
FROM THE EDITOR 

This issue consists of nine articles, a report from an international conference, 
and information on economic and social trends in transition countries. 

There are three article on small area estimation methods: 
1. Enhancing Small Area Estimation Techniques to Meet European Needs (by 

P. Heady and S. Hennell from the U.K.). The EURAREA project, funded by 
the European Community, involves NSIs and universities from seven 
European countries. It aims to assess the potential value of applying 
‘standard’ small area estimators in the European context. It also aims to 
develop and test enhancements to the standard methods which will involve: 
using time series data; improved use of spatial information; efficient sample 
design for small area estimation; and improving small area estimations of 
cross-classifications. The performance of both the standard and enhanced 
methods will be assessed by simulated sampling from real and constructed 
population data. As the project, which runs from January 2001 to December 
2003, has only just started, no results can be presented in this paper. Instead 
the paper will set out the main objectives of the project and describe the plans 
for the theoretical work and the expected outcomes of the project. 

2. An Evaluation of the Accuracy of U.S. Census Bureau County Population 
Estimates (by D. H. Judson, C. L. Popoff, M. J. Batutis, Jr. from the USA). 
There has been much debate on discrepancies found between Census generated 
intercensal county estimates and Decennial counts. Numerous speculations on 
the cause of these discrepancies have been made. A systematic study by Davis 
(1994) assessed the accuracy of the Census Bureau’s 1990 county population 
estimates by comparing them to the 1990 Census count and found, by grouping 
counties into broad categories, that the discrepancies seemed to have patterns. In 
this study, we examine the Census Bureau’s Administrative Records county 
estimation method. We hypothesise that these discrepancies are caused by 
systematic biases in the administrative records data used in the estimation 
method. We examine, in detail, the sources of data used in the Census Bureau’s 
methodology. Based on this examination, we develop a theory about the origins 
of systematic bias in the data collection process which results in inaccuracies in 
the administrative records themselves. The theory identifies causes of 
inaccuracies in administrative records and suggests the direction of the 
systematic biases in the estimates. We test for these biases by using county level 
economic and demographic indicators. In virtually all cases, our results are 
completely consistent with our a priori hypotheses. Furthermore, they remain 
even when adjustment for decennial census undercount is made. We conclude by 
presenting several recommendations that include incorporating a bias correction 
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factor, improving vital statistics geocoding, improving group quarters reporting, 
and testing for Medicare undercoverage. 

3. Efficiency of Small Domain Estimators for the Population Proportion- A 
Monte Carlo Analysis (by T. Jurkiewicz from Poland).The problem of 
insufficient number of sample observations representing a given population 
domain (small area) may be solved by setting up estimators which would be 
able to use information from other domains to improve estimates for the 
domain of interest. Analytical investigations of the properties of such 
estimators tend to be difficult and time consuming. Stochastic experiments, 
on the other hand, may lead to quick and reliable conclusions. In the paper we 
present an application of Monte Carlo techniques in the analysis of the basic 
properties of selected small domain estimators. As a given set of required 
parameters for performing the experiments we used some real data and 
information obtained from an empirical survey of small enterprises in two 
provinces of Poland.  

One article on Statistical Education: 
4. Teaching Introductory Statistics at the Economic University: Some 

Subjective Observations (by A. Szulc from Poland).This paper is planned as 
an introduction to discussion on some academic and practical aspects of 
teaching introductory statistics. The main proposal pronounces that 
explaining the principles of statistical thinking should be superior to teaching 
particular methods. Several examples based on my lecturing at the Warsaw 
School of Economics are presented. 

There are five Other Articles: 
5. Attitudes to Immigration in an International Social Survey (by N. T. 

Longford from the U.K.). In many large-scale surveys of human populations, 
the implemented (realised) sampling design differs, often substantially, from 
the planned design. The intended analysis, even if valid under the planned 
design, need not be valid under the realised design. Non-response is a 
ubiquitous cause of the deviation of the realised design from the planned 
design. We apply the method of multiple imputation to make use of the 
incomplete records in the section of the International Social Survey (1995) 
concerned with attitudes to immigration. The analysis is accompanied by a 
sensitivity analysis, exploring the range of inferences that would be drawn 
under some realistic scenarios of data missing not at random. 

6. User Flash Estimates of Short-Term Changes in Gross Domestic Product of 
the Czech Republic (by J. Jílek, M. Vojta from the Czech Republic). The 
objective of this article is to present such a variant of producing flash GDP 
estimates in the Czech Republic that can be also implemented by non-
statisticians, users of routinely published statistical information on short-term 
economic development. This estimate can be made not only on a quarterly, 
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but also on a monthly basis; the resulting figure represents an absolutely 
unique kind of a monthly economic development indicator. Flash estimates 
provide mutually harmonised information on the whole economy (limited by 
the assumptions). The presented variant of the flash estimate is aimed at 
calculating only the overall change in GDP at constant prices, i.e. without 
explicit structuring by type of expenditure or by kind of activity; however, 
this structuring is partly contained in the algorithm of the calculation and can 
therefore be used as a support. 

7. Statistical Classification of Households in Lithuania (by R. Krikštolaitis, B. 
Kaminskienė from Lithuania). In this article Lithuanian household income 
and expenditure under cluster analysis are analysed. The study considers 
distribution of various parts of society by consumption of food product. 
Calculations are made using data of Lithuanian Department of Statistics 
(second quarter of 1999 year).  

8. An Empirical Study of Modified Ratio Estimator in Two-Phase Sampling in 
Presence of Coefficient of Variation of The Auxiliary Variable (by 
G.N.Singh and L.N.Upadhyaya from India). In this article the authors have 
proposed a two-phase ratio type estimator by using the known coefficient of 
variation of the auxiliary variable. Empirical comparisons have been done 
with the sample mean estimator and two-phase ratio estimator. It has been 
found that the proposed estimator is always better than other estimator and its 
range of application has increased while comparing with simple estimator of 
the mean. 

9. Stratification of Population after Sample Selection (by J. Wywial from 
Poland). In survey sampling conditional methods are usually connected with 
post-stratification estimators for domains and with inference on the basis of 
regression models or contingency tables. These problems were considered by 
several authors. The problem of stratification of a population on the basis of 
values of a variable under study observed in a sample was considered by e.g. 
Dalenius (1957). The author deals with the problem of appropriate division of 
a simple sample into subsamples. This partition leads to clustering a 
population into subpopulations. Each of these subpopulations includes one 
and only one previously created subsample. The linear combinations of 
statistics from the subsamples are used for estimation of a population mean. 
The subsample means and the regression estimators from the subsamples are 
considered to be these statistics. The coefficients of this linear combination 
are proportionate to the sizes of the subpopulations. The construction of the 
estimators depends on the methods of clustering the sample into subsamples 
and the population into subpopulations. Bias and variances of certain 
estimators have been derived but precision of others should be studied by 
means of some simulation methods. An example of such a simulation study is 
presented.  
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There is one report on international conference: 
• The Nineteenth Multivariate Statistical  Analysis 2000, held in Lodz, 

Poland, 4-5 December 2000 (prepared by J. Korzeniewski), and  

Information on:  
• Basic Economic Trends in Selected Countries of Central and Eastern 

Europe and CIS Countries ( prepared by M. Bieńkowska, E. Czumaj and K. 
Wróbel). 

 

Jan Kordos 
The Editor  
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ENHANCING SMALL AREA ESTIMATION 
TECHNIQUES TO MEET EUROPEAN NEEDS 

Patrick Heady1 and Sarah Hennell2

ABSTRACT 

The EURAREA project, funded by the European Community, involves 
NSIs and universities from seven European countries. It aims to assess the 
potential value of applying ‘standard’ small area estimators in the European 
context. It also aims to develop and test enhancements to the standard methods 
which will involve: using time series data; improved use of spatial 
information; efficient sample design for small area estimation; and improving 
small area estimations of cross-classifications. The performance of both the 
standard and enhanced methods will be assessed by simulated sampling from 
real and constructed population data.  

As the project, which runs from January 2001 to December 2003, has 
only just started, no results can be presented in this paper. Instead the paper 
will set out the main objectives of the project and describe the plans for the 
theoretical work and the expected outcomes of the project. 

1. Introduction 

There is an increasing requirement for small area statistics within 
government, for example in making policy decisions and distributing funds. 
However, the current situation within many European National Statistical 
Institutes (NSIs) is that they are unable to produce the quality and quantity of 
small area statistics which are demanded. Although small area estimators have 
been widely researched in academia, European NSIs have made only limited use 
of these techniques. The barriers to applying these methods are that we are unsure 
how the theoretical methods behave in practice, when the data does not conform 
to the theoretical ideals, and one part of this project will consist of testing the 
practical behaviour of these small area estimation methods in the context of NSI 

                                                           
1 Office for National Statistics, UK, patrick.heady@ons.gov.uk
2 Office for National Statistics, UK, sarah.hennell@ons.gov.uk  
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data. In addition, this project also aims to develop these theoretical methods 
further, concentrating on issues which are particularly relevant to NSIs.  

This following section of this paper sets out the main goals of the 
EURAREA project. Section 3 outlines the plans for the theoretical developments 
and Section 4 discusses the simulation experiments which will be used to evaluate 
the estimators. A description of the consortium members is contained in the 
Annex. 

2. Objectives of EURAREA 

The first part of the project consists of assessing the effectiveness of 
‘standard’ small area estimation techniques. By ‘standard’ techniques we mean 
the techniques of domain estimation (synthetic estimators, GREGs, and composite 
estimators) which entered into use in the United States and Canada in the 1980s, 
and have been the subject of steady theoretical refinement since. In this part of the 
project we will be focusing on up-to-date, but relatively straightforward, linear 
and logistic versions of these estimators. The project will be assessing their 
effectiveness in estimating European data, taking into account the survey designs 
used to collect the data.  

