
The number of the poor is to be estimated on the basis of the survey of household 
budgets in 1996 for the former 49 voivodships (Kordos, Kubacki, 1999).  

Table 1. Comparison of estimates of total  numbers of sows  (in thousands 
hectares) in Lubelskie voivodship by poviats according to the 
agricultural sample survey 1998 and empirical Bayesian estimation 
method using results of the 1996 Census of Agriculture 

 Estimates from Differences between 
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Poviat sample regression model EB method rel. st.er. estimates 
No. y(s) v(s) y(r) w(r) y(b) v(b) v(s)-v(b) y(s)-y(b) rel[ 

(s-b)/s 
 thous. % thous. weight thous. % p. points thous. % 

1.  
21.074

 
6.1 

 
20.665 0.767 20.665 3.0 3.1

 
0.409 

 
1.9 

2.  7.829 12.3 8.182 0.648 8.182 7.1 5.2 -0.353 -4.5 

3.  5.008 34.9 6.713 0.859 6.713 10.1 24.8 -1.705 -34 

4.  4.795 10 4.739 0.314 4.739 8.3 1.7 0.056 1.2 

5.  6.316 9.4 5.449 0.412 5.449 7.6 1.8 0.867 13.7 

6.  5.447 18.5 5.29 0.669 5.29 10.8 7.7 0.157 2.9 

7.  6.936 13.2 6.619 0.627 6.619 8.3 4.9 0.317 4.6 

8.  10.721 7.9 9.569 0.587 9.569 5.4 2.5 1.152 10.7 

9.  15.176 8.2 15.826 0.758 15.826 3.9 4.3 -0.65 -4.3 

10.  4.094 47.4 4.112 0.883 4.112 16.2 31.2 -0.018 -0.4 

11.  13.496 6.5 13.96 0.605 13.96 4 2.5 -0.464 -3.4 

12.  4.599 14.2 4.316 0.461 4.316 10.7 3.5 0.283 6.2 

13.  7.22 14.7 6.88 0.692 6.88 8.4 6.3 0.34 4.7 

14.  4.457 18.5 4.7 0.577 4.7 11.7 6.8 -0.243 -5.5 

15.  11.606 9.3 10.984 0.699 10.984 5.3 4 0.622 5.4 

16.  5.144 14 6.37 0.511 6.37 8.8 5.2 -1.226 -23.8 

17.  3.768 16.1 3.332 0.425 3.332 12.9 3.2 0.436 11.6 

18.  3.296 25.9 2.843 0.594 2.843 18 7.9 0.453 13.7 

19.  2.475 13.2 3.092 0.176 3.092 11.5 1.7 -0.617 -24.9 

20.  8.443 11.2 8.259 0.642 8.259 6.8 4.4 0.184 2.2 

Linear regression: R2 = 0.977 ;  s2(u) = 0.4997 
Source: Own calculation according to the 1998 agricultural sample survey and the 1996 Census of 
Agriculture results. 

 

 

Table 2. Comparison of estimates of total numbers of sows (in thousands) in 
Warminsko-Mazurskie voivodship by poviats according to the 
agricultural sample survey 1998 and empirical Bayesian estimation 
method using results of the 1996 Census of Agriculture 

 Estimates from Differences between 
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Povia
t 

sample regression model EB method rel. st. er. estimates 

No. y(s) v(s) y(r) w(r) y(b) v(b) v(s)-v(b) y(s)-y(b) rel[(s-b)/s 
 thous. % thous. weight thous. % p. points thous. % 

1.  3.873 19.9 3.392 0.275 3.741 17.6 2.3 0.132 3.4 

2.  3.578 75.4 3.126 0.823 3.206 35.4 40.0 0.372 10.4 

3.  7.116 10.8 5.923 0.275 6.788 9.7 1.1 0.328 4.6 

4.  3.514 28.4 4.035 0.388 3.716 21.0 7.4 -0.202 -5.7 

5.  3.494 42.0 2.949 0.578 3.179 30.0 12.0 0.315 9 

6.  9.766 24.5 7.375 0.785 7.888 14.1 10.4 1.878 19.2 

7.  12.909 25.0 13.725 0.869 13.618 8.6 16.4 -0.709 -5.5 

8.  2.042 21.8 2.431 0.112 2.086 20.1 1.7 -0.044 -2.2 

9.  4.837 93.5 4.215 0.929 4.26 28.3 65.2 0.577 11.9 

10.  0.938 131.4 1.570 0.492 1.249 70.3 61.1 -0.311 -33.2 

11.  2.583 91.5 2.883 0.781 2.818 39.3 52.2 -0.235 -9.1 

12.  11.817 17.4 12.108 0.730 12.029 8.9 8.5 -0.212 -1.8 

13.  7.455 32.3 5.452 0.788 5.878 18.9 13.4 1.577 21.2 

14.  2.886 32.4 5.218 0.357 3.72 20.1 12.3 -0.834 -28.9 

15.  3.392 24.9 5.329 0.313 3.998 17.5 7.4 -0.606 -17.9 

16.  2.112 29.3 1.962 0.196 2.083 26.6 2.7 0.029 1.4 

17.  1.102 67.6 1.721 0.261 1.264 50.7 16.9 -0.162 -14.7 

Linear regression: R2 = 0.888;  s2 (u) = 1.568  
Source: Own calculation according to the 1998 agricultural sample survey and the 1996 Census of 
Agriculture results. 

4.3. Estimating the distribution of households by the number of people on the 
basis of the microcensus of 1995 

The administrative reform introduced at the end of 1998 has resulted in the 
emergence of the new level of local government i.e. counties (poviat). According 
to the division used in EC countries, counties are classified as NUTS 3. (cf. 
Strahl, Obrebalski 1997:253). The level of NUTS 4 does not exist in Poland and 
the level of NUTS 5 corresponds to communes (gmina).  

The new Wielkopolskie voivodship belongs to the biggest ones in the 
country both in terms of population (over 4 million people) and its area (30.000 
sq. km.) The average population density is 138 persons per 1 sq. km. and it 
exceeds the country's average. As far as economy is concerned, it is one of the 
most thriving regions in Poland. However, it is very diversified internally. The 
best developed one is the Poznan county, which was selected for this analysis. For 
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purposes of estimation, we have chosen to analyse the distribution of households 
by the number of its members as registered for 17 May 1995. The population in 
question was surveyed in the microcensus of 1995. For the whole country, the 
microcensus was directed to 5 % of the total number of households. The sampling 
design for the survey was that of unequal probabilities according to Sunter's 
design (Bracha, 1996). The sampling design was self-weighting in 98 
subpopulations (49 voivodships in urban and rural cross-section). In addition, the 
authors of the survey assure that the survey results are representative of 5 Polish 
cities with populations over 500.000 (cf. GUS (1996:3). In territorial cross-
section, there was much diversification of the percentage of households surveyed. 
The lowest sampling rate was noted in large urban areas e.g. cities of the 
Katowice voivodship (0,7%) and the Warsaw voivodship (0,9%). The biggest 
sampling rates is noted in villages of the Lodz voivodship (16,7%) and in cities of 
the Chelm voivodship (14,3%). The sample in the Poznań voivodship comprised 
2,3% of the urban population and 6,3% of the rural population. Therefore, the 
multiplier for cities of the Poznań voivodship was 44 and for villages 16. 

In the Poznań county 7 682 household were surveyed altogether, which 
accounts for 2,9% of the whole population. It must be noted, however, that the 
sample coverage was varied. In the city of Poznań the sample comprised 4 863 
households or 2,3% of the general population. In other cities belonging to the 
Poznań Metropolitan Area (PMA) the highest percentage (1,7%-378 households) 
can be observed, which contrasts with mere 2% (216 households) for all the other 
cities of the Poznań county. In rural areas, the samples were relatively bigger: 6% 
in villages of PMA (1660 households) and 7,1 in other villages of the county (565 
households). 

The sampling design with unequal probabilities somewhat complicated the 
calculation of variance. It was necessary to modify the extent of the formula and 
change it into one for total value estimator variance (cf. Bracha 1996a:13-14). 
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where: 
ma ,– the number of census districts (smaller than a commune) sampled from 
small  
         area a, 
Ma – the number of all census districts in the general population in small area a, 
Fa  – generalising multiplier for area a, 

aiŷ – total value (number of households) in i-th census district 

ya – average number of households in 1 census district in a-th area. 

The number of households in an average census district can be calculated 
using the following formula: 
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The direct estimator of total value i.e. of the number of households with a 
certain number of members in area a can be calculated using the following 
formula: 
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Owing to the variation in each voivodship formulas 5 and 7 do not make use 
of one uniform multiplier for the former Poznań voivodship (44 for cities, 16 for 
villages). Instead, the following multipliers were used for the specified small 
areas: the city of Poznań – 43,7; other cities of PMA – 60,0; villages of PMA – 
16,6; other cities – 51,1; other villages – 14,1. 

The characteristics concerning the direct estimator have been presented in 
Table 3. As can be seen in the bottom part of the table, the specified 
subpopulations (small areas) are characterised by high variation with respect to 
relative estimation error of the total value. The lowest estimation errors are 
present in samples which are relatively large (the city of Poznań and villages of 
PMA). In the three other areas the ampling errors seems too high and it is 
advisable to use indirect estimation. For this analysis, the Bayes estimator was 
selected (see formula 3) which in this case can be written: 
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The appropriate variance of the empirical Bayes estimator  is the following:  
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Table 3. Direct estimates of households distribution according to size of households 
in Poznan county obtained from the Polish microcensus 1995.
Small areas of the Households according to number of persons
Poznan county 1 2 3 4 5 6+ Total

Sample of households
Poznan 1128 1223 1039 973 330 170 4863
PMA-urban 49 79 89 90 55 16 3
PMA-rural 180 287 330 437 242 184 1660
Other urban 34 44 39 55 29 15 2
Other rural 66 82 89 108 90 130 565

Direct estimates of number of households (in thousands)
Poznan 49,2 53,4 45,4 42,5 14,4 7,4 212,3
PMA-urban 2,9 4,7 5,3 5,4 3,3 1,0 22,7
PMA-rural 3,0 4,8 5,5 7,3 4,0 3,1 27,6
Other urban 1,7 2,2 2,0 2,8 1,5 0,8 11,0
Other rural 0,9 1,2 1,3 1,5 1,3 1,8 8,0

Direct estimator variance s2(?a)
Poznan 22834 16289 10610 14587 4298 2693 32814
PMA-urban 11022 21815 28683 23549 18970 2682 24628
PMA-rural 815 1180 1027 2008 731 1073 6875
Other urban 13999 8878 12292 9492 13385 4917 25199
Other rural 540 703 487 572 488 1625 2182

Relative standard errors  of direct estimates (%%)
Poznan 0,3 0,2 0,2 0,3 0,5 0,7 0,1
PMA-urban 3,6 3,1 3,2 2,8 4,2 5,2 0,7
PMA-rural 1,0 0,7 0,6 0,6 0,7 1,1 0,3
Other urban 7,0 4,3 5,5 3,5 7,7 8,8 1,4
Other rural 2,6 2,2 1,7 1,6 1,7 2,2 0,6
PMA - Poznan Metropolitan Area comprising communes adjacent to the city of Poznan
Source: 1995 microcensus results.