In the main, theoretically innovative, part of the project we will be 
enhancing the ‘standard’ techniques in four major ways which reflect the 
requirements, and strengths, of European statistical systems. The four major 
themes for the innovative research will be: 
• borrowing strength over time – using time series data 
• borrowing strength over space (i.e. taking account of spatial correlation and 

allowing for the modifiable area unit problem)   
• investigating the effect of complex sample designs and developing sample 

design criteria that are optimal for small area estimation 
• providing improved estimates of cross-classifications (using a modified 

version of the SPREE approach) 
In order to assess the ‘standard’ and innovative methods the project will be 

providing an extensive external validation of the estimators. This has two aims: 
• to see how powerful the techniques are, given the objectives, data collection 

systems, and the actual data in the participating countries. 
• to see whether the internally generated measures of each estimator’s accuracy 

– for example the sample estimated MSE and confidence intervals - accurately 
predict its actual precision. 

The validation exercise will be conducted using real (or as real as possible) 
population data from various European NSI’s, and design-based simulation 
exercises will be carried out assessing these two aspects of performance. The 
project will be focussing on three target variables: household composition, ILO-
definition unemployment and income.  
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A further objective is to ensure that the procedures investigated within this 
project can be easily implemented by third parties. To ensure this we will be 
producing fully documented and tested pieces of program code written in SAS 
language (or SAS macros or subprograms that can be called in SAS), to 
accompany the theory and results. This code, written within a very widely used 
computer package, will allow the results of this project to be implemented by 
other NSI’s and statisticians with a minimum of additional programming work. 
The project will also produce the algorithm descriptions of the code, to allow easy 
translation to other programming languages. 

To ensure the effective dissemination of the project results a ‘project 
reference volume’ will be produced at the end of the project. This will contain 
literature reviews of the existing theory, the assessment of the ‘standard’ 
estimators, the results of the innovative work and the program code. This 
reference volume will be available on the project’s website and will be presented 
at an end of project conference during 2004.  

3. Theoretically innovative work 

This section contains more details on the plans for the theoretically 
innovative work within the project – which will concentrate on four research 
themes: 

3.1. Borrowing strength over time 

Pfeffermann (1999) reviews work done over the last decade to apply time-
series techniques to small area modelling. They have been applied using survey 
data which has been aggregated at area level, and collected from rotating panel 
designs. Given a large enough sample size, and a long enough run of years, they 
make it possible to disentangle the various components of autocorrelation, and so 
assign appropriate weight to the data from successive years. 

However the method suffers from three main problems. Firstly that, since it 
requires a substantial sample in each area in each time period, it applies only to 
relatively large areas. Secondly that the time series models require quite a long 
time sequence to fit and thirdly that little is known about the robustness of the 
estimates. 

The full time series method is not the only possible approach to modelling 
time dependency.  Heady et al (1997) have proposed a way in which random 
linear time trends could be built into multi-level models based on disaggregated 
data, and Skinner (1991) has suggested a way that such models could allow for a 
trend that was effectively a random walk. 

The originality of our contribution in this field will consist of  
• providing the first thorough check of the time series approach against known 

totals 
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• developing relatively simple estimators, and comparing their performance with 
that of the full time series approach  

• doing so in a way that illuminates the possibilities for the different methods in 
the European context. 

3.2. Borrowing strength over space 

So far, as Pfeffermann (1999) notes, work on small area estimation has made 
almost no use of the work on spatial analysis carried out by statisticians and 
mathematical geographers (Cressie 1993). The current project will therefore be 
theoretically original in two different ways: 
• in contributing to the very limited literature (see Cowling et al. 1996) that 

incorporates the spatial correlation of residuals into domain estimation models, 
• in taking account of the Modifiable Area Unit Problem (MAUP) – known in 

practice to small area estimators, but only treated theoretically so far by 
mathematical geographers (Openshaw 1984). The MAUP refers to the fact that 
the relationship between different variables alters, depending on the level of 
geographical aggregation (the ‘ecological’ effect is a particular example of this 
phenomenon). The implication of this for small area estimation is that 
estimates produced for different levels of the geographic hierarchy are 
generally somewhat inconsistent. 

Our approaches to these problems will, necessarily, be original. One 
possibility is to get away from the notion of fixed domains, and instead construct 
models that predict the outcome of each address separately. As well as providing 
for the spatial autocorrelation of y-values, these models would allow y-values to 
be functions of x-values for neighbouring units and areas (as well as for the unit 
itself and the particular area in which it is located). Once such models were fitted, 
boundaries could be assigned at will, and the resulting address-level estimates 
aggregated to form totals that would be consistent at any level. While this 
approach would only be directly feasible in those countries which have assigned 
geographic coordinates at address level to both survey and covariate data, 
modified versions can be investigated for statistical systems with aggregated 
covariate data.  

3.3. Allowing for complex sample design 

Under this heading we will consider two topics. 
a)  the application of standard estimation methods when the sample is clustered 
b)  sample design which is optimal from the point of view of small area 
estimation. 
 
a) One of the main effects of clustered sampling is to impose a synthetic 

estimator, rather than a composite estimator, for those small areas (generally 
the large majority) which did not happen to be selected for the sample – and 
therefore provide no directly sampled data on which to base the GREG or 
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composite estimator. Our main research effort under this heading would 
therefore relate to the power and robustness of the synthetic estimators – and 
is, in fact, part of the evaluation of standard methods that was described 
above.  

b) Our most important contribution under this heading will concern methods of 
sample design which take account of the requirements of small area 
estimation. Though optimal sample design for whole-population statistics is 
very well understood (Sarndal et al 1992), there has been relatively little work 
on designs that optimise the capacity to provide small area estimates.  
Any particular sample design approach will provide a specific pattern of 

expected errors, differing for each small area in the country, and this pattern will 
differ according to the kind of small-area estimator that is to be used. In order to 
choose sample designs with optimal small area estimation properties we therefore 
need to: 
• define criteria for overall small-area-estimation optimality (these might 

involve weighted combinations of the expected errors for each area or a mini-
max approach and so on) 

• relate these criteria to the different possible estimators, to knowledge of the 
distribution of covariates, and to initial beliefs concerning the distribution of 
the target variables – in order to select the sample design that meets the 
criterion chosen for overall optimality. 

In the simulations we shall compare the national-level and small-area level 
properties of sample designs that are optimal in these ways with those which are 
optimal in terms of the precision of the national level estimates.  

3.4. Estimating cross-tabulations 

Standard linear model methodology is a flexible approach to domain 
estimation for a single continuously distributed variable. However, an important 
class of small area estimation problems relate to the production of cross-classified 
counts for the small areas, e.g. the inter-censal updating of census cross-
classifications, and the production of local estimates of ILO-definition 
unemployment by age and sex. The SPREE methodology (Purcell & Kish 1980) 
uses log-linear models to develop estimators which can be used to “update” an 
historical cross-classification involving small areas to take account of up-to-date 
survey information for these areas, or to “adjust” administrative statistics 
collected on one definition to an alternative, more useful, definition for which 
survey data is available. SPREE achieves this by replacing the original cross-
classification by a saturated log-linear model whose parameters are updated using 
the survey information.  

The original theoretical contribution of this project will include extending 
the theoretical basis of SPREE estimation methodology to  
• allow for the use of unsaturated loglinear models in the SPREE process;  

 



200                                                            P.Heady, S.Hennell: Enhancing Small Area...  

• allow modelling of the change in the association structure of these models over 
time;   

• allow the use of alternative chi-square metrics in determining the necessary 
change in the historical cross-classification in order to ensure "consistency" 
with the updated survey data information 

• produce estimates of mean square error. 
As with all the other theoretical innovations, the precision and robustness of 

the enhanced SPREE methods will be tested by thorough simulations.  

3.5. Theoretical evaluation 

An evaluation panel has been set up to quality assure the theoretical work. 
The panel consists of Professors Malay Ghosh, Harvey Goldstein, Tim Holt and 
Danny Phefferman. Their main input will be to advise and steer the work after the 
initial theory development and analysis – at the end of the second year - and to 
quality assure the project reference volume. 

4. Validation of the estimators 

A key part of this project involves carrying out a thorough external 
evaluation of the estimators – both the standard techniques and the outcomes of 
the theoretical developments. The aims of this evaluation exercise are to assess 
how these estimators – and their error estimators – perform in practice.  

4.1. Method of evaluation 

The project will be evaluating the estimators using design-based simulation 
techniques. This will involve starting with population data, obtaining repeated 
samples from this population using the sample designs of interest, applying the 
estimators to these samples and comparing the resulting estimates with the known 
population statistics. The sample designs of interest will usually be based on 
actual sample designs currently used within the NSI’s. These simulations will be 
used to evaluate all estimators – covering design and model based, as well as 
frequentist and Bayesian methods – to provide a coherent, external evaluation 
which will allow comparisons between all types of estimators.  

The project will be concentrating on three target variables – ILO-definition 
unemployment, income and household composition. These have been chosen as 
they are representative of most types of variables which may be of interest – 
continuous, discrete, good/bad covariates available – and are of interest 
politically.  