78

16

To supply auxiliary variables, we made use the resources of Local Data 
Bank of the Central Statistical Office available via the Internet. In choosing 
auxiliary variables for the model of regression we wanted them to be easily 
available, relatively stable over time and highly correlated with the estimated 
variables. The last prerequisite guarantees small variance of the residual 
component.  On the other hand, the requirement of cause-effect correlation seems 
to be superfluous. There are two variables in the local data bank which meet all 
the above-mentioned requirements: the commune area (AREA) measured in 
hectares and population (POP). The results of calculations presents table 4. 
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Table 4. Regression estimates of households distribution according to size of households 
in Poznan county obtained from the Polish microcensus 1995.
Small areas of the Households according to number of persons
Poznan county 1 2 3 4 5 6+ Total
Parameters Estimates of linear model regression parameters
Intercept    (a) -5,117 -10,203 -4,923 0,540 3,057 1,011 -23,360
Area          (b1)   - 0,001 0,001 0,001 0,001 0,001 0,007
Population  (b2) 0,002 0,002 0,002 0,002 0,001 0,000 0,008

Model regression parameters to their errors ratio (t)
Intercept    (a) -2,0 -2,7 -1,3 0,1 1,1 0,3 -1,3
Area          (b1)   - 3,3 3,4 3,1 3,9 4,4 4,1
Population  (b2) 99,0 83,2 70,9 52,4 27,3 11,1 67,9

Variance of regression model s2(v)
88,0 146,8 143,3 224,3 84,1 99,8 3370,0

Estimates according to regression model (in thousands)
Poznan 49,2 53,3 45,3 42,5 14,4 7,4 212,1
PMA-urban 8,4 9,1 7,9 7,7 2,9 1,6 37,6
PMA-rural 3,2 5,5 5,1 5,3 2,9 2,9 24,8
Other urban 3,3 3,6 3,2 3,3 1,3 0,7 15,5
Other rural 0,8 2,2 2,1 2,3 1,5 1,6 10,3

Relative standard errors  of regression estimates (%%)
Poznan 0,2 0,2 0,3 0,4 0,6 1,4 0,3
PMA-urban 1,1 1,3 1,5 1,9 3,2 6,2 1,5
PMA-rural 2,9 2,2 2,3 2,8 3,2 3,4 2,3
Other urban 2,8 3,4 3,7 4,5 7,1 14,3 3,7
Other rural 11,7 5,5 5,7 6,5 6,1 6,2 5,6
Notice and source as in table 3
 

All determination coefficients were very high and, with one exception, 
markedly exceeded 99%. Only for the one-person households the commune area 
as a auxiliary variable was insignificant. All other estimates of regression model 
parameters were statistically significant (24 degrees of freedom). However, the 
structure of households obtained by means of Bayesian estimator are significantly 
different from their distributions estimated by means of direct estimation, see 
table 5. 
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Table 5. Empirical Bayesian estimates of households distribution according to size 
of households in Poznan county obtained from the Polish microcensus 1995.
Small areas of the Households according to number of persons
Poznan county 1 2 3 4 5 6+ Total

Empirical Bayesian estimator (in thousands)
Poznan 49,2 53,3 45,3 42,5 14,4 7,4 212,1
PMA-urban 8,3 9,0 7,9 7,7 2,9 1,5 37,5
PMA-rural 3,2 5,5 5,2 5,5 3,0 2,9 25,1
Other urban 3,3 3,5 3,2 3,3 1,3 0,7 15,4
Other rural 0,8 2,0 1,9 2,1 1,4 1,6 9,8

Empirical Bayesian estimator variance s2[?a(EB)]
Poznan 121 145 141 221 82 96 3056
PMA-urban 120 146 143 222 84 96 2964
PMA-rural 106 131 126 202 75 91 2261
Other urban 121 144 142 219 84 98 2972
Other rural 99 121 111 161 72 94 1325

Relative standard errors  of empirical Bayesian estimates (%%)
Poznan 0,02 0,02 0,03 0,03 0,06 0,13 0,03
PMA-urban 0,13 0,13 0,15 0,19 0,32 0,64 0,15
PMA-rural 0,33 0,21 0,22 0,26 0,29 0,33 0,19
Other urban 0,33 0,34 0,37 0,45 0,70 1,37 0,35
Other rural 1,18 0,56 0,55 0,61 0,59 0,61 0,37
Notice and source as in table 3

5. Concluding remarks 

The Bayesian estimator seems better suited to what we know about the 
structure of the phenomenon in both urban and rural cross-section (cf. GUS 
1996:24-43). The Bayesian estimator is characterised by very good precision. 
Relative standard errors exceed 1% in only two cases; all the remaining ones are 
low and very low-below 0,5%. This is the result of the very high value of k2 
which was less than 1 only in one case. All other values of k2 were very high, 
sometimes as high as 260. Usually the values of k2 were higher in cities than in 
villages. There is, however, no correlation between k2 and the population size. 
The correlation coefficient was only -0,084. The use of the Bayesian estimator to 
estimate the distribution of households in small areas (smaller than counties) can 
be considered successful. The auxiliary variables such as population in communes 
from current population registers as well as commune area are easily available. 
Consequently, the Bayesian estimator could already be used for estimations of 
small areas. 
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Conclusions from the agricultural surveys are not so optimistic as for 
demographic surveys. We need more research and experiments, and different 
approaches to solve the problem.  

Here only some results of the experimental studies into applications of 
estimation methods in demography and agriculture conducted recently in Poland 
have been presented. Some results of these studies are presented in other papers 
written by our colleagues and read at this conference. Although interesting results 
were obtained in some areas, there is still a need for more experimental work to 
put these methods into current use of statistical analysis. We hope that the results 
of the international conference will enable us to widen the scope of research and 
will make it more effective. 
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DETECTING A CHANGE POINT 
IN A SEQUENCE OF SMALL AREA STATISTICS 

Nicholas A. Nechval and Konstantin N. Nechval1

ABSTRACT 

In this paper, the problem of detecting a change point in the distribution 
of a random sequence is considered. It is assumed nothing is known about the 
functional form of a common distribution function of observations of the 
random sequence. For solving this problem, a non-parametric technique is 
proposed. The test statistic for testing the null hypothesis of “no change” 
against the alternative of “change” is based on a version of the Mann-Whitney 
statistic. A limiting distribution of the test statistic is approximately the same 
as that of the Kolmogorov-Smirnov goodness-of-fit statistic. The numerical 
examples are given as an evidence of the validity of theoretical predictions of 
performance of the suggested test. 

Key words: observations; distribution; change point; detection; non-
parametric technique  

1. Introduction 

Suppose one is able to observe sequentially a series of independent 
observations (statistics) whose distribution possibly changes from F0 to F1 at an 
unknown point τ (1≤τ≤∞) in time. Formally, X1, X2, … are independent random 
variables such that X1, … , Xτ are each distributed according to a distribution F0 
and Xτ+1, Xτ+2, … are each distributed according to a distribution F1.  The 
objective is to detect that a change took place “as soon as possible” after its 
occurrence, subject to a restriction on the rate of false detection. 

The problem originally arose out of considerations of quality control. When 
a process is “in control”, observations are distributed according to F0. At the 
unknown point τ, the process jumps “out of control” and ensuing observations are 
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distributed according to F1. The aim is to raise an alarm “as soon as possible” 
after the process jumps “out of control”. 

The early literature on the problem deals mainly with a change in the mean 
of normal random variables having known, fixed variance, or a change in the 
probability of success in Bernoulli trials. Early solutions grouped observations 
and proposed testing each group individually for an indication of whether or not 
the process is “in control”. Shewhart charts (Shewhart, 1931) were standard 
procedure for 20-30 years. 

Gradually it became clear that much was being lost by regarding (groups of) 
observations separately, thereby not enabling evidence to accumulate with time. 
Early attempts to rectify this include work by Dudding and Jennett (1944) and 
Weiler (1954). Their procedure involves constructing “warning lines” and “action 
lines”, the proposal being that one would take action whenever a point passes an 
“action line” or whenever enough recent points pass a “warning line”.  

Page (1954) initiated procedures that are in current use. In order to detect a 
change in a normal mean from μ0 to μ1>μ0, he proposed stopping and declaring 
the process to be “out of control” as soon as Sn 

_ min1≤k≤nSk gets large, where 
Sk=∑  and μ= μ−k

1i i *)X( 0<μ*<μ1 is suitably chosen. This and related procedures 
are known as CUSUM (cumulative sum) procedures (cf. Johnson and Leone, 
1962, for a survey). Other methods were also proposed in related contexts (e.g., 
Girshick and Rubin, 1952; Chernoff and Zacks, 1964; Kander and Zacks, 1966; 
Nechval, 1984, 1986, 1988, 1996, 1997, 1998). Non-parametric approaches have 
also been tried (Bhattacharya and Frierson, 1981; Pettitt, 1979). 

In order to evaluate and compare procedures, one needs to formalise a 
restriction on false detection as well as to formalise the objective of detecting a 
change “as soon as possible” after its occurrence. The restriction on false 
detection is usually formalised either as a rate restriction on stopping rule (e.g. a 
requirement that E{N;τ=∞}≥B) or a probability restriction (e.g. a requirement that 
P(N>τ)≤α for all τ). The objective of detecting a change “as soon as possible” 
after its occurrence is usually formalised in terms of functional of N_τ. (See 
Aroian and Levene, 1950; Page, 1954; Shiryayev, 1964; Lorden, 1971; Pollak and 
Siegmund, 1975). 

Shiryayev (1963) solved the problem in a Bayesian framework. He 
considered a loss function whereby one loses one unit if N≤τ and one loses c units 
for each observation taken after τ if N>τ. The prior on τ is assumed to be 
geometric (p). Shiryayev showed that the Bayes solution prescribes stopping as 
soon as the posterior probability of a change having occurred exceeds a fixed 
level. He also solved a non-Bayesian version, minimising the mean detection time 
after the onset of a stationary regime. 