4.2. Construction of data sets 

To carry out the simulations, data sets will be created from six of the seven 
participating countries. The standard estimators will be evaluated on all the data 
sets – and the investigations and theoretical developments within each theme will 
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each be tested on data from 2 countries. For each country, the data set would 
ideally contain population data on the three target variables along with the 
appropriate covariates. Some of this data – household composition, most 
covariates and occasionally unemployment1 and income – will be available from 
traditional or administrative censuses and where we have 100 per cent data on real 
populations the validation simulations will be conducted directly on the raw data. 
In the other cases, where the variables of interest are not available from the 100% 
census sources, survey data will be used to construct broadly-realistic pseudo-
populations – which represent as closely as possible the characteristics of the 
country concerned - on which to conduct the simulations. 

5. Expected achievements/impact 

The results of this validation exercise will enable statisticians from countries 
all over Europe to make an informed judgement about the practical benefits of 
adopting these small area estimation methods; and the rest of the project will 
provide them with the theory and software needed to apply the methods. In 
addition, the enhancements made to the standard methods as a result of this 
project should provide a greater range of small area estimators at a statistician’s 
deposal, which will result in improved estimates using more appropriate 
estimators.  

ANNEX 

Description of consortium 

The consortium consists of seven National Statistical Institutes and three 
universities. The full list of consortium members is: 
 

ORGANISATION COUNTRY 
The Office for National Statistics (ONS): Co-ordinator UK 
University of Southampton UK 
Statistics Finland Finland 
University of Jyvaeskylae Finland 
Instituto Nacional de Estadistica (INE) Spain 
Statistick Sentralbyraa (Stats Norway) Norway 
Statistics Sweden  Sweden 
The Poznan University of Economics Poland 
Istituto Nazionale di Statistica (ISTAT) Italy 
Universita Degli Studi di Roma Tre Italy 

                                                           
1 Although ILO-definition unemployment is not available from these sources, a very similar 

definition of unemployment, which will be acceptable for this project, sometimes is. 
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AN EVALUATION OF THE ACCURACY OF U.S. CENSUS 
BUREAU COUNTY POPULATION ESTIMATES1

D. H. Judson2, Carole L. Popoff3, Michael J. Batutis, Jr.4

ABSTRACT 

There has been much debate on discrepancies found between Census 
generated intercensal county estimates and decennial counts. Numerous 
speculations on the cause of these discrepancies have been made. A systematic 
study by Davis (1994) assessed the accuracy of the Census Bureau’s 1990 county 
population estimates by comparing them to the 1990 Census count and found, by 
grouping counties into broad categories, that the discrepancies seemed to have 
patterns. In this study, we examine the Census Bureau’s Administrative Records 
county estimation method. We hypothesize that these discrepancies are caused by 
systematic biases in the administrative records data used in the estimation method. 
We examine, in detail, the sources of data used in the Census Bureau’s 
methodology. Based on this examination, we develop a theory about the origins of 
systematic bias in the data collection process which results  in inaccuracies in the 
administrative records themselves. The theory identifies causes of inaccuracies in 
administrative records and suggests the direction of the systematic biases in the 
estimates. We test for these biases by using county level economic and 
demographic indicators. In virtually all cases, our results are completely consistent 
with our a priori hypotheses. Furthermore, they remain even when adjustment for 
decennial census undercount is made. We conclude by presenting several 
recommendations that include incorporating a bias correction factor, improving 
vital statistics geocoding, improving group quarters reporting, and testing for 
Medicare undercoverage. 

                                                           
1 An earlier version of this paper was presented at the 6th International Conference on Applied and 

Business Demography, Bowling Green State University, Bowling Green, OH, September 19-21, 
1996. The authors would like to thank the editor and an anonymous reviewer for extremely useful 
comments and encouragement. The views expressed are attributable to the authors and do not 
necessarily reflect the views of the U.S. Census Bureau, or the Nevada State Demographer’s 
Office. 

2 Dean H. Judson (dhjudson@aol.com), performed this work while he was Nevada State 
Demographer. 

3  Carole L. Popoff (demogecon@aol.com), President, Decision Analytics, Inc. 
4  Michael J. Batutis (mbatutis@census.gov), Population Division, U.S. Bureau of the Census. 
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1. Introduction 

Each year, the U.S. Census Bureau produces July 1 estimates of the 
population of U.S. counties. In order to improve the accuracy of these estimates, 
the Census Bureau initiated an effort to evaluate the county-level estimates (Long, 
1996). An estimates evaluation committee was formed and, as part of this effort, 
Davis (1994) developed 1990 estimates for each U.S. county. He compared these 
estimates with the 1990 Census count from which measures of errors in the 
estimates relative to the 1990 counts were developed. 

In this paper, we examine the current county estimation method, the 
Administrative Records Method1 (Batutis, 1994). Our approach consists of four 
steps: First, we decompose the estimation method into its components, basing the 
decomposition on the sources of data used to estimate each component; Second, 
we postulate reasons why those data might contain systematic biases, and the 
direction of the hypothesised bias; Third, we specify empirical indicators that are 
coincident with the hypothesised cause of the bias in the data source; and Fourth, 
we estimate the parameters of this model to determine the relationship between 
the empirical indicators and estimation error, and evaluate the direction and size 
of the estimated parameters against a priori expectations. 

Davis’1994 study is a key starting point for this analysis. Davis focused on 
two different measures of error: Absolute Percent Error (APE or MAPE when it is 
a mean across counties) and Algebraic Percent Error (ALPE or MALPE when it is 
a mean across counties). APE is defined as:  

CENSUS
CENSUSESTIMATE

APE
−

⋅= 100 , while ALPE is defined as:  

( )
CENSUS

CENSUSESTIMATEALPE −
⋅= 100 . 

Using Mean Absolute Percent Error (MAPE) to measure the difference 
between estimates and census counts, Davis found that counties with smaller 
populations in 1980 uniformly have higher MAPE, e.g., counties with less than 
2500 population in 1980 had a MAPE of 7.7%, while counties with greater than 
100,000 population in 1980 had a MAPE of 2.0%. Counties with 0-5% growth 
from 1980-1990 had the lowest MAPE (3.0%), while counties with growth of 
25% or more over the decade had the highest MAPE (27.4%). Counties with 
positive rates of growth tended to have negative algebraic percent errors (ALPE). 
Using 1980 Census counts as estimates for 1990 also resulted in higher MAPEs 
than using the 1990 Tax Return/Administrative Records Method. These results 
are similar to other studies (e.g., Schafer, Tayman, and Carter, 1995). Davis 

                                                           
1 Formerly, it was called the Tax Return method (in honor of the method by which net migration 

rates were calculated). 
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grouped counties by a subjective estimate of the quality of the data used to 
produce the estimates; in his tables, estimates being generated by perceived “low 
quality” data had higher MAPE’s, and the converse. 

A History of Intercensal Population Estimation Methods 

Until 1960, intercensal estimates at the national and state levels were 
generated using a flow method called the Components Method II. Flow methods 
start with a population base from the decennial Census count and then sum the 
number of additions to and subtractions from each component over a specific time 
period (Long, 1993). The sum of each component’s change, which represents the 
total change in population, is added to the base. The two basic components of 
population change are 1) natural increase (the net of births minus deaths) and 2) 
net migration (international and internal migration being estimated separately). 

In the 1960’s the Census Bureau used a Ratio-Correlation Method, which 
ultimately replaced the Components Method II. A regression equation was 
specified whose independent variables could include vital events, school 
enrollment, tax returns, number of votes cast or voter registrations, motor vehicle 
registration, and building permits. Voter registration and building permits were 
dropped in 1970.   

In the 1970’s the Census bureau responded to the demand for estimates at 
lower levels of geography, specifically county estimates. The Component Method 
II and the Ratio-Correlation Method were used jointly with a Housing Unit 
Method. At the same time, the Federal/State Cooperative for Population Estimates 
(FSCPE) was created to elicit state involvement. Each state specified the variables 
to be included in its own regression model and provided its own data sets. The 
method was complex and, of course, was not consistent across states. The Census 
Bureau returned to a component-based method when the General Revenue 
Sharing Act of 1972 (see, e.g., Federal Committee on Statistical Methodology, 
1978) created demand for subcounty level estimates. 

The Current County Population Estimation Method 

Since 1993, the Census Bureau has used a components of change method 
referred to above as the Administrative Records Method. This is the method we 
examine for this study. We will describe the method in detail later in this paper. 
The key assumption underlying the Administrative Records approach is that each 
of the components which constitute total population change can be represented by 
an administrative data series. Separate administrative records series are selected to 
represent each component to estimate the change in population from July 1 
through June 30th of the prior year. Total change, the sum of the change for each 
individual component, is added to the base to arrive at the population estimate as 
of July 1st of the current year.  
This method has several practical advantages: 
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• As a result of the method, several of the components of change are treated 
independently, which creates the opportunity for more disaggregated analysis 
of components; 

• The method does not depend on individual states for state-specific 
information, and each state’s and county’s population is estimated in a 
consistent manner; 

• The estimates are generated from data that are, in most cases, directly available 
to the Census Bureau; and 

• Components represented by administrative records are more straightforward to 
describe to policy makers than regression-based methods. 

The method also has disadvantages: 
• Because only Federal files are used, local variations in data quality or coverage 

can affect the estimates independently from actual population change; and 
• Because local data are not used, local information may not be accounted for in 

this method; in particular, unique data sources available to a state or county are 
not used at the Federal level. 

For estimation purposes, total population is divided into two major age 
groups: Those under sixty-five and those sixty-five and older. The primary 
administrative record used to estimate the population sixty-five and older is 
Medicare enrollment. Because there is a particularly strong motive to enroll in 
order to receive Medicare benefits, enrollees are expected to be a fairly complete 
representation of this group. (Kim and Sater, 2000, comparing 1990 Medicare 
counts to decennial census counts of those 65 and older, document that the ratio 
of the two range from as low as 90%, representing undercoverage, to as high as 
102%, representing overcoverage.)  Unfortunately, no single, similarly inclusive, 
administrative record currently exists for persons under sixty-five; therefore, 
many different administrative records sources are used. 