In the non-Bayesian setting of the problem, the only other optimality result 
is that of Lorden (1971). His results are based on the restriction that the stopping 
rules N must satisfy E{N;τ=∞)≥B. Lorden showed that a certain class of stopping 
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rules is asymptotically (B→∞) optimal (in a first-order sense) and that Page’s 
aforementioned procedure belongs to this class. 

In this paper, the problem is treated in terms of a non-parametric approach. 
We desire to use a method, which makes no assumptions about the initial 
distribution. Thus we consider the test statistic which is based on a version of the 
Mann-Whitney U statistic and can be used for testing the hypotheses of no change 
point versus change point at τ. 

2. Problem Statement 

In formal terms, the change point problem, considered in this paper, is to 
decide (at each stage n) between the two hypotheses: 
 

 1(1)n,i     , F~X :H 0i0 =  (1) 
and 

,1(1)i     , F~X :H 0i1 τ=  

(1)n,1i     , F~                  1 +τ=                                 (2) 
 

with the prescribed false alarm probability α, where F0 and F1 are probability 
distribution functions, the functional forms of which are unknown. Thus, the 
problem is to determine whether or not a change point exists in a sequence of 
random variables. In other words, we consider the problem of testing the null 
hypothesis of “no-change”, H0: τ=n, against the alternative of “change”, H1: 
1≤τ<n, using a non-parametric statistic. If the hypothesis H1 is accepted, a 
stopping rule N is determined by N=n. The proposed test procedure prescribes 
stopping as soon as the non-parametric test statistic for detection of a change 
having occurred exceeds a threshold corresponding to the significance level α. 

3. Estimating the Point of a Probable Change 

Let us now examine the Mann-Whitney statistic for testing if two samples 
(X1, X2, ... ,Xt and Xt+1, ... ,Xn) come from the same population. The statistic Ut,n 
is defined as 

,D = U
n

1+t=j
ij

t

1=i
nt, ∑∑  (3) 

 
where Dij=sgn(Xi-Xj), sgn(x)=1 if x>0, 0 if x=0, -1 if x<0. To use the above 
statistic to solve the change point problem, we let t vary such that 1≤t<n. Then we 
introduce the following statistics: 
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,U max = V nt,n<t1n ≤
 (4) 
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The test statistic used for detecting a change point in a sequence of observations is 
based on this statistic. 

In order to estimate the point of a probable change, we use the above statistic 
Ut,n. We let t vary such that 1≤t<n. The formula (3) can be computationally 
expensive. It is desirable to use a method that is computationally feasible. We 
present an alternative to equation (3). Note that 
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Substituting (9) into (8), we have 
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If we observe that 
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n

t=j
ij

1-t

1=i
n1,-t DU ∑∑  (11) 

Dtt=0 by definition, 

 (12) ∑∑
−

=

−

=
=−

1t

1i
ti

1t

1i
it D  D  

by symmetry of the sgn function, we arrive at our final recursion formula 

∑
n
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tin1,-tn,t . +  = DUU  (13) 
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Then an estimate of the point of a probable change is given by 

.U max  arg = *t nt,n<t1≤
 (14) 

4.Test Statistic for Recognition of a Change 

Since the theory of ranks is well known it is easier to re-write Ut,n as a rank 
statistic. Suppose R1, … ,Rt are the ranks of the t observations X1, … ,Xt in the 
complete sample of n observations, then 

                                            ),1n(tW2U tn,t +−=          (15) 
where 

∑
=

=
t

1j
jt .RW  (16) 

Now from standard rank theory, on the null hypothesis of no change, we have 
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for t≤s, we can show 
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Since Wt is asymptotically normally distributed, so putting y=t/n, we see that 
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has a limiting distribution as n→∞ equal approximately to that of the Brownian 
Bridge, z(y), say (see Nechval, 1984, for example). The limiting distribution of 
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is approximately the same as sup )y(z , which is well known to be given by 

 ∑
∞

=
−−≤

1m

22m ).am2exp()1(2 + 1 = )a  )y(zPr(sup  (21) 

 



704                                           N.A.Nechval, K.N.Nechval: Detecting a Change Point ...  

This is the limiting distribution of the Kolmogorov-Smirnov goodness-of-fit 
statistic nKn . Since extensive tables are given for Kn;α, where α is a specified 
significance level, we use, for change recognition, the test statistic 

n

)1n(n
1

1/3
n V

*)tn(*t
)1n(nln3 = K

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎥
⎦

⎤
⎢
⎣

⎡
−
− −

 (22) 

Then the null hypothesis of no change is rejected if Kn>Kn;α, and we declare that 
τ=t* (see (14)). In other words, 

.
     (change)  H     then,K

change) (no  H     then,K
K

1n;

0;n
n
⎩
⎨
⎧
≥
<

α

α  (23) 

The numerical examples are given as an evidence of the validity of the 
theoretical predictions of performance of the suggested test. 

5. Numerical Examples 

Example 1. In this example, we illustrate the technique by applying the result of 
Section 4 to the simulated data of Page (1955) given in Table 1. For the 40 
observations the hypothesis of no change can be tested. These data were drawn 
from a continuous population (the first 20 are from a normal distribution with 
mean 0 and variance 1, the second 20 have a change in mean, which equals 1). 

Note Un,n≡0 always. For these data Vn=232 and Kn=0.297 at t=17. From the 
Tables (Müller et al., 1979) we find, with n=40, α=0.01, that Kn;α=0.252, but no 
smaller significance points are given. All this suggests the significance probability 
of the value of Kn is about 0.01, so indicating strong evidence of a change. These 
findings should be compared with those of Page (1955), who found significance 
at the 1 per cent level for a one-sided test of no change against change, analysing 
the above data, and suggested the same value, 17, for the change point. 

There is, however, a difference between the approach of Page (1955) and the 
approach here. The approach of Page considers the initial distribution to be 
known, whereas we make no such assumptions here. 
 
 
 
 
 

Table 1. Page’s Data 
____________________________________________________________ 
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t           1           2           3           4           5           6           7           8           9          10 

 
Xt     -1.05      0.96      1.22      0.58     -0.98     -0.03     -1.54     -0.71    -0.35     0.66 

 
Ut,n       -35       -24         -4          -5         -36        -53       -92       -119      -144     -142 

______________________________________________________________________ 
 

t          11         12         13         14         15         16         17         18         19         20 
 

Xt       0.44      0.91     -0.02     -1.42     1.26     -1.02     -0.81      1.66      1.05     0.97 
 

Ut,n    -150      -141     -156      -193      -170     -203      -232      -200      -185     -172 
______________________________________________________________________ 

 
t          21         22         23         24         25         26         27         28         29         30 

 
Xt       2.14     1.22     -0.24      1.60      0.72     -0.12     0.44       0.03      0.66      0.56 

 
Ut,n    -135      -115     -138      -109      -104     -125     -133      -146      -144      -147 

______________________________________________________________________ 
 

t          31         32         33         34         35         36         37         38         39         40 
 

Xt      1.37      1.66      0.10      0.80      1.29      0.49     -0.07      1.18      3.29      1.84 
 

Ut,n      -120       -88        -99        -92       -67        -72        -91       -74         -35          0 
____________________________________________________________ 
 
Example 2. For the annual data from 1962 to 1971 on traffic deaths in the State 
Illinois, Sen and Srivastava (1975) postulated the following model: 

,YYX ttt1tt ε+μ=−= +  (24) 

where Yt is the number (in hundreds) of traffic deaths for the ith year, and the εt’s 
are assumed to be independently and normally distributed with mean zero and a 
common unknown variance. It is desirable to know if after some year the μt’s had 
shifted owing to improvements in automobile safety. Using the most powerful 
test, Sen and Srivastava (1975) did observe a change at t=4 at the 95% level. In 
Table 2 we give the results of the analysis of the data of Sen and Srivastava 
(1975) as described in Section 3 and 4.  

 

 

Table 2. Data of Sen and Srivastava 
____________________________________________________________ 
 

t            1            2            3            4            5            6            7            8            9 
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  Xt        1.38       1.79       0.49       2.66      -0.29      0.06       0.34      -1.87       0.54 

 
Ut,n         4            10          10          18          12           8            6           -2            0 

____________________________________________________________ 

The value of Vn is 18 and Ut,n obtains this value at t=4. For these data Kn=0.462. 
From the Tables (Müller et al., 1979) we find, with n=9, α=0.05, that Kn;α=0.430. 
Thus, Kn>Kn;α. This indicates a probable change at the 95% level, i.e., we have 
the same result that in Sen and Srivastava (1975).  

Example 3. The data in Table 3 taken from Bartholomew (1959) where it is 
assumed that the number of accidents during a 10-year period follows a Poisson 
distribution and that numbers of accidents in different periods are independent. 

Table 3. Number of explosions in coal mines involving more than ten men       
              killed (1876-1945) 
 

Period    1876-1885   1886-1895   1896-1905   1906-1915   1916-1925   1926-1935   1936-1945 

        t              1                  2                  3                   4                  5                  6                   7 
       Xt           31                22                  7                 14                  5                15                 14 

       Ut,n            6                  10                  6                   5                 -1                  1                    0 

___________________________________________________________ 

Bartholomew (1959) using his overall test concludes that the rate of 
occurrence has decreased during the period. The stepwise test (Spjøtvoll, 1977) 
gives more detailed conclusions which indicate that the accident rate dropped in 
the period 1886-95 but since then there has not been any change. 

Note also that the stepwise method (Spjøtvoll, 1977) uses exact tests based 
upon the Poisson distribution while Bartholomew’s test is based upon the 
approximate normal distribution of the Poisson variables. 

Using the data of Table 3, we find that the value of Vn is 10 and Ut,n obtains 
this value at t=2. For these data Kn=0.493. From the Tables (Müller et al., 1979) 
we find, with n=7, α=0.05, that Kn;α=0.483. Thus, Kn>Kn;α. This indicates with a 
significance probability of 0.05 that the suggested change point is at t=2. 

Example 4. In Table 4 we present some industrial data which give the percentage 
of a particular material in 27 batches taken from a given source. The observations 
were taken from Pettitt (1979) in the given order in time and it is assumed nothing 
is known about the observations. 

Table 4. Industrial Data 
____________________________________________________________ 

t           1           2           3           4           5           6           7           8           9 
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Xt       7.1        8.1        8.2       11.1       6.6        4.9        4.0       17.7       6.5 
 

Ut,n        12         16         15         -7          11         33         59         33         53 
______________________________________________________________________ 

 
t          10         11         12         13         14         15         16         17         18 

 
Xt       4.6        8.8       11.6       6.8        7.5        6.9        8.1        9.3        7.5 

 
Ut,n     77         71         47         63         72         86         90         76         85 

______________________________________________________________________ 
 

t          19         20         21         22         23         24         25         26         27 
 

Xt      10.0       8.7        9.1        8.9        9.1        9.6        8.1        9.8        8.2 
 

Ut,n     65         61         50         42         31         15         19          1           0 
______________________________________________________________________ 

 
It is wished to see whether there has been any change in distribution. Table 4 

contains the results of the analysis, giving the values of Ut,n in row 3. The value of 
Vn is 90 and Ut,n obtains this value at t=16. The approximate one-sided 
significance probability of this value, obtained by Pettitt (1979), is 0.092, so 
indicating a probable change.  

Using the technique described above, the value of Kn was found to be 0.256. 
From the Tables (Müller et al., 1979) we find, with n=27, α=0.05, that 
Kn;α=0.254. Since Kn>Kn;α, this allows one to declare with a significance 
probability of 0.05 that the suggested change point is at t=16. 

Example 5. Consider the following example, taken from Hald (1952), that 
involves a sequence of 11 independent observations. These data are given in 
Table 5. 

Table 5. Hald’s Data 
_____________________________________________________________________________ 

 
t           1           2           3           4           5           6           7           8           9          10          11 

 
Xt       40         33         75         18         62          33         38         69        65        100        124 

 
    Ut,n       -2          -9          -3         -13       -13         -20        -24       -20       -18        -10           0 
_______________________________________________________________________ 
 

Using the results of the analysis given in Table 5, the value of Kn was found 
to be 0.431. Kn obtains this value at t=7. From the Tables (Müller et al., 1979) we 
find, with n=11, α=0.05, that Kn;α=0.391. All this suggests the significance 
probability of the value of Kn is about 0.05, so indicating evidence of a change at 
t=7. Assuming the normal model for the data and using the test based on the ratio 
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of the mean square successive difference to the variance (Hart, 1942), we will 
obtain the same result. 

The results of this section confirm that there are no real differences between 
the methods of analysis when the data are well behaved. 

6. Conclusions 

In this paper we present a simple non-parametric technique for testing for a 
change of distribution in a sequence of observations when the initial distribution 
is unknown. Apart from the obvious applications to the detection of changes in 
production processes, this technique is also important in the study of impacts of 
treatments, since the point when the treatment (e.g., a drug, an advertising 
campaign) might take effect is usually unknown.  

The authors hope that this work will stimulate further investigation using the 
approach on specific applications to see whether obtained results with it are 
feasible for realistic applications and may be extended to provide existence results 
for similar problems. 
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ESTIMATION OF TOTAL DOMAIN IN FINITE 
POPULATION 

1Elżbieta Getka-Wilczyńska

ABSTRACT 

In this paper the estimation of a domain total value by the design 
approach is considered. The author assumes that the domain is a subset of a 
population for which a separate estimate is required. Then the estimate is 
derived using a sample selected from the whole population based on a random 
number of observations from the domain in the sample and additional data are 
available (the size of domain and the total value of an auxiliary variable of the 
domain). In this case the domain is not necessarily “small” or “small and 
administratively or geographically defined”; it may be for example a sub-
population derived from cross-classification of the population. The main 
estimation problem here is that random number of observations from the 
domain in the sample selected in the whole population is often very small.   

The author considers estimators of the total domain based on the 
Horvitz–Thompson estimator and  two stage-sampling designs. In this scheme 
primary sampling units are stratified before selection and the simple random 
without replacement design is used in first and two-stage selection. 
Approximate expressions for the expectation and the mean square error of the 
estimators are developed using the Taylor linearization technique. Properties 
and the performance of the domain estimators are compared in empirical 
simulation study. 

Keywords: two-stage sample design, Horvitz–Thompson estimator, post-
stratified estimator, synthetic estimator,  estimator of estimator’s variance  

Introduction 

{ }N,...,,U 21=Let a population ; <∞ be divided into  non-
overlapping domains. Let U

N D
be a set of population units in the -th domain dd  

                                                           
1 Warsaw School of Economics Warsaw, Poland. 
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and assume that , a number of units in U , is known. Then U = , 

= . Let denote the space of ordered samples  of the size . A 

sample  is drawn from U  under a given sampling design , such that 
for all k  and 

U
D

d
dU

1=
N d d

∑
=

D

d
dN

1
( )snN S s

( )⋅Ss∈ p
( ) 0>=∈ π kskP ( ) 0>=∈ π klsl,kP  for all 

. We suppose that a variable of interest Y , , takes 

a value 

RU:Y →N,...,l,k;lk 1=≠

yk  for -th unit of U , denotes a total for sub-population 

. Let  denotes a subsample of the size  of the sample , 
where  denotes the sample from the whole population,  is a random sample 
size, , 

∑=
=

N

k
kd

d
YY

1
k

sUss dd ∩=UU d ⊂ nd
s nd

{ }sk:y dk ∈ ( ){ }sk:x,y dkk ∈( )snnd ≤≤0 ≤0 ≤ . Sets  and n Nd d  
are data sets of variables Y and X , if an additional data of domain  of 
auxiliary variable 

UU d ⊂
D,...,d 1=N,...,k d1=X , where , , is available. The total 

value  of the domain , where D,...,d 1=U⊂Y d U d  is estimated from the data 
of the sample  with a random number of observations  from the 
domain  in the sample . 

Sssd ∈⊂ nd
sUU d ⊂

Sampling design and notation 

Let the population U  be partitioned into M  non-overlapping sets called 
primary sampling units (PSUs). This partition is independent of the partition into 
domains. Let the population of PSUs be divided into H  strata. Let  denote 
the number of PSUs in stratum  and  the number of secondary sampling 

units (SSUs) in i -th PSU in stratum . Then  . Then following 

sampling scheme is considered.  

N h
h N hi

∑ ∑=
= =

H

h

M

i
hiNN

1 1
h

The first stage 

Let  denote a sample selected in first stage. A sample  is a sample of 
 PSUs selected in each stratum 

s1 sh
H,...,h 1=nh  according to the simple random 

without replacement design. The number nh  of PSUs selected in each stratum  
is fixed; it satisfies  and there exists some  for which . 
The selection in any stratum is independent of the selection in all other strata. Let 

 denote the size of the PSU selected in the -th draw in the sample , 

h
h Nn hh <Nn hh ≤≤2

i ssh⊂ 1N )i(h
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N,...,N,NN nhhh)i(h h21=let  be a random variable taking values N )i(h , 

. The resulting sample in the first stage is the sample  of 

size . 

U
H

h
hss

1
1

=
=H,...,h 1=

( ) ∑ ∑=
= =

H

h

n

i
)i(h

h
Nsn

1 1
1

The second stage 

A sample  of the size  is drawn from every PSUs selected in the 

-th draw in the sample  in each stratum , 
s )i(h n )i(h

hi ssh⊂ 1 n,...,i h1= ,  
according to simple random sampling without replacement design. The size  
is a random variable taking values 

H,...,h 1=
n )i(h

N,...,,n )i(h)i(h 21= H,...,h 1=, . The 

resulting total sample, denoted by  is the sum  and its size is 

.   
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Inclusion probabilities are equal:  
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−
=π  and U  is the  -th PSU of the size  selected in 

 strata in sample .   

i N hihi

h s1

This scheme is designated as: (stage I: ST: SI, stage II: SI), where I, II 
denote selection in first and two stage, ST signifies stratified sampling design, SI 
is simple random sampling without replacement design.   
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Notation for domain 

– the number of units of domain U  in the stratum , hN dh d
– the number of units of domain U  belonging to PSU  in the stratum . hiN dhi d

Obviously . ∑ ∑=
= =

H

1h

N

1i
dhid

h
NN

Y dhij - a value of the variable Y for j -th SSUs  in -th PSUs in the stratum  
belonging to domain U ; 

hi

d YY hijdhij = Uj d∈ 0Y dhij = for  and  otherwise. 

ydhij –  a value of the variable Y  for j -th SSUs  in -th PSUs in the stratum  

selected in the sample from the domain U , 
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; 
sh

,...,h 1= H
n )i(dh - the number of SSUs belonging to domain U  in the PSU selected in the 

sample  of i -th draw from the stratum , 
d

h Nn0 )i(dh)i(dh ≤≤ , 
. 

sh

nn0 )i(h)i(dh ≤≤

Estimators 

Estimators considered here depend only on a sampling design and their 
forms for the proposed two-stage scheme are derived from the theory of domain 
estimation for arbitrary sampling design (Särndal, Swensson and Wretman  
(1992), Bracha (1996)).     

The Horvitz–Thompson estimators of domain totals Y , ,  for an 
arbitrary sampling design , are defined as  

NdX dd
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)If , then ssd = , ,  and , , t x  are the 

Horvitz-Thompson estimators of the total values Y , ,  for the population U . NX
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These estimators are based on the sample only and are design-unbiased for 
the totals Y , , or for the totals Y , t yd

)
d X d N d X ,  for N ssd = . Estimator  

serves mainly as a benchmark for comparisons. 

( )snResult 1. For the sample  of the size s  drawn from the overall population U  
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and the unbiased estimator of the variance is  
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The Horvitz-Thompson estimators, their variances and the unbiased estimator of 
the variances of the domain total of the auxiliary variable  and the size of 
domain  will be derived, when 

X d
1≡yN d xy = or  for all  in expressions 

(1), (2), (3). 
j,i,h,d

( )snResult 2. For the sample  of size s  drawn from the overall population U  
under the two-stage sampling  (stage I: ST: SI, stage II: SI) the unbiased estimator 
t y
)  of the value total of the variable Y  can be written as: 
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and the unbiased estimator of the variance is  
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Analogously, the Horvitz-Thompson estimators, their variances and the unbiased 
estimator of the variances of the total auxiliary variable X  and the size of the 
population  is derived, when N 1≡yxy = or  for all  in expressions (4), 
(5), (6). 

j,i,h

N
N
YY d

d

d
d =Result 3. Assume that the size of the domain is known. Then  and 

for the sample  of the size ( )sns  drawn from the overall population U  under the 
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two-stage sampling (stage I: ST: SI, stage II: SI) the expectation, MSE and the 

estimator of MSE of the statistic N
t
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Result 4. Assume that the total value  of the auxiliary variable is known. 