Total Population1

The basic estimation equation is: 

TPOP = TPU + TPO                                           (1) 
where: 
TPOP   = total county population in the ith county; 
TPU   = total population under 65 years of age in the ith county; and 
TPO   = total population 65 years of age and older in the ith county. 

                                                           
1 In the equations that follow, please note that we suppress all ith and tth subscripts referring to the 

ith county and the tth time period respectively.  Where a variable refers to the prior year we 
include the t-1 subscript. 
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Total Population under sixty-five 

Total population under sixty-five (TPU) is composed of total household 
population plus current reports of persons in group quarters under sixty-five1  

TPU = HHPOP + GQ *NRFGQ                                        (2) 

where: 
HHPOP  = household population under sixty-five in the ith county; 
GQ   = group quarters population under sixty-five in the ith county; 
NRFGQ  = national rake factor for group quarters=sum of all county group     

   quarters estimates divided by the U.S. group quarters estimate. 

Household population (HHPOP) is further broken down as: 

HHPOP = Pt – 1 – GQ – TPO – [TPO * AGADJ] + [B – D] + I + NM           (3) 

where: 
Pt-1    = the prior year’s population under age 65 (either the estimate or the 
      Census count updated to July 1); 
TPO  = total population over sixty-four years of age; 
AGADJ  = adjustment for those aged 64 who will turn 65 during the estimates  
                  cycle; 
B    = recorded births in the ith county; 
D    = recorded deaths in the ith county; 
I    = international immigration allocated to the ith county; and 
NM   = net domestic migration for the ith county. 

Total Population Sixty-Five and Over 

Total population sixty-five and over (TPO) is estimated using a components 
method similar to the under sixty-five population. It consists of household 
population sixty-five and older plus group quarters population sixty-five and 
older.  The basic components of household population sixty-five and older are as 
follows. 

 HHP65 = HHP65t – 1 + NI65 + NM65 + NETMOVES65             (4) 

where:  
HHP65    = household population age 65 + in the current year; 
HHP65t-1    = household population age 65 + for the prior year; 

                                                           
1 The national rake factor (NRFGQ) is used to insure consistency between the sum of all county 

Group Quarters estimates and the total US Group Quarters estimate. 
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NI65     = natural increase, or those entering age 65 minus deaths over  
                                 the year since the last estimate; 
NM65    = net domestic migration; 
NETMOVES65 = net movement from abroad during the year since the last  
                                 estimate. 

As noted above, each of these quantities is represented or estimated using an 
administrative records data series. The next section will discuss general problems 
associated with using administrative records databases, then focus on specific 
problems associated with estimating these quantities. 

2.  Theory: the source of systematic biases in the administrative 
records used in census estimation methods 

An “administrative records database” comes to exist when 1) someone 
engages in an activity; 2) that activity is recorded by an administrative recorder; 
and, 3) that record is shared with an analyst. At each stage in this process, there is 
potential for bias: The target person may have a motive to avoid detection or be 
unable to contact the administrative recorder; the recorder may lack ability or 
propensity to record accurately (or might be actively biased against recording 
accurately); and the data set itself may be handled or transmitted so as to exclude 
some recorded events or persons. Finally, some administrative record data sets 
might simply not be available in time for use in the estimates system (see Judson 
and Popoff, 1998, for a discussion of these processes). 

The random and systematic components of error can each be examined 
separately, and we assert that systematic biases can be examined in terms of 
direction and possibly magnitude. It is from these postulated biases that we form a 
theoretical basis for actually predicting which kinds of counties will have which 
kinds of error. To study these biases, we turn the examination of error “on its 
head”: We do not compare county characteristics with estimation error in an 
attempt to find characteristics that correlate with error; instead, we first develop 
a theory of bias in administrative records, and using that theory, hypothesize 
what county characteristics should correlate with bias. 

As described, the current county estimation method relies on numerous 
sources of data. However, not all administrative records data are equally reliable 
or useful. They cannot simply be taken as a perfect (or even equally reliable) 
representation of the population of interest. For example, while all data sets suffer 
from random error, systematic errors or biases (as documented in Judson and 
Sigmund, 1995; and Judson and Popoff, 1998) are unique to each type of 
administrative records data. As an alternative, we propose that researchers can 
and do treat the administrative record as a symptomatic indicator of the events of 
interest. However, because we expect the records themselves to be subject to 
known or knowable biases (Myrskyla, 1991; Rosenbaum, 1995), and that these 
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biases noticably influence the direction of estimation errors in census county 
estimates, our position is that we must first find the effects of these biases, then 
look for ways to correct them. 

An Example of Administrative Record Bias in County-Level Estimates 

As an example of the biases we wish to examine, consider the method by 
which the Census Bureau calculates the net migration rate using matched tax 
returns. In order to estimate a net migration rate, tax returns are matched 
successively over two or more years on the Social Security Number (SSN) of the 
primary filer. There are several problems with using SSN’s. Studies of the 
accuracy of SSN’s (Department of Health and Human Services, 1990; Czajka, 
1999) suggest that, depending upon context, as many as one in ten SSN’s are 
erroneous, with higher discrepancies in prisons and financial institutions, and the 
lowest discrepancies in tax collecting organizations. (While alternative methods 
of record matching that do not rely on SSN exist [See, e.g., Jabine and Scheuren, 
1986], they are not used in this context.) Thus, given that the matching process is 
on a single field provided by the primary filer only, we should first ask: “Are 
there particular reasons a person is more likely not to be matched over time?” Our 
argument is parallel to one made in Lessler and Kalsbeek (1992:254): “In the 
absence of any hard data on bias, the argument is often made that although the 
measurements may be biased, we can assume that the bias is the same for each 
subgroup, so that subgroup comparisons remain valid. This assumption can be 
very wrong.” 

Matching on the SSN of the primary tax filer in successive years means that 
a bias can occur in any situation in which either a) the primary filer changes from 
year to year (e.g., if a divorce occurs); or b) the household changes filing status 
(e.g., if the household income goes from below to above the income-based filing 
cutoff).   

To illustrate this point, if a county has a high proportion of non-filers who 
move to a county with better economic conditions and become filers, they will not 
be counted as a migrant in the year they migrate. The calculated net migration rate 
of both the county of origin and the destination county will be in error, resulting 
in a positively biased estimate of net migration in the origin county, and a 
negatively biased estimate of net migration in the destination county. 

The following section describes the source of each data element and how 
systematic biases in the source data might lead to under- or over-estimation of 
population. We examine the components in some detail because they form the 
basis from which we develop the expected biases. We have postulated many 
potential sources of bias, so we must necessarily be brief on each particular one. 

Proposed Biases in Intercensal County Estimates 

Since components of change are estimated from many sources of data, there 
exists the possibility for many sources of systematic bias. This section describes 
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the way in which each component of TPU and TPO originates as an 
administrative record. From this description we postulate of the source of or the 
reason for systematic bias.  

Births and Deaths 

Technically, births should be those occurring from 7/1 through 6/30 and 
allocated to the county of the current residence of the birth mother or care giver.  
Since vital statistics are gathered by calendar year, fifty percent of births from the 
current and prior years are summed for the estimate of total births occurring from 
7/1 through 6/30. If county-level birth data are not available for the current 
estimates, total births are estimated by using last year’s totals to represent this 
year’s totals, or by multiplying the county’s prior year’s share by the new state 
total.  Sources of errors in the number of births are of two types: 1) misallocation 
of births across county lines, and 2) the use of last year’s figure or share where no 
data exist. 

1)  Misallocation of births – hypothesized direction of bias: 
Births in the county of residence will be understated for counties where 
there is no medical birth facility because the new baby may be 
erroneously recorded as residing in the county where the mother gave 
birth, rather than the residence county. Flotow and Burson (1996) 
proposed that such an effect occurs at the place and city level; Sink 
(1996) documented that it took place locally in the D.C. area, and 
suggested further misallocations at the state level.  

2) Using last year’s figure or share – hypothesized direction of bias: 
The number of births will be over- or under-stated if the change in the 
proportion of population in child-bearing years changes either by in- or 
out-migration or by simple aging of the population. 

Deaths are attributed to the current residence of the deceased and vital 
statistics records are used in precisely the same way they are used for births. As 
with births, sources of errors in the number of deaths are of two types: 1) 
misallocation of residency of current year’s deaths and 2) where no data exist, 
using last year’s figure. 

1) Misallocation of deaths – hypothesized direction of bias: 
The number of deaths will be understated in the county of residence when 
a death is recorded in an urban county adjacent to a rural county without 
hospitals or funeral facilities. The number of deaths will be understated in 
the county of residence if the deceased moved in the year before death but 
after the filing date for taxes (hence the migration is not recorded). 

2) Using last year’s figures – hypothesized direction of bias: 
The number of deaths will be over or understated when there is a 
change in the proportion of population at risk of dying. The number of 
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deaths will be overstated if outmigration is lower than last year, and 
vice versa. 

International immigration 

International immigration is based on a national estimate of foreign net 
migration which includes emigration from the U.S. and the documented 
immigration of refugees, legal immigrants, and undocumented immigrants.  
Estimates of the total for national undocumented immigrants are allocated to 
states and counties using the percentage of foreign born population who arrived 
between 1975 and 1980 and were enumerated as residents in the 1980 Census for 
each area.  Legal immigrants are allocated to counties on the basis of intended 
residence reported to the Immigration and Naturalization Service.   