Then 

X d

X
X
YY d

d

d
d = ( )sn and for the sample  of the size s  drawn from the 

overall population U  under the two-stage sampling (stage I: ST: SI, stage II: SI) 

the expectation, MSE and the estimator of MSE of the statistic d
xd

yd
d X

t
t )

t
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given by 
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Result 5. For an ordinary synthetic estimator we assume that the domain means 

N
Y

d

d
NN

Y
d

d ≅
Y

 are approximately equal to population means, i.e. . Then 

NN
Y

Y dd ≅ ( )sn and for the sample  of the sizes  drawn from the overall 

population  under the two-stage sampling (stage I: ST: SI, stage II: SI) the 

expectation, MSE and the estimator of MSE of statistics 

U

d
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y
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1where  denotes the estimator  calculated on the basis of the sample drawn 
from the whole population. 
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N
Y
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dResult 6. For a ratio synthetic estimator we assume that the domain ratios  
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d  are approximately equal to population means i.e.  and 
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d ≅ ( )sn. Then  and for the sample  of the size s  drawn from 

the overall population U  under the two-stage sampling (stage I: ST: SI, stage II: 
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2 denotes the estimator where  calculated on the basis on the sample 
drawn from the whole population.    

Results of empirical study 

In this section we study the relative performance of the introduced estimators 
for a simulated population. Comparisons are made under the two-stage sampling 
(stage I: ST: SI, stage II: SI) by unconditional approach on the realised sample 
sizes in the population.  

4000=NThe population of  units is divided into four strata of size 

, , 1
N
N4

1h

h =∑
=

14001 =N 12002 =N 8003 =N 6004 =N,  and . Each stratum 

was generated independently according to 4–dimensional normal distribution with 
a fixed mean, variance and known matrix of correlation coefficients of the 
variables , . The parameters of the normal distribution satisfy the 

assumption: 

4321 ,,,j =Z j

2
1

>
V
V

y

x , where V ,  are variation coefficients of variables Y  

and 

V yx

X in the strata. The values of the correlation coefficient between X and Y in  
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the strata were 0.5, 0.7, 0.8 and 0.9. The population was partitioned into 
 PSUs and  domains.   The numbers of PSUs in each stratum are 100=M 5=D

1
M
NH

1h

h =∑
=

 , , , 351 =N 302 =N 203 =N 154 =N  and . Each stratum is 

divided into 5 subdomains and a domain U , 51,...,d =d  of the population was 
formed as a sum of subdomains of the number , d 51,...,d =  in the stratum , 

. Thus, . The sizes  of PSUs and  of domains in 

the stratum are generated independently. Values of the weighted interstrata 

variance and the weighted intrastrata variance are given by , 

h

U
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1h
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hw
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( 24
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)  and are equal to 2 and 0.282 respectively. The value of the 

correlation coefficient between X  and Y  in the domain were 0.76, 0.64, 0.68, 
0.59 and 0.65 respectively. 

To make unconditional comparisons we use customary repeated sampling 
and select 500 samples according to the presented above sampling design, where 

is the number of PSUs in the sample  and s30=m 10=n )i(h  is the number of 

SSUs drawn from every PSU selected in -th draw in the stratum h . For each 
sample and for each domain U , 

i
51,...,d =d  we calculate the following 

estimators of the total domain Y : (1) the Horvitz–Thompson estimator t yd
)

d ; (2) 
post-stratified estimator t d

)
1 ;  (3) post-stratified ratio estimator t d

)
2 ;  (4) ordinary 

synthetic estimator t d
)

3 ; (5) ratio synthetic estimator t d
)

4  and the estimators of 
variances or MSE. We derive by using t idr

)
 the estimate of total domain 

 obtained by the estimator t
)51,...,d = rin the -th repeated sample and by id  
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) ))  the estimate of its variance or MSE. 
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– the sample variance of the estimator of the variance (mean square error) of the 
estimator t
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and the unconditional performance measures: 
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(4) the relative bias and the overall absolute relative bias of the estimator of the 
variance (mean square error) of the estimator t id
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(6) the relative efficiency and the overall relative efficiency of the estimator of the 
variance (mean square error) of the estimator t

)
id  with respect to the estimator of 

the variance (mean square error) of the Horvitz-Thompson estimator  
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Comments on the relative bias 

The Horvitz-Thompson estimator calculated from observations from the 
domain in the sample is unbiased. Quantities that report table 1 represented a 
measure of accuracy of an approximate expected value of estimates. The results in 
the table 1 show that the relative bias of all estimators decrease, when sampling 
frequency from domains in strata increases. An increase of the sample size for 
first stage of the two-stage sampling does not have effect on the bias of synthetic 
estimators. An important factor influencing the relative bias of the synthetic 
estimators is homogeneity of the studied domain and population and the auxiliary 
feature for each domain and for the population. An estimator having the greatest 
bias is the ordinary synthetic estimator who uses an information of the size of 
domain and in this case the structure of domains and the population does not 
satisfy a homogeneity condition. In the case, when structures of the population 

 



STATISTICS IN TRANSITION, March 2000                                                             723 

and domains don’t satisfy homogeneity condition the bias of an estimate depends 
on a difference between means calculated for the whole population and the 
respective domain. The relative bias of the synthetic estimator using information 
on total number of observations in the domain depends monotonically on the 
above difference. The synthetic estimator who depends on the domain total of 
auxiliary feature has a bias almost twice times smaller than the post-stratified 
estimator does and in this case it satisfies the conditional homogeneity condition. 
The bias of the synthetic estimator was evaluated only in the simulation study and 
the analytic expression for the bias is not derived. 

Estimators of the variance (MSE) are more variable than estimator of the 
variance of the Horvitz-Thompson estimator in the case of each domain.   

In practice it is almost impossible to evaluate the bias of the synthetic 
estimators since it is hard to assess the degree of homogeneity of domains with 
respect to the population. Thus only simulated studies make the evaluation of the 
bias feasible in contrast to performance evaluation of an estimator.  

Comments on the relative standard error 

Table 3 reports the relative standard errors for the variance and MSE of 
results of studied estimators. Comparison of results indicates that besides the 
synthetic estimator depending on the domain size the differences are smaller than 

. The relative standard errors for MSE are largest for the Horvitz-Thompson 
estimator. The relative standard errors of post-stratified estimator depend on the 
strength between feature under of study and auxiliary feature. The condition ρ(Y, 
X)>1/2 implies that the post-stratified estimator depend on the domain total of 
auxiliary feature is superior with respect to the Horvitz’-Thompson estimator. 
Precision of estimates of synthetic estimators depends on whether the 
homogeneity condition is satisfied. For the synthetic estimator in case of 
domain’s non-homogeneity with respect to the population the relative standard 
error is influences by the bias of the estimate. Precision of the synthetic estimator 
depending on the domain total of auxiliary feature is larger than precision of the 
direct estimator and twice as large as the post-stratified estimator which uses an 
information on the domain total of auxiliary feature. The relative standard error is 
largest in this case of the ordinary synthetic estimator. MSE of synthetic 

estimators are calculated according to: 

10 2−
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)

10 t
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20,where  are estimators calculated for observations drawn from the whole 
population.  
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The efficiency 

The fact that a bias plays important role here is indicated by the performance 
of the synthetic estimator depend on the domain size by the mean square error and 
the variance alone (compare the table 6). Namely, when only the variance is taken 
into account efficiency of this estimator us 2.337 while in the case of MSE is only 
1.348. 

Table 1. The relative bias and the overall absolute relative bias of the  
               estimator t

) .  id

                          ( )
Y

Yt
tRB

d

did
id

−
=)

 
              t id

)   

( )tARB i
)

 
                                        d  

          0     1     2     3     4     5  

t yd
)   0.010 -0.013  0.011 -0.014  0.012  0.087   0.029 

t d
)

1  -0.002 -0.030 -0.002 -0.013  0.004  0.068   0.024 

t d
)

2   0.003 -0.046  0.012 -0.018  0.022  0.122   0.045 

t d
)

3  -0.002  0.101  0.441 -0.291 -0.158 -0.009   0.200 

t d
)

4   0.003  0.005  0.004 -0.003  0.008  0.060   0.021 

Table 2. The relative bias and the absolute relative bias of the estimator of the 
variance (mean squared error) of the estimator t

) .  id

( ) ( ) ( )
( )tV

tVtV
tVRBV

id

idid
id )

))
) −

=⎟
⎠
⎞

⎜
⎝
⎛ ∧

                                  
  

( )( )tVARBV i
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t id
)   

                               d
     0      1     2     3     4     5 

t yd
)  0.017  0.041 0.023 -.0.016  0.025  0.069      0.034  

t d
)

1  0.035  0.012 -0.004 -0.069 -0.032  0.005      0.024 

t d
)

2 -0.022 -0.016 -0.024 -0.083  0.003 -0.004      0.026 

t d
)

3  0.035  0.035  0.035  0.035  0.035  0.035      0.035 

t d
)

4 -0.022 -0.076 -0.021 -0.035 -0.013  0.091      0.047 

Table 3. The relative standard error of the estimator t id
)  
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t id
)

( ) ( )
Y
tS

tRSE
d

id
id

)
) = ( ) ( )

Y
tESM

tRSE
d

id
id

))
) =

 
                                             

d d   

     0     1     2     3     4     5    0     1     2     3      4     5 
t yd
) 0.119 0.171 0.235 0.205 0.230 0.251 0.120 0.172 0.235 0.205 0.231 0.265 

t d
)

1 0.059 0.108 0.163 0.093 0.118 0.152 0.059 0.112 0.163 0.094 0.118 0.167 

t d
)

2 0.037 0.075 0.126 0.071 0.090 0.106 0.037 0.088 0.127 0.073 0.093 0.162 

t d
)

3 0.059 0.065 0.085 0.042 0.050 0.059 0.059 0.120 0.449 0.295 0.166 0.059 

t d
)

4 0.037 0.036 0.037 0.037 0.037 0.039 0.037 0.044 0.037 0.037 0.038 0.072 

Table 4. The relative standard error of the estimator of the variance (mean square 
error) of the estimator t

) . id
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t id
)

d d  

     0     1     2     3     4     5     0     1    2    3    4    5 

t yd
) 0.278.7 0.462 0.463 0.417 0.503 0.508  0.278 0.463 0.463 0.418 0.504 0.513 

t d
)

1 0.361 0.472 0.446 0.443 0.495 0.465  0.363 0.472 0.446 0.448 0.496 0.465 

t d
)

2 0.375 0.475 0.528 0.462 0.523 0.543  0.375 0.475 0.528 0.468 0.523 0.543 

t d
)

3 0.361 0.361 0.361 0.361 0.361 0.361  0.363 0.363 0.363 0.363 0.363 0.363 

t d
)

4 0.375 0.354 0.375 0.370 0.378 0.418  0.375 0.362 0.376 0.372 0.378 0.428 

 

 

 

Table 5. The relative efficiency and the overall relative efficiency of the estimator 
t id
) with respect to the Horvitz-Thompson estimator. 
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)                                             E
                  

d
                  

d

FF

( )t i

 EFFt id
)

 
  )

   0     1     2     3     4     5 ( )t i
)

  0    1   2   3   4   5 

t yd
) 1.00  1.00 1.00 1.00 1.00 1.00 1.00    1.00  1.00 1.00 1.00 1.00 1.00 1.00 

t d
)

1  1.89 2.02 1.57 1.44 2.19 1.94 1.64    1.88 2.02  1.52 1.44 2.18 1.95 1.59 

t d
)

2  2.78 3.21 2.27 1.86 2.90 2.54 2.35    2.59 3.21 1.94 1.85 2.82 2.48 1.64 

t d
)

3  2.35 2.02 2.66 2.75 4.88 4.62 4.27    1.22 2.02 1.43 0.52 0.69 1.39 4.47 

t d
)

4  3.74 3.21 4.74 6.32 5.54 6.17 6.38    3.62 3.21 3.91 6.29 5.53 6.04 3.71 

Table 6. The relative efficiency and the overall relative efficiency of the estimator 
of the variance (mean square error) of the estimator t id

) with respect to 
estimator of variance (mean square error) of the Horvitz-Thompson 
estimator. 

( )( )tVDEFF id
)) ( )( )tVDEFF id

))
                                        

                               d                          d(( tV
DEF 

i
))

(( tV
DEF

))
i   0   1   2   3   4   5     0     1     2     3     4     5    

t yd
) 1.000 1.00  1.00 1.00 1.00 1.00 1.00   1.000 1.00 1.00 1.00 1.00 1.00 1.00 

t d
)

1 1.854 1.74 1.56 1.44 2.226 1.94 1.75   1.845 1.74  1.57 1.44 2.20 1.94 1.76 

t d
)

2 2.677 2.56  2.33 1.77 2.62 2.51 2.53   2.548 2.56 2.33 1.77 2.60 2.51 2.54 

t d
)

3 2.337 1.74  3.07 3.12 5.19 5.26 5.12   1.348 1.74  3.07 3.12 5.18 5.26 5.13 

t d
)

4 3.642 2.56 5.12 6.63 5.46 6.49 7.08   3.561 2.56 5.07 6.66 5.45 6.49 7.03 
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The variance estimation is based on the Taylor linearization technique. For 
the parameter , where ( )Tpd t,...,t,tt 21=( )tft d=  is vector of the  domain 

totals, an approximately unbiased estimator is given by 

p
(tft d )))

= , where 
( )t,...,t,tt pd

))))
21=  is the vector of the corresponding Horvitz–Thompson 

estimators. Isaki and Fuller (1982) have stated conditions for the consistency of 
Horvitz-Thompson estimator. 

By the assumptions and  by expanding the function t
)

 at the point 
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t j
) p,...,j 1=Remark 2. For the two–stage sampling and for any estimator ,  of 

the total domain Y  the expected value of t
)

d j  and the variance of t
)

j  can be 
written as: 

( ) ( )( )( )sn,stEEEtE djdj 1121
)) =      
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)))
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where the subscript 1 indicates an expected value or a variance with respect to the 
design  used in stage one; subscript  indicates a conditional expected 
value or a conditional variance with respect to the distribution of the number  
of the observations from the -th domain in the sample , if the sample  is 
fixed; the subscript 2 indicates a conditional expected value or a conditional 
variance with respect to the distribution of the number 

( )sp 11 d
nd

d s s1

n )i(dh  of observations 
selected from units of domain U  in PSUs selected in the sample N )i(dh s1d   in 

-th draw, given  and the fixed number n  in the sample. i s1 )i(dh
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USING WELFARE STATISTICS TO EVALUATE  
WAYS TO CONSERVE GAS IN UKRAINE1

Olga Romanyuk and Anton Levitsky2

ABSTRACT 

This article shows how local administrative statistics can be used as the 
basis for analyzing important economic and social policy issues. Ukraine, for 
example, urgently needs to develop a program to install gas meters for 
residential customers. But local gas providers are not required to report to the 
Government on individual gas use. This article describes how statisticians 
were able to use administrative statistics from Ukraine’s means-tested 
assistance housing subsidy program to fill this gap. Caseload databases from a 
sample of local welfare offices were used to estimate actual gas use by 
individual families. These statistics were then used to estimate the possible 
savings from the installation of meters. The estimates show that the costs of 
installing gas meters in homes of low-income families that use natural gas to 
heat their homes will be recovered within two years. Also, the estimates show 
that a change in the normatives used as the basis for billing households 
without gas meters will provide an immediate savings to the welfare program 
of 150 million hryvnya – or about 30 million US dollars. 

The Need to Install Gas Meters in Ukrainian Homes 

In 1998, Ukraine used about 71.1 billion cubic meters (m3) of natural gas 
(5.3 billion m3 less than in the preceding year)– of which 24.3 percent (or 17.3 
billion m3) was provided by domestic gas suppliers while the rest was imported 

                                                           
1 The research reported in this article was conducted as a part of the PADCO “Social Sector Reform 

Program“ in Ukraine, sponsored by the United States Agency for International Development. The 
views expressed in this article, however, are those of the authors alone, and do not reflect the 
views of the United States Agency for International development or the Government of Ukraine.  

2 Olga Romanyuk – Ph.D. on Economics, Social Sector Reform Program in Ukraine, 
PADCO/USAID, 6/8 Froliv’ska St., Corpus 1, 04070 Kiev, UKRAINE. 
Anton Levitsky – Social Sector Reform Program in Ukraine, PADCO/USAID, 6/8 Froliv’ska St., 
Corpus 1, 04070 Kiev, UKRAINE. 
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from either Russia or Turkmenistan1. Gas used by households – directly for home 
use and indirectly through central heating – accounts for nearly one third of all 
gas used in Ukraine. The problem of meeting these demands is a large economic 
burden. Ukraine receives about 30 billion m3 of natural gas from Russia as 
payment for the transit of Russian gas for European customers through Ukraine. 
With the completion of new pipelines that bypass Ukraine (“Yamal–Europe”), 
however, this payment will decline. Therefore, Ukraine faces a growing problem 
to pay for its huge imports of energy. As much as $5 billion – one half of 
Ukraine’s hard currency received from foreign credits and from exporting goods – 
is used to pay for the nation’s energy imports2. Finding ways to reduce energy 
consumption is, therefore, vital if Ukraine is to reduce its growing indebtedness 
and to be able to use its foreign currency to import modern equipment and 
technology to revive economic activities.  

Fortunately, there are many opportunities to reduce energy consumption 
because Ukraine uses energy inefficiently in all sectors of the economy. Without 
strong incentives for customers to conserve energy, energy consumption per unit 
of manufactured production in Ukraine is six times higher than at similar 
enterprises in Western Europe. In 1990 energy consumption per $1,000 unit of 
GDP in Ukraine was 2.43 tons of oil equivalent whereas in Western European 
countries it was 0.39 tons on average, particularly, 0.31 tons in Italy, 0.38 tons in 
France, 0.4 tons in Great Britain, 0.41 tons in Germany, 0.45 tons in Netherlands. 
According to the World Bank, per capita consumption of energy in Ukraine – 
expressed in kilograms of oil equivalent is 3,180 kg, while in Poland, Spain, and 
Italy it is 2,401 kg, 2,458 kg, and 2,707 kg, respectively. According to the State 
Committee for Statistics, 51.2 percent of Ukrainian households reside in housing 
supplied with central heating, 38.3 percent of apartments are supplied with hot 
water, and 81.7 percent of apartments are supplied with natural gas3. Central 
heating systems for residential buildings use 70 to 80 million tons of conventional 
fuel every year. Heating one square meter of apartment space in Ukraine uses 1.5 
times more in energy than in the USA and 2.5-3.0 times more than in Sweden.4 
Ukrainian housing sector consumes as much gas as France as a whole does. 

A major cause of the inefficient use of gas in the residential sector is the lack 
of meters in apartments and homes. Although about 10 million households receive 
gas service, including nearly 4 million that use natural gas for heating their 
homes, there are only about 1.9 million gas meters in use (as of January 1, 1999). 
                                                           
1 See 1998 Ukrainian Statistic Bulletin Economic Outlook, December 1998, State Committee for 

Statistics, 1999. 
2 In fact, Ukraine purchases its gas through a mixture of hard currency payments and barter. The 

agreement between Turkmenistan and Ukraine for the provision of gas for 1999, for example, 
specifies that 50% of the costs will be paid through the delivery of goods, 10% through the 
provision of construction services, and 40% in hard currency. Despite attempts to use barter, 
however, the GOU is often forced to spend hard currency. 

3 See Ukrainian Housing Stock in 1998, Statistical Bulletin, Part I, Kiev, 1999. 
4 See Habitat: 1996, Report prepared by the United Nations Development Program, Kiev, 1996. 
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In the City of Kiev, for example, 29,900 homes are heated with gas but only 
9,000 of these homes have gas meters. On January 1, 1999, a total of 27,558 
residential gas meters were installed in Kiyo. 

Households that have not installed meters pay for gas on the basis of a on 
normative. Analysis by PADCO of residential use of natural gas (using data from 
households receiving housing subsidies) shows that households actually use less 
gas than the amount they pay for in through these normative.1 These households, 
therefore, pay unreasonably high monthly payments. The importance of gas 
meters to encourage gas conservation is well understood by the Government of 
Ukraine. In December 1997, the GOU signed an agreement with the European 
Bank for Reconstruction and Development under which the latter would provide 
credits of $80 million and a technical assistance grant of $2.4 million to support 
the installation of gas meters in Ukrainians homes and apartments. Progress in 
implementing this program, however, has been slow. This is the result of two 
factors. First, most of low-income families cannot afford the costs of installing 
gas meters – which average between $50 and $75 in a country where the average 
monthly income of low-income families is only about $40. Also, families that 
receive targeted assistance from the Government are protected from the full costs 
of paying for gas through the housing subsidy program – a problem described in 
detail in the following section of this paper. Because the government has been 
paying for most of their housing and utility costs, they had no economic incentive 
either to install a gas meter or to economise on gas use. 

One of the problems holding back the urgently needed program of meter 
installation is that there are no statistics on the use of gas by households.2 These 
statistics are needed to ensure that the meter installation is cost effective and 
implemented efficiently. Local gas distribution companies do not report reliable 
statistics. To provide for the urgently needed analysis, therefore, Ukraine turned 
to an unusual source of accurate and up-to-date information: the local 
administrative databases of its welfare system.  