1) Misallocations of immigration – hypothesized direction of bias:   
There will be an over-estimate in the reported county and an under-
estimate in the county of actual residence when reported intended 
residence differs from actual residence. Similarly, over- or under-
estimates can occur if 1) there is a change in percentage of undocumented 
immigrants from the 1975-80 percentage, or 2) the attractiveness of an 
area for undocumented migrants has changed since 19751  

Group quarters 

Group Quarters Population under 65 is composed of people living in military 
barracks, on naval vessels, in college or other school dormitories, penal 
institutions, health care facilities, Job Corps centers, etc. Data for military 
barracks residents and naval vessel crews are from an annual survey of on-base 
housing facilities conducted by Department of Defense in September except 
where they are collected by the individual state and are deemed appropriate to 
use. The prior year’s survey results are used where no survey was conducted. 
Data for college students living in dormitories are gathered from the states as of 
fall of the preceding year. Data for inmates of correctional and juvenile facilities, 
residents of health care facilities under 65, and residents of job corps centers are 
gathered from the individual states as of July 1st of the estimate year or the 
average for the estimate year. Other group quarters residents are from an annual 
group quarters report submitted by state members of the FSCPE. Sources of error 
in group quarters reports include “double counting” and using the prior year’s 
report when the current year is not available. Batutis, 1996, has noted that, from 
1990-1995, fourteen states did not respond to requests for group quarters data. 

1) “Double-counting” – hypothesized direction of bias.  

                                                           
1 We consider it likely that destination preferences for undocumented immigrants have changed 

since 1975. 
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Over-estimates will result when persons in institutions are between the 
ages of sixty-four and sixty-five and are changing age at the time of the 
estimate; when college students are counted both at their parents’ home 
and in dormitories; when people are counted both in Job Corps Centers 
and places of residence; or when people are counted both in health care 
facilities and places of residence because they have been included as 
exemptions on Federal income tax forms. 

2) Using prior year’s reports – hypothesized direction of bias:  
If prior year data must be used, under-estimates will occur if the group 
quarters population in the current year is greater than the group quarters 
population in the prior year. Similarly, over-estimates occur when group 
quarters population for the current year is actually lower than the group 
quarters population in the prior year but prior year data are used because 
the current year report is unavailable. 

The population 65 and older 

Total population age 65 years and older (TPO) represents the prior year’s 
population adjusted for components of change as described above. The net 
migration factor is derived using Medicare records. Sources of error for Medicare 
enrollees occur primarily because of individuals’ propensity to enroll in Medicare. 

1) Using Medicare enrollees – direction of bias: 
Medicare under-enrollments are likely to result when a county has a high 
proportion of 1) less educated residents; 2) rural residents; 3) Indians on 
reservations; and 4) persons in poverty. We hypothesize that each of these 
groups have either fewer opportunities to enroll or they are more likely to 
not be captured in the enrollment process (for a more complete 
discussion, see Kim and Sater, 2000).  

Net migration 

The final component of Total Population we discuss is net internal 
migration.  Net migration is calculated by multiplying the estimated migration 
base by the estimated migration rate. The following describes each component of 
this calculation. The migration base is the population considered at risk of 
migrating or TPU described earlier. This, of course, assumes that only half of the 
additions/deletions to the population would have taken place by the midpoint of 
the year. The migration rate is calculated by comparing residential addresses on 
individual Federal income tax returns, matched by using the primary filer’s SSN 
from the prior year and the estimate year. Filers are categorized in each county as 
(1) inmigrants, (2) outmigrants, and (3) nonmigrants. A net migration rate is 
derived from the net of in- and outmigration of tax filers and their dependents. As 
we have stated before, miscalculation of the net migration rate is caused by non-
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matched tax returns in subsequent years. We now demonstrate how this 
calculation leads to over- or under-estimates. 
Let: 

ui = calculated net migration rate to/from the ith county (ui>0 
indicates net inmigration, ui<0 represents net out 
migration, and ui=0 represents zero net migration); 

Tji = the number of exemptions in matched tax returns in the 
ith county in year t and in the jth county in year t+1;  

Tij = the number of exemptions in matched tax returns in the 
jth county in year t and in the ith county in year t+1;  

Ti = the number of exemptions in tax returns in the ith county 
in year t. Then ui is calculated by: 

∑
=

−
=

n
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ijji
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u
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Equation (5) illustrates that the calculation of a migration rate is inherently 

affected by characteristics of both origin county and destination counties. We do 
not have specific data on potential biases in each of these terms separately; but we 
can use these terms to make a quantitative statement of the direction of error in 
the migration rate calculation. 

Consider the following thought experiment: Suppose that there are only two 
counties, i and j, assume there are 100 exemptions in county i, 200 exemptions in 
county j and, in one year, ten exemptions migrate from j to i and one exemption 
migrates from i to j. The true net migration rate to county i is (ui) = (10 - 1) / 100 
or a positive net migration rate of  9/100.  At the same time, the true net migration 
rate from county j is (uj) = (1 - 10) / 200 or a negative net migration rate of  -
9/200. However, suppose that in successive years the tax return is recorded in i 
but not j, j but not i, or not in i at all. The key point is that given the matching 
system used in the Administrative Records Method, if a return is identified in one 
county but not in the other in successive years, it is not counted as “migrating” 
from the first to the second county. Table 1 gives the possible cases and their 
effect on net migration. 

Table 1. Effect of Matching Problem on Calculation of Net Migration Rate 
Migrant with 
matching 
problems 
moves from: 

Matching problem  Calculation 
of net 
migration 
rate for 
county i 

Calculation 
of net 
migration 
rate for 
county j 

Effect on 
net 
migration 
rate in 
county i 

Effect on 
net 
migration 
rate in 
county j 

county j to 
county i 

Recorded in j, not 
recorded in i,  

(9-1)/100 (1-9)/200 too low too high 

(5) 

 



216                                           D.H.Judson, C.L. Popoff, M.J. Batutis: An Evaluation ...    

Not recorded in j, not 
recorded in i 

(9-1)/100 (1-9)/200 too low too high 

Recorded in j, not 
recorded in i 

(9-1)/100 (1-9)/200 too low too high 

Recorded in i and in j (10-1)/100 (1-10)/200 Correct Correct 
Not recorded in j, 
recorded in i 

(10-0)/100 (0-10)/200 too high too low 

Not recorded in j, not 
recorded in i 

(10-0)/99 (0-10)/200 too high too low 

Recorded in j, not 
recorded in i 

(10-0)/99 (0-10)/200 too high too low 

county i to 
county j 

Recorded in i and in j (10-1)/100 (1-10)/200 Correct Correct 

Note: For this table, 10 exemptions migrate from county j to county i, and one exemption 
migrates from county i to county j. The total number of exemptions in county i is 
assumed to be 100, and the total number of exemptions in couny j is assumed to be 
200 and thus the true net migration rate for county i is (10-1)/100, and the true net 
migration rate for county j is (1-10)/200. 

As can be seen in table 1, though the conclusion is not obvious on first 
glance, it is clear in the calculation: If origin (county j) out migrants are more 
likely to not be matched in successive years, then the calculated net migration rate 
for county i will be negatively biased and the calculated net migration rate for 
county j will be positively biased. If the destination county (county i) out migrants 
are more likely to not be matched in successive years, then the calculated net 
migration rate for county i will be positively biased and the county j net migration 
rate will be negatively biased. In either case, the conclusion is clear: Matching 
problems cause biases in the net migration rate calculation, and the bias is 
opposite to the direction of the net migration. If there is any matching error across 
years in the Administrative Records Method, it will bias the method against 
detecting change due to net migration. 

What remains is to determine the characteristics of a county where people 
are likely to not file in successive years thus generating unmatched tax returns. As 
with the other symptomatic indicators, we use social and economic characteristics 
of the county to indicate the presence of people likely to not file a federal income 
tax return in successive years. Thus we have our proposed effects:   

1) Misallocations of net migration – hypothesized direction of bias: 
Residence changes will result in an over-estimate when someone moves 
into a group quarter but is also listed as an exemption on a federal income 
tax return in another county (e.g., college students moving into a 
dormitory; newly recruited military personnel; people moving into a long-
term health care facility; or recently incarcerated prisoners). Residence 
changes will result in an under-estimate when someone moves from a 
group quarter but doesn’t file at the new residence and is not counted as 
an exemption (e.g., college students moving out of a dormitory or back 
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home, recently released prisoners, persons leaving long-term health care 
facilities, or recently discharged military personnel). Over-estimates in 
the county of origin and under-estimates in the county of destination will 
result from persons who did not file in the previous year, moved, and 
filed in the current year, e.g., unemployed persons who move and become 
job holders. Persons who move in with elderly parents to care for them 
also result in misallocation to the county (Sater, 1995). 

Research Hypotheses for Sources of Estimation Error 

In the previous section, we have identified factors present in the 
administrative records themselves that we propose cause biases in their coverage 
and hence systematic overestimation or underestimation. Fortunately, the 
presence or absence of many of these factors is identifiable through available 
empirical indicator data. For example, we have postulated above that the presence 
of high poverty rates in a county coupled with outmigration to find jobs would 
cause an artificial upward bias in the net migration rate for that county (it would 
tend to have inmigration when it should have outmigration). Thus, the empirical 
hypothesis in this case is that counties with high rates of poverty will be 
overestimated. 

Table A-1, presented in the appendix, displays the administrative records 
used in the Administrative Records Method, the proposed sources of bias in that 
administrative record, the expected direction of estimation error that that bias 
creates, and the empirical indicator we have chosen to indicate the presence, 
absence, or level of that kind of bias. Using the reasoning described in the prior 
section and the empirical indicators described in table A-1 we generate the 
following hypotheses.  