Using Welfare Caseload Data to Analyse Energy Use 

In 1995, as part of its program to raise tariffs for housing and communal 
services, Ukraine created the housing subsidy program. Until this date, 
households in Ukraine had been paying only about $1 per month for their 
apartments and the utilities they consumed. This covered less than 5% of the costs 
of production. As the Government eliminated subsidies to utilities, monthly 
                                                           
1 The PADCO analysis is based on data provided to housing subsidy offices by housing subsidy 

recipients in Kam’yanets-Podilsky rayon of Khmelnytska oblast and Yahotinsky rayon of 
Kyivska Oblast. PADCO thanks the staff in these local offices for their cooperation in this study. 

2. Recognizing this gap, in July 1998 the Cabinet of Ministers authorized a pilot program to collect 
and analyze gas consumption data to be carried out in Zaporizka Oblast, beginning in September 
1998. The results of this study, however, have not yet been published yet. 
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payments required from households increased dramatically. For pensioners, 
invalids, and families with low-paid workers, this presented an impossible 
economic burden. Therefore, the Government created a targeted welfare program 
– called the housing subsidy program – to pay for the difference between 15% of 
family incomes1 and their total monthly payments for housing and utilities. The 
program does not provide cash payments to households but pays local providers 
of communal services directly for the amount due minus the contribution required 
by the household. While the housing subsidy program allowed the program of 
tariff increases to proceed, it insulated households from incentives to economise.2

Under a program of collaboration between the Government of Ukraine and 
the United States Agency for International Development, the housing subsidy 
program has been fully computerised and caseload management software has 
been developed. This software program records details of households’ economic 
circumstances as well as their required monthly payments to different local 
providers of communal services. In order to estimate the amount of payments 
from the housing subsidy program to local gas providers, households with gas 
meters must submit their meter readings from the beginning of the heating season 
in October and the end of the heating season in the following April. This allows 
the housing subsidy office to calculate how much payment is required from the 
housing subsidy office to the local gas distribution company. Subsidy payments 
for households without meters are calculated based on normative established by 
the Cabinet of Ministers. During the October 1997 – April 1998 heating season, 
housing subsidies were originally granted and calculated based on the following 
consumption normative: 

• 11 m3 per m2 of heated floor area; 
• 18.3 m3 per household member for cooking; 
• 23.6 m3 per household member for cooking and heating water 

The database from local housing subsidy offices, therefore, provides rich 
information about actual gas consumption by households with meters. To estimate 
the problem of overpayment through the housing subsidy program for households 
without meters, PADCO performed a three-stage analysis. Data from two rayon 
housing subsidy offices – with a total of 5,079 metered households – was used to 
determine actual gas consumption by households per floor area unit (for heating) 
and per capita (for heating water and cooking).  

In the first stage of the analysis, we identified the volumes of gas each 
household consumed for heating housing and for cooking (or for cooking and 
heating water) based on existing normative. Calculations were made by the 
following formulas: 

                                                           
1 This eligibility threshold was raised to 20% of incomes in 1998. 
2 In Russia, the program of increasing tariffs for housing and utilities has proceeded much more 

slowly than in Ukraine. Today, the average Russian family pays only about 40% of the costs of 
the utilities it uses. 

 



STATISTICS IN TRANSITION, March 2000                                                             733 

1. Total normative gas consumption by ith household: Vni = Voni + Vqni, where 
Voni = 11.0 ⋅ Si is the normative volume of gas used by ith household for 
heating housing and Si is heated floor area in m2; 
Vqni is the normative volume gas consumed by ith household for cooking (Vpni 
= 18.3 ⋅ n) or for cooking and heating water (Vqni = 23.6 ⋅ n), where n is the 
size of ith household; 

2. The volume of gas used by all households (for all purposes (Vn) and 
individually for heating (Von) and cooking (Vpn) or cooking and heating water 
(Vqn) is the total of respective values calculated for each household. 

Next, we used the relationship between normative consumption for heating 
housing and that for cooking and heating water in order to split actual gas 
consumption into two components: (a) actual consumption of gas for heating 
housing, and (b) actual consumption of gas for cooking (or cooking and heating 
water). 

Division into the two types of customers was achieved by assuming that the 
ratio between existing normative: (a) 11 m3 of gas (for heating housing) per m2 of 
heated area to 18.3 m3 per capita (for cooking); and (b) 11 m3 per m2 of heated 
area to 23.6 m3 per capita (for cooking and heating water) remained unchanged. 
Put differently, the actual consumption of gas was calculated by the following 
formulas: 
1) For heating: Vo = (Va ⋅ Von)/Vn; 
2) For cooking: Vp = (Va ⋅ Vpn)/Vn; 
3) For cooking and heating water: Vq=(Va ⋅ Vqn)/Vn, 

where 
Va is the total volume of gas actually consumed; 
Vo is the volume of gas actually consumed for heating purposes; 
Vp is the volume of gas actually consumed for cooking (and not for heating 

water); 

Finally, we used the total floor area (Sa) and total number of households 
members (N) to calculate the average actual gas consumption per m2 of heated 
area and actual gas consumption (for cooking and cooking plus heating water) per 
capita according to the following algorithm: 
 

 

 

 

Table 1: Average Actual Consumption in the Heating Season of 1997-1998 (m3) 

 Kam’yanets-Podilsky rayon Yahotynsky rayon 
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Heating + cooking 
Number of households* 

 
609 

 
3,396 

Gas consumption for heating (m3 per m2) 6.70 6.81 
Gas consumption for cooking (m3 per capita) 13.94 13.05 

Heating + cooking + heating water 
Number of households* 

 
138 

 
81 

Gas consumption for heating (m3 per m2) 5.69 6.44 
Gas consumption for cooking (m3 per capita) 18.45 16.49 

* Note to Table 1: Since the number of enrolled households changes every month during the 
heating season the table shows the maximum number of households which applied for subsidies 
during one month. 

1. Average actual gas consumption per m2 of heated area: Go = Vo/Sa. It should 
be noted that the average actual gas consumption per m2 was calculated for 
the total heated area rather than the area for which housing subsidies were 
granted (i.e. area within established consumption norms); 

2. Average actual gas consumption for cooking per capita: Gp = Vp/N; 
3. Average actual gas consumption for cooking and heating water per capita: Gq 

= Vq /N. 

Table 1 shows aggregate data (average values for heating season). Overall, 
the analysis showed that an average household enrolled in the Housing Subsidy 
Program consumes monthly between 5.7 m3 and 6.8 m3 of gas per square meter of 
living space.1 The actual consumption of gas by households receiving housing 
subsidies is as follows: 
1. Gas for heating: 5.7 m3 to 6.8 m3 per m2 of heated area which is far below the 

established normative of 11 m3 per m2; 
2. Gas for cooking: 13.0 m3 to 13.9 m3 per capita which is also below the 

existing normative of 18.3 m3 per capita; 
3. Gas for cooking and heating water: 16.5 m3 to 18.5 m3 per capita – again, far 

below the established normative of 23.6 m3 per capita. 

Considerable discrepancy between actual gas consumption per heated area 
unit by households with water heaters (5.7 m3 to 6.4 m3) and without water 
heaters (6.7 m3 to 6.8 m3) is explained by the unreasonable “weight” of the water 
heater component in gas consumption normative. Thus actual gas consumption is 
between 22.76% to 29.22% below the level of gas consumption assumed in the 
normative set by the Government. Because gas normative exceed gas use, 
between 23.09% and 28.60% of total budget funds allocated for housing subsidies 
are paid to gas distribution companies for gas that is NOT used by unmetered 
households. 
                                                           
1 PADCO selected housing subsidy databases maintained by two rayons – Kam’yanets-Podilsky 

rayon (Khmelnytska oblast) and Yahotynsky rayon (Kyivska oblast) – as the basis for this 
analysis. Both are rural rayons and most households in these rayons have installed meters for 
their supplies of natural gas. The databases maintained by the local HSOs include not only the 
cost of services but also detailed information on the types and volume of services provided. 
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The second stage in the analysis was to estimate what share of the total value 
of housing subsidies provided to the population is paid for natural gas. This was 
done using a larger administrative database – information reported regularly to the 
Ministry of Labour and Social Policy by a sample of rayon housing subsidy 
offices. This sample of rayon’s was selected because, taken together, it is 
representative of the nation as a whole. From this sample, data on the level of 
housing and communal services actually used by households are maintained for 
66,915 households receiving subsidies. Of these households, data on consumption 
of liquid gas and solid fuel was registered for only 6,249 households.1 This 
detailed analysis allowed us to separate the gas component of housing subsidies.  

From these estimates, data on total national participation in the housing 
subsidy program was used to estimate how much money was spent to pay for gas 
through the housing subsidy program nation-wide. Table 3 shows that the total 
monthly values of subsidies due between July 1997 and June 1998 for all 
communal services, including natural gas, varied between 64 million hrs and 161 
million hrs. The monthly values of subsidies excluding subsidies for natural gas 
ranged from 50 million hrs to 64 million hrs over this period. 

During the peak of the heating season (December through March), monthly 
subsidies for natural gas ranged from 97 million hrs to 100 million hrs.  In the 
“shoulder months” – October, November, and April – monthly subsidies for 
natural gas were smaller (between 55 million hrs and 85 million hrs) because, in 
southern regions, the heating season is shorter. Monthly subsidies for natural gas 
to households whose homes have central heating and which use gas only for 
cooking averaged between 4.6 million hrs. and 7.3 million hrs during all seasons. 
These subsidies would not change by very much if meters were to be installed and 
for this reason are excluded from the analysis. In fact, for many of these 
households, installing meters is not cost effective – see Section below. 

Subsidies for natural gas totalled 647 million hrs between July 1997 and 
June 1998. The total value of subsidies for natural gas during the non-heating 
season was 27 million hrs – averaging 5.45 million hrs per month. 

If we assume that the value of subsidies to these households during the 
heating season is for households using natural gas for heating, then the total value 
of subsidies for natural gas for the whole heating season 1997-98 would be 
around 581.6 million hrs. If gas meters were installed, the analyses in the previous 
sections indicate that gas consumption would decline by between 22.76 percent to 
29.22 percent. This would allow a saving of between 23.1 percent to 28.6 percent 
in budget expenditures for subsidies for natural gas or between 134.2 million hrs 
and 166.3 million hrs. 

Table 2 also shows the officially reported number of households enrolled in 
the HSP. On average, 2.815 million households receive subsidies during the non-
                                                           
1 Note that some households receive subsidies for both housing and communal services and liquid 

gas and solid fuel. Regulations on granting housing subsidies do no require identification of 
individual services consumed by enrolled households. 
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heating season and 3.854 million households during the heating season. The 
difference – 1.039 million households – are, we assume, those who use natural 
gas for home heating. If the cost of a gas meter and its installation is about 250 
hrs, then the cost of installing gas meters by all enrolled households is 259.7 
million hrs. The cost of meter installation could be repaid, through lower costs to 
local budgets from reduced housing subsidy payments, within two years from the 
reduction in monthly payments for natural gas. 

The Cost Effectiveness of Installing Gas Meters 

Each household should decide on its own whether to install a gas meter. The 
following major categories may be identified among households that use natural 
gas for heating: 
1. Households which are going to connect their housing to a gas supply system. 

It should be noted that households will not be connected to the gas supply 
system unless they install gas meters. In other words, such households will 
have to install gas meters; 

2. Households which are not eligible for housing subsidies because they do not 
meet program income requirement. These households will be interested in 
installing gas meters (and, most probably will install gas meters) since they 
have a strong economic incentive; 

3. Low income households receiving housing subsidies. These households do 
not have any economic incentives to install gas meters since the Government 
pays a considerable portion of their charges for housing and communal 
services (consumed natural gas). For this reason most of households in this 
category have not yet installed and are not willing to install gas meters. 

Table 2. Value of Housing Subsidies and Number of Participants, Nation-wide* 
 Month Total Value of Subsidies for Housing 

and Communal Services (hrs) 
Number of Households Enrolled in 

the HSP 
1 July 97 79,055.50 3,028,778 
2 August 97 69,713.70 2,990,382 
3 September 97 67,322.80 3,057,099 
4 October 97 93,248.70 3,548,120 
5 November 97 135,203.20 4,068,923 
6 December 97 159,998.90 4,477,519 
7 January 98 156,892.00 3,584,584 
8 February 98 160,922.00 3,771,833 
9 March 98 160,639.50 3,863,124 
10 April 98 136,597.80 3,667,996 
11 May 98 74,377.10 2,559,582 
12 June 98 64,280.70 2,439,579 
 Cumulative Total 1,358,251.90 x 

* From monthly statistical reports on the housing subsidy program prepared by the State Committee 
for Statistics. 
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Table 3: Estimated Values of  Subsidies for Natural Gas, Nation-wide 
Pilot Rayon’s Ukraine As a Whole No. Month 

Total 
Value of 
Subsidies 
Granted 
(000 hrs) 

Value of 
Subsidies 

for gas (000 
hrs) 

Subsidies 
for gas as 

% of 
total 

Total Value 
of Subsidies 
excluding 
gas (000 

hrs) 

Total Value of 
Subsidies 
Granted 
(000 hrs) 

Estimated 
Value of 
Subsidies 
for Gas 

(000 hrs) 

Estimated 
Value of 
Subsidies 

excluding gas 
(000 hrs) 

1 July 97 2,196.95 203.06 9.24 1,993.89 79,055.50 7,307.08 71,748.42 
2 August 97 2,115.71 164.64 7.78 1,951.06 69,713.70 5,425.08 64,288.62 
3 September 97 2,084.84 149.72 7.18 1,935.12 67,322.80 4,834.63 62,488.17 
4 October 97 5,161.78 3,061.06 59.30 2,100.72 93,248.70 55,298.77 37,949.93 
5 November 97 5,852.69 3,676.61 62.82 2,176.08 135,203.20 84,933.49 50,269.71 
6 December 97 6,109.42 3,894.18 63.74 2,215.23 159,998.90 101,984.39 58,014.51 
7 January 98 6,564.87 4,081.32 62.17 2,483.56 156,892.00 97,538.16 59,353.84 
8 February 98 6,700.06 4,162.53 62.13 2,537.52 160,922.00 99,975.79 60,946.21 
9 March 98 6,750.26 4,184.67 61.99 2,565.59 160,639.50 99,584.88 61,054.62 

10 April 98 5,848.63 3,445.77 58.92 2,402.85 136,597.80 80,477.90 56,119.90 
11 May 98 2,477.41 168.29 6.79 2,309.12 74,377.10 5,052.46 69,324.64 
12 June 98 2,443.51 176.22 7.21 2,267.29 64,280.70 4,635.77 59,644.93 

Total (twelve months) 54,306.13 27,368.09 50.5 26,938.04 1,358,251.90 647,048.41 711,203.49 
Total (heating season) 42,987.71 26,506.16 61.66 16,481.55 1,003,502.10 619,793.37 383,708.73 
Total (non-heating 
season) 

11,318.42 861.94 7.62 10,456.48 354,749.80 27,255.03 327,494.77 

Monthly average, 
heating season 

6,141.10 3,786.59 61.66 2,354.51 143,357.44 88,541.91 54,815.53 

Monthly average, non-
heating season 

2,263.68 172.39 7.62 2,091.30 70,949.96 5,451.01 65,498.95 

Note to Table 3: Data on the heating season is shaded.  

Table 4. Estimated Monthly Mandatory Payments and Values of Subsidies for 
Two Households Which Consume Gas at 25 Percent Below the 
Normative Level 

 
 

Household 1 Household 2 

Gas consumed (m3) 783.2 549.9 696.6 522.459 
Charges for gas (hrs.) 128.31 96.23 60.95 45.71 
Mandatory portion of 
payment 

20% 
50 hrs. 

20% 
50 hrs. 

15% 
18 hrs. 

15% 
18 hrs. 

Subsidy (hrs) 78.31 46.23 42.95 27.71 
Gas conserved (%) 25 25 
Mandatory portion of 
payment in the next period 

 18% 
45.0 hrs. 

 13% 
15.6 hrs. 

Renewed subsidy (hrs.)  51.23 hrs.  30.11 hrs. 

A special comment should be made on households using natural gas only for 
cooking (or for cooking and heating water). They consume only 18.3 m3 and 23.6 
m3 per person per month, respectively. Most of these households do not have 
meters. However, the economic incentive to install meters for these households is 
also much smaller than that for households that use natural gas for heating. 
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Today low-income households account for a large portion of residential 
customers who do not meter consumption of natural gas. Most of them receive 
housing subsidies. The results of analysis of housing subsidy databases show that 
actual gas consumption is far below official norms of consumption used as the 
basis to calculate charges for natural gas and housing subsidies. 

The question is: what how can housing subsidy recipients be encouraged to 
install gas meters? The Government of Ukraine has recently changed the law to 
provide households receiving subsidies to receive some of the economic benefits 
from installing gas meters. The question is whether these changes are sufficient to 
encourage households to install gas meters. First of all one should realise that as 
much as two years may pass before housing subsidy recipients compare payments 
with and without meters and recognise the full advantages of metering gas use. 

Assume two households reside in similar 60 m2 dwellings and use natural gas 
for heating and cooking. The first household consists of four people (two adults 
and two children); its total monthly income is 250 hrs. The other household 
consists of two pensioners whose total monthly income is 120 hrs and who are 
eligible for 50 percent discount for charges for services and housing subsidy for 
the total floor area. We also assume that actual gas consumption by both 
households is 25 percent below the normative value. 

According to Table 4, conservation of gas results in 5 hrs. reduction of 
monthly mandatory payment for Household 1 and in 2.4 hrs. reduction for 
Household 2. Therefore, they will save during seven months of the heating season 
35.0 hrs. and 16,8 hrs., respectively. Consequently, if the cost of installing a gas 
meter is 250 hrs., pay back periods to the households will be 7 years and 15 years, 
respectively. There estimates are to some extent overstated. In reality, pay back 
periods will be shorter depending on the total cost of services including 
unmetered services (such as water supply and maintenance of housing). Besides, 
the estimates do not allow for behaviour of outside temperature. 

Therefore, installation of a gas meter by an average household consisting of 
two working adults and two children and enrolled in the HSP may pay for itself 
within seven years. The pay back period for the household of pensioners will be 
fifteen years. Therefore, for most low income households installation of gas 
meters is not cost effective, even with incentives recently introduced. 

However, as we saw above, installation of meters may save between 134.3 
million and 166.3 million hrs. of budget funds annually through reductions in 
housing subsidy payments. First of all, the Government must be interested in 
implementing a national program of installing gas meters by low income 
households on favourable terms. Even if meters were installed free of charge for 
low income households that use gas for heating, the savings in reduced housing 
subsidy payments would repay the government for the costs within two years. The 
families would also receive benefits on top of this. 
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The government might receive a positive effect from providing low income 
households with state subsidies for installation of meters requiring households 
that  pay a part of the costs of meter installation. 

Urgency of the economical gas consumption program was recognised by 
Presidential Decree # 1239/99, dated September 30, 1999, which specified a 
number of measures to protect low income people. In particular, it instructed the 
Cabinet of Ministers of Autonomous Republic of Crimea, oblast, Kiev and 
Sevastopol city state administrations “to speed up installation of gas and water 
meters by low income households and to provide them with interest free loans for 
installing meters”. 

Obviously, many low income households will face economic problems. We 
believe that households consisting of pensioners and disabled individuals should 
be granted assistance to install meters on favourable terms. In so doing, some 
additional incentives should be introduced to encourage economical consumption 
of natural gas. 

For example, all or part of the cost of purchase and installation of meters 
could be covered from the cost of housing subsidies saved due to metering gas. 
For example, assume a household does not meter gas which it uses for heating 
and cooking (and heating water). If eligible, it will be granted subsidy for gas 
based on existing consumption norms at the rate of S hrs per month or Sn hrs for 
the whole heating season. Assume also this household receives an interest free 
loan to the amount of P hrs. to be repaid within 24 months. If the subsidy 
calculated based on gas consumption during the heating season is Sr hrs, then the 
difference (Sn-Sr) will be credited toward repayment of the loan. Therefore, the 
household will repay the loan within 24 months (two heating seasons) or, if the 
subsidy is terminated or saving is small, the household will have to pay only the 
difference. 

However, households applying for loans for purchase and installation of 
meters should be subject to the following restrictions: 
• Loan for purchase and installation of a meter should be repaid within 24 

months (rather than 36 months as is required for loans provided on general 
terms); 

• Until the loan is repaid, a participating household will not be eligible for 
reduced percentage of the mandatory payment since the savings will be 
credited toward repayment of the loan. 

Conclusion 

This paper shows how administrative data from Ukraine’s targeted welfare 
system – the housing subsidy program – can be used to address a quite unrelated 
issue: 1) the appropriateness of normative used as the basis for billing for gas use 
by households without gas meters; and 2) the cost effectiveness of a program to 
assist low-income households with the costs of acquiring and installing gas 
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meters. Maintaining up-to-date, accessible administrative data, therefore, is an 
important to the Government as it makes policy decisions. 
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