Birth/death misallocation: 

H1:  Rural counties with no hospitals will be underestimated. 
H2:  Counties that have a high positive rate of natural increase will be    
           overestimated, 
H3:  Counties that have a high positive (negative) rate of change will be under  
           (over) estimated. 

Group quarters reporting biases: 

H3: Counties that have high percentage of persons in  institutional group 
quarters will be underestimated; this effect will be exacerbated in rapidly 
changing counties. 

H4: Counties that have a high percentage of college population will be 
underestimated; this effect will be exacerbated in rapidly changing 
counties. 
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H5: Counties that have a high percentage of military population will be 
underestimated; this effect will be exacerbated in rapidly changing 
counties. 

H6: Counties that have a high percentage of prison population will be 
overestimated; this effect will be exacerbated in rapidly changing counties. 

Over 65 reporting biases: 

H7: Counties with a high percentage of Social Security Insurance (SSI) 
enrollees will be overestimated. 

H8: Counties with a high percentage of over 65 who are not enrolled in 
Medicare will be underestimated. 

H9:  Counties that are rural will be underestimated. 
H10: Counties that have lower levels of educational attainment will be 

underestimated. 

International migration misallocation: 

H11: Counties that have a high percentage of foreign born will be 
underestimated. 

Migration rate calculation biases: 

H12: Counties with high poverty rates will be overestimated. 
H13: Counties with high percentage black population will be overestimated; in 

the context of a poverty*black interaction, the absolute direct effect of 
black population will decline toward zero while the effect of the 
poverty*black interaction will be positive. 

H14: Counties with high percentage Indian population will be overestimated; in 
the context of a poverty*Indian interaction, the absolute direct effect of 
Indian population will decline toward zero while the effect of the 
poverty*Indian interaction will be positive. 

H15: Counties with high percentage Hispanic population will be overestimated; 
in the context of a poverty*Hispanic interaction, the absolute direct effect 
of Hispanic population will decline toward zero while the effect of the 
poverty*Hispanic interaction will be positive. 

Data and Methods 

Many data sources were used for the study. The key data source of 
estimation error was generated by the Census Bureau itself (Davis, 1994). For 
every county in the U.S., Davis’ file contained a recorded population estimate for 
that county and a recorded date-adjusted Census count for that county. The 
estimates reported by Davis used only the information that would have been 
available if the analyst were producing an estimate for 1990.  

The traditional error measure for analyses of this kind is the Absolute 
Percent Error (APE). However, our hypotheses allow us to predict direction of 
error or bias. Since overestimation and underestimation are both important, and 
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the APE of course discards all information about the direction of error (Swanson, 
Tayman and Barr, 2000), we will examine algebraic percent errors rather than 
absolute errors.  Using these two values, the estimate and the date-adjusted count, 
we calculate Algebraic Percent Errors (ALPEs) for each county.  The ALPEs are 
defined as: 

 
ALPE = 100*(EST – CC)/CC                                           (6) 

where: 
EST = estimated county population; and 
CC  = Date adjusted decennial Census count for that county. 

Note that a positive number indicates that the estimate is too high, a negative 
number indicates that the estimate is too low, and an ALPE of zero occurs only 
when EST = CC. 

A Note on Undercount  

In addition to tests on unadjusted census counts, we also tested all the 
models using the estimated state undercount rates to adjust the estimates. We 
noted above that ALPE is a biased error measure where the Census count itself is 
in error (Das Gupta, 1995; Robinson and Kobilarcik, 1995). The key error in the 
Census count is, of course, undercount, and the danger is that our chosen 
variables are more accurately described as a measure of susceptibility to 
undercount, rather than as an indicator of administrative records biases (Simpson, 
1996). In order to test this possibility, we obtained from 1990 Post Enumeration 
Study materials (U.S. Bureau of the Census, 1991) the Public Law 94-171 
adjusted population counts for all 3141 counties in the U.S. We used these 
adjusted population counts to create a corrected ALPE measure (called CALPE). 
Calculating the Pearson correlation between ALPE and CALPE yielded a .968 
correlation. We will address specific differences in the analyses as part of the 
results section later in the paper. 

The second key data source was the 1994 USA Counties data set developed 
by the Bureau of the Census. This CD ROM includes a variety of data at the 
county level, defined consistently across counties. Based on the symptomatic 
indicators we have proposed, we extracted the variables that most appropriately 
represented them. We chose those symptomatic indicators from 1994 USA 
Counties data set we theorized would represent the presence of the people who 
would be motivated by the proposed propensity to report or would indicate the 
presence of other proposed biases. The two data sources were matched using 
county FIPS (Federal Information Processing System) codes.1 We recognize at 
this point that for some of our indicators, the symptomatic indicator we have 
                                                           
1 Three counties came to exist subsequent to the 1990 Census: These three counties were special 

boroughs in Alaska.  Since  1990 counts for these counties were not available they were deleted 
from the completed file prior to analytic work. 
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chosen is less than perfect. Readers should particularly note the presence and 
importance of specific interaction effects in the operational indicators. We have 
separated indicators into groups based on the component of the estimation method 
that they affect. In some cases (e.g., rural counties), the effect may occur in more 
than one administrative record source; in that case we have listed the indicator 
under both sources.    

Obviously, ALPEs will differ over various places and these differences were 
a focus of the 1994 Davis study. We group places in the same categories as Davis 
to examine these patterns; however, where he reported absolute percent errors, we 
use algebraic percent errors.  We find that ALPE error tends to decline toward 
zero as county population increases as does the standard deviation in ALPE; 
however, this effect is not uniform. For example, minimum and maximum ALPE 
values do not appear to decline in absolute value as size increases until size 
reaches the 100,000+ size group. Counties categorized by growth rate also vary in 
ALPE which ranges from a high of 4.11% (for declining counties) to a low of 
.18% for rapidly growing counties; however, the standard deviations in ALPE do 
not decline over the growth classes. Likewise minimum and maximum values 
exhibit little in the way of systematic change over the growth classes1. 

Results 

In this section, we construct two regression models designed to predict 
algebraic percent error. We give brief definitions of variables in table A-2 in the 
appendix. Our first model is “Model 0,” a “null” model based only on regional 
dummy variables (REGION 1 – REGION 4) and control variables CHANGE1 
and POP90, described in table 2. 

As can be seen in table 2, the control variables we have selected have effects 
in the appropriate direction. As rate of change 1980-1990 (CHANGE1) increases 
by one percent, holding other effects constant, ALPE declines by an expected 
.088 percent. Likewise, for a one thousand person increase in population in 1990, 
holding other effects constant, ALPE declines by an expected .000009 percent. Of 
course, since the population variable is scaled in larger units than ALPE, the 
effect size is scaled downward. The standardized regression coefficients (labeled 
“Beta” in table 2) illustrate relative effect sizes standardized in standard deviation 
terms:  For a one standard deviation increase in county population size, ALPE 
declines by an expected .048 standard deviations, holding other effects constant. 

                                                           
1 Tables which display mean algebraic percent errors by region; by state; and by size and by growth 

rate of county are available from the authors. A choropleth map of the United States, with 
individual counties' algebraic percent errors displayed in greyscale and color grouped by size and 
direction of error is also available. There is some clustering of overestimates in the southeastern 
region of the United States, Louisiana, Texas, and West Virginia and Kentucky, where poverty is 
generally, although not exclusively, high. In contrast, underestimates can be seen in the mountain 
and pacific regions, and a possible northern cluster. 
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Table 2. MODEL 0: Regression of ALPE on Control Variables Only 

    Number of ob=  3141  
    F(  5,  3135) = 97.34 
Source SS df MS Prob > F = 0.0000 
Model 1.015793 5 .203159 R-squared = 0.1344 
Residual 6.543320 3135 .002087 Adj R-square = 0.1330 
Total 7.559117 3140 .002407 Root MSE = .04569 

 

 Coef. Std. Err. t P>|t| Beta 
REGION2 -.0012286 .0034672 -0.354 0.723 -.0118283 
REGION3 .0263425 .0033761 7.803 0.000 .2673338 
REGION4 .0120128 .0038188 3.146 0.002 .085311 
POP90 -.000009 .00000317 -2.841 0.005 -.0483721 
CHANGE1 -.0881782 .0050891 -17.327 0.000 -.304311 
CONSTANT .014323 .0031934 4.485 0.000 . 

Note: The number of observations is the 3141 US counties in 1990; CONSTANT is the estimated regression 
constant; REGION2 is an indicator variable taking on the value one for counties in region 2 
(Midwest), and zero otherwise; REGION3 is an indicator variable taking on the value one for counties 
in region 3 (South), and zero otherwise; REGION4 is an indicator variable taking on the value one for 
counties in region 4 (West), and zero otherwise; REGION1 (Northeast) is the omitted category; 
POP90 is the Census population for 1990; CHANGE1 is the percent change in population from 1980 
to 1990 (expressed as a decimal, i.e .01 = 1%); Coef. is the regression coefficient; Std. Err. is the 
population standard error; t is the coefficient divided by the standard error, and Beta is the 
standardized regression coefficient. Under the interpretation that these results represent the total 
population of counties, F-statistics, t-statistics and p-values are illustrative only. 

REGION1 (Northeast) was chosen as the comparison region, so coefficients 
on REGION2-REGION4 should be interpreted as deviations from REGION1.  
Consistent with the fact that other explanatory variables are not present in the null 
model, the regional dummies have substantial effects, with Midwest (REGION2) 
counties being an expected .12 percent lower than Northeast (REGION1) on 
ALPE, and the South (REGION3) and West (REGION4) regions being an 
expected 2.6 percent and 1.2 percent higher than REGION1, respectively. 

Model 1 adds to Model 0 the variables that would pick up estimation errors 
through 1) birth/death estimation error; 2) group quarters estimation error; 3) 
over-sixty-five estimation error; 4) international migration estimation error and 5) 
estimation error from an inappropriately high or low net migration rate. The 
results are found in table 3. 

Table 3. MODEL 1: Regression of ALPE on Complete Set of Indicator Variables 

    Number of obs = 3141 
    F( 29,  3111) = 34.85 
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Source SS df MS Prob > F = 0.0000 

Model 1.8536415 29 .06391867 R-squared = 0.2452 

Residual 5.7054751 3111 .00183397 Adj R-squared = 0.2382 

Total 7.5591167 3140 .00240736 Root MSE = .04282 
 

 Coef. Std. Err. t P>|t| Beta 
REGION2 -.0072795 .0033978 -2.142 0.032 -.0700832 
REGION3 .0141413 .0036426 3.882 0.000 .1435115 
REGION4 .0025681 .0039113 0.657 0.511 .0182377 
POP90 .0000039 .00000357 1.101 0.271 .0211462 

CHANGE1 -.0612704 .0073152 -8.376 0.000 -.2114498 
BIRTH/DEATH INDICATORS ESTIMATION ERROR INDICATORS 
BDPCT .9224643 .3173705 2.907 0.004 .0905089 
RURAL .009145 .0066715 1.371 0.171 .0559835 
NOHOSP .0296158 .0085617 3.459 0.001 .2255863 
RURALNO
H 

-.033575 .0095049 -3.532 0.000 -.2369856 

GROUP QUARTERS ESTIMATION ERROR INDICATORS 
QROUPQI .3408452 .1015814 -3.355 0.001 -.1487647 
PCTCOLL -.3029027 .0469092 -6.457 0.000 -.1232623 
MILPCT -.3547109 .0703749 -5.040 0.000 -.086852 
PRISPCT .4131984 .1153268 3.583 0.000 .1640343 
GQICHG -.6409098 .5980738 -1.072 0.284 -.0594903 
CCHG -.0151471 .0037422 -4.048  0.000 -.0740519 
MPCHG -.0040686 .0021307 -1.910 0.056 -.0326152 
PPCHG .8490982 .6973883 1.218 0.223 .0628466 
OVER 64/MEDICARE ESTIMATION ERROR INDICATORS 
SSPCT .0294205 .0327273 0.899 0.369 .0339869 
DIFF -.2001848 .0455054 -4.399 0.000 -.1164724 
EDRATE -.0272872 .0179069 -1.524 0.128 -.0407128 
INTERNATIONAL IMMIGRATION ESTIMATION ERROR INDICATORS 
FORPCT -.13502 .0339946 -3.972 0.000 -.0999809 
NET MIGRATION ESTIMATION ERROR INDICATORS 
POV .072446 .0325804 2.224 0.026 .1174622 
BLACKPOP .0001519 .0076704 0.020 0.984 .0004438 
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 Coef. Std. Err. t P>|t| Beta 
INDPOP -.1039429 .0285915 -3.635 0.000 -.1538393 
HISPPOP -.0058464 .0223936 -0.261 0.794 -.0131631 
RURALPOV .0108678 .0364221 0.298 0.765 .0182611 
BLACKPOV -.0038511 .003271 -1.177 0.239 -.0185331 
INDPOV .4072148 .0792336 5.139 0.000 .2208309 
HISPPOV -.0165445 .0661579 -0.250 0.803 -.0120251 
CONSTANT -.0000111 .0076936 -0.001 0.999 . 

Note: The number of observations is 3141 USA counties in 1990; CONSTANT is the estimated regression 
constant; REGION2 is an indicator variable taking on the value one for counties in region 2 
(Midwest), and zero otherwise; REGION3 is an indicator variable taking on the value one for counties 
in region 3 (South), and zero otherwise; REGION4 is an indicator variable taking on the value one for 
counties in region 4 (West), and zero otherwise; REGION1 (Northeast) is the omitted category; 
POP90 is the Census population for 1990; CHANGE1 is the percent change in population from 1980 
to 1990 (expressed as a decimal, i.e .01 = 1%); BDPCT is the natural increase divided by 1990 
population; population; BDCHG is BDPCT interacted with CHANGE1 (BDPCT*CHANGE1); 
RURAL is the percent of the population living in areas classified as “rural”; NOHOSP is an indicator 
variable taking on the value one if the county had a hospital in 1990, zero otherwise; RURALNOH is 
the interaction between rural and NOHOSP (RURAL*NOHOSP); GROUPQI is the percentage of the 
population living in institutional group quarters; PCTCOLL is the percentage of the population living 
in college dormitories; MILPCT is the percentage of the population living in military quarters; 
PRISPCT is the percentage of the population living in prison; GQICHG is the interaction between 
GROUPQI and percentage change; CCHG is the interaction between college dorm population and 
percentage change (PCTCOLL*CHANGE1); MPCHG is the interaction between percent military and 
population change (MILPCT*CHANGE1); PPCHG is the interaction between prison population and 
population change (PRISPCT*CHANGE1); SSPCT is the percentage of the population receiving 
Social Security benefits; DIFF is the difference of the percentage 65 and over and the percentage of 
the population who are Social Security enrollees, (thus indicating the percent of 65 and over who are 
not Social Security enrollees); EDRATE is the percentage of the population who have attained high 
school degrees or greater in 1990; FORPCT is the percentage of the 1990 population foreign-born; 
POV is the percentage of the population living below poverty in 1989; BLACKPOP is the percentage 
of the population black; INDPOP is the percentage of the population native American Indian; 
HISPPOP is the percentage of the population of Hispanic origin; BLACKPOV is the percentage of the 
black population living below poverty; INDPOV is the percentage of the Indian population living 
below poverty; HISPPOV is the percentage of the Hispanic population living below poverty; 
RURALPOV is the interaction effect between rural and poverty (RURAL*POV); Coef. is the 
regression coefficient; Std. Err. is the population standard error; t is the coefficient divided by the 
standard error, and Beta is the standardized regression coefficient. Under the interpretation that these 
results represent the total population of counties, F-statistics, t-statistics and p-values are illustrative 
only. 

Because biases in administrative records are subtle, we expect that the effect 
sizes (that is, regression coefficients) on the symptomatic indicator variables will 
be small. However, we are in the fortunate circumstance that we have the entire 
population of USA counties to analyze1. This means that we have no sampling 

                                                           
1 Alternatively, one could argue that the 3141 counties we have represent a sample of one year’s 

worth of estimation from an ongoing process of estimates production, hence they do indeed have 
sampling variability as samples from a population of such estimates. In order to allow the reader 
to make his/her own interpretation, we present results to aid either interpretation. 
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variability; this also means that standard error calculations are not important as a 
measure of sampling variability. Under this interpretation, t-statistics, etc., should 
not be treated as measures of statistical significance1. The importance of this 
interpretation is that the coefficients we estimate for 1990 are not subject to 
sampling variability; there is no uncertainty about them.   

Let us consider at this point some of the larger effects in Model 1. 
Examining standardized regression coefficients (“Beta’s”) is useful for locating 
variables that are important indicators of estimation error even though their 
unstandardized coefficients are small. We examine standardized coefficients of 
absolute value .10 or greater for discussion. For example, the coefficient on the 
dummy variable, NOHOSP, (1 = county has a hospital; 0 = otherwise) is positive, 
as we would expect, indicating that counties with hospitals are slightly 
overestimated, consistent with the hypothesized misallocation of births. The 
coefficient for RURALNOH (the interaction term between the indicator variable 
for the presence of a hospital and a rural county) is negative (-.035) indicating an 
expected .035% decrease in ALPE for a 1% increase in rural population in 
counties having no hospital. This is consistent with our hypothesis that rural 
counties with no hospitals will be underestimated. The coefficients on 
institutional group quarters (GROUPQI) and percent of population in college 
(PCTCOLL) are both negative and quite large.  For a 1% increase in institutional 
group quarters population, we expect a .33% decline in ALPE, holding other 
variables constant. Similarly, a 1% increase in percent of population in college 
generates an expected .35% decrease in ALPE, holding other variables constant. 
For GROUPQI, we strongly suspect that delays in reporting from the states causes 
this negative coefficient (Batutis, 1996, has stated that this is an ongoing problem 
for the Administrative Records Method of estimation). Obviously, if the group 
quarters population has grown but that growth is not reported, this generates an 
underestimate, and vice versa for decline. 

SSPCT (the percentage of the 65 and older population who are Social 
Security enrollees) has a positive standardized coefficient of.034 and an 
unstandardized coefficient of .029. The model also includes DIFF (the difference 
between the percentage of the population 65 or older and the percentage of the 
population that are Social Security enrollees; that is, the percentage of the 
population not enrolled in Social Security) and both the unstandardized and the 
standardized coefficients are negative. (-.200 and -.117, respectively). To repeat, 
the coefficient on SSPCT is positive and consistent with the hypothesis of a 
strong propensity to enroll in Medicare; DIFF has the expected negative 
coefficient, because it is picking up all persons 65 and older who have not signed 
up for Medicare. Thus, a 1% increase in the percentage of the population who are 

                                                           
1 t-statistics are presented in Tables 3 and 4 as illustrative calculations for reference and/or sampling 

interpretation. We have omitted confidence intervals and presented instead the standardized 
regression coefficients. 
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eligible for Medicare but do not enroll generates an expected -.117% decrease in 
ALPE, holding other effects constant. 

As indicated in the arguments about net migration, poverty can generate 
overestimates in total population by creating an underestimate of outmigration. 
For a 1% increase in the population in poverty in 1989, we have an expected 
.072% increase in ALPE, holding other effects constant. For example, a 10% 
increase in persons in poverty generates an estimate that is almost 3/4 of a 
percentage point too high (or, for a county whose population is 10,000 persons, a 
10% increase in poverty generates an estimate about 720 persons high). 

All race/ethnicity by poverty effects are small with the exception of Indian 
population and Indians in poverty. The direct effect of Indian population is 
negative; as the percentage of the population that is Indian increases by one, there 
is an expected .10% decrease in the ALPE, holding other effects constant. 
However, the effect of Indians in poverty is dramatically positive; a 1% increase 
in poverty in the Indian population generates an expected .398% increase in 
ALPE, holding other effects constant. We expect that the latter effect is the tax 
filing/migration problem described in our hypotheses. 

We can summarize our substantive conclusions from the results as follows: 
1. Consistent with other studies, counties with rapid change tend to have 

estimation errors opposite the direction of change; 
2. Counties with a high rate of natural increase tend to be overestimated;  
3. Rural counties with no hospital tend to be underestimated; 
4. Counties with a large proportion of the population in group quarters tend to be 

underestimated, and this effect is strongly exacerbated if the county is also 
growing; 

5. A notable exception to 4) is counties with a high percentage of its population 
in prison; 

6. Counties with a high proportion of Social Security enrollees tend to be 
overestimated, but if the county has a high proportion of the 65 and over 
population that is not enrolled, the county tends to be underestimated; 

7. Counties with a high percentage foreign born tend to be underestimated; 
8. Counties with a high percentage of the population in poverty tend to be 

overestimated; 
9. Counties with a high percentage of native American Indian population tend to 

be underestimated; and 
10. Counties with a high percentage of native American Indians in poverty tend to 

be overestimated. 

Analyses using undercount-corrected population counts 

Analyses using CALPE, the undercount-corrected measure of error, had 
similar results as those using ALPE1. In virtually all cases, the magnitude varied 

                                                           
1 A copy of analyses performed using CALPE instead of ALPE is available from the first author. 
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only slightly in the CALPE model from the ALPE model. For example, the 
variable “percent in poverty” had a standardized regression coefficient of .117 in 
the ALPE model; this variable had a standardized regression coefficient of .102 in 
the ALPE model. In some cases, coefficents very close to zero in the ALPE model 
changed sign in the CALPE model, but no substantive conclusion was at risk, 
with the exception of one. The variable “indians in poverty” had a standardized 
regression coefficient of .22 in the ALPE model, and had a standardized 
regression coefficient of .011 in the CALPE model. Thus, we conclude that for 
this particular variable, the effect of undercount is creating the results presented 
here, and conclusion 10) above is a result of differential undercount. Given that 
native American Indians living on reservations were the most undercounted racial 
group in 1990 (12.22%; Hogan and Robinson, 1993), this is not surprising. 

However, we would like to emphasize that even with the undercount-
corrected population count used as a standard, no other substantive conclusion 
changes. Thus, we feel confident that our hypotheses for bias are independent of 
the undercount correction. 

Discussion and Implications for Future Estimation Methods 

Biases in administrative records are subtle; (Judson, 1996; Judson and 
Popoff, 1998) have proposed that biases are created by 1) improper record 
matching (i.e. SSN errors); 2) the propensity of individuals to fill out the pertinent 
administrative record incorrectly creating response errors; 3) data management 
and transaction management errors; 4) data volatility (i.e., changes in the database 
that occur after an extraction takes place); 5) coding errors; and 6) program 
effects or the propensity of the particular record keeper to over- or under-state 
program participation. Furthermore, in this study we have postulated that people 
or institutions in certain circumstances are more likely to generate these kinds of 
biases, and we have attempted to record the presence of these situations at the 
county level using county data indicative of the underlying cause. 

In almost all cases, we have found the direction of estimation error to be 
consistent with our proposed administrative records biases. In only one case 
(prison population) have we found a coefficient opposite to our a priori 
expectations. Thus, we find these results very encouraging; in fact, we were 
surprised at how consistent the outcome of the analysis was with our a priori 
expectations. However, we must indicate that these results are only indicative of 
biases in administrative records, not definitive. While it is true that the direction 
of error is consistent with our postulated biases, without a direct study of the 
administrative records themselves, we cannot rule out the possibility of alternative 
explanations for these results. 

What are the implications of these results for future estimation? We 
summarise our recommendations: 
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1. When using data series from administrative records for any estimation method, 
careful consideration should be given to the potential for bias caused by 
“program effects,” mismatching of personal identifiers, the unequal probability 
that different kinds of people will exist in the administrative record, and 
similar effects. 

2. The Census Bureau should consider, perhaps as part of continuous 
measurement or census evaluation initiatives (e.g. Judson, 2000), a special 
sampling study of the administrative records themselves to determine and 
calibrate their relationship to “ground truth” (Zanutto and Zaslavsky, 1999).  
Such a study should include an on-site verification of the veracity of the 
administrative record. Essentially, this procedure treats the administrative 
record file itself as a population to be examined and from which a sample may 
be drawn and tested (Judson and Popoff, 1998). 

3. Given that we have demonstrated that the direction and magnitude of bias can 
be appropriately estimated, a correction factor can be constructed for 
administrative non-coverage. A reliable correction factor thus could be used 
to adjust intercensal estimates. For example, we take our estimated model 

XB
C

CE
=

− , where E=Estimate, C=Census Count, X is the matrix of 

independent variables and B is the matrix of estimated coefficients. After some 
algebraic simplification, this model implies that .

1
C

XB
E

=
+

  Obviously, if all 

of the estimated coefficients were zero, then E=C and there is no bias. If XB 
results in a positive number, then the correction factor deflates E to make it 
match C.  If XB results in a negative number, then the correction factor 
inflates E to make it match C. Thus, 1/(1+XB) is our proposed candidate for a 
correction factor, and E/(1+XB) is our proposed “bias corrected” county 
population estimate. 

4. Our results imply additional recommendations: That the estimates would be 
well served if vital statistics geocoding were to be improved at all levels; that 
Group Quarters update and reporting is very important, particularly in 
changing counties; and that a Medicare coverage study would be useful for 
assessing undercoverage and the effects of undercoverage on the estimates 
process1. 

5. Last, but perhaps most important, in the latter half of the 20th century much 
research was performed using administrative data as the data source for some 
underlying activity and as data source or benchmark for estimation and 
enumeration efforts. More research on these sources continues to be performed 

                                                           
1 Since we first made this proposal, Kim and Sater, 2000, have performed such studies. Similarly, 

Pearson and Sater, 2000 report a study of tax exemption flows that do not depend on matching on 
primary filer. 
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(see, for example, the AREX 2000 Administrative Records Experiment 
[Czajka, Moreno, and Schirm 1997; Bye, 1997; U.S. Census Bureau, 2000] 
and the American Community Survey efforts [Taeuber, Lane and Stevens, 
2000]). Heretofore, administrative records data have been collected only to 
serve the narrow purposes of a particular entity.  As data bases are being used 
independently or linked to provide a less expensive analytic tool (Scheuren 
and Winkler, 1993, 1997), data users must be motivated to collectively work 
together to find ways to make these data more reliable and universal. We 
recommend that Federal statistical agencies continue to take the lead because 
Federal data are used extensively in all areas of business and government, and, 
in fact, set the standard for competent use of such data (Long, 1996; Prevost, 
1996). 
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APPENDIX A: 

TABLE A-1. Proposed Administrative Records Errors and Biases and Empirical 
Indicators 

Record Source of Error or Bias Direction of Error or 
Bias 

Empirical 
Indicator 

Migration rate calculation: 
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Record Source of Error or Bias Direction of Error or Empirical 
Bias Indicator 

Tax Return Person/family moved for job - filed 
last year, did not file in current 
year, no match and not counted in 
migration rate. 

Under-estimate in 
county of destination; 
over-estimate in county 
of origin. 

poverty ; 
poverty*ethnic percent;  
poverty*rural percent 

Tax Return Person/family moved for job - filed 
in current year, didn't file last year, 
no match and not counted in 
migration rate. 

Under-estimate in 
county of destination; 
over-estimate in county 
of origin. 

poverty; 
poverty*ethnic percent; 
poverty*rural percent 

Tax Return College student listed as exemption 
on parents' return, not necessarily 
counted in college dorm group 
quarters. 

Over-estimate in county 
where parents live; 
under-estimate in county 
of college. 

College population 

Group Quarters: 
College Dorm Group quarters report used from 

last year, but college dorm 
residence up.  Additionally, student 
counted as exemption on parents 
tax return deflates migration rate, 
and graduation-new tax return 
potentially inflates migration rate. 

Under-estimate in 
county of college. 

College pop; 
College pop * percent 
change 

Military base Group quarters report used from 
last year, but military dorm 
residence up. 

Under-estimate in 
county of military base. 

Military population; 
Military population* 
percent change 

Prison Group quarters report obtained 
from prison administration--
motivation to over-report.   
Also, person is counted in group 
quarters when they might have been 
missed in prior estimates due to the 
person’s motivation not to be 
located.1

over-estimate in county 
where prison is located. 

Prison population; 
Prison population * 
percent change 

Long Term 
Health  
Care 
Institution 

Group quarters report obtained 
from last years, but GQ residence 
up. 

under-estimate in county 
where institution is 
located 

Institutional GQ 
population; 
Institutional GQ 
population * 
percent change 

Population 65 and older: 

Medicare 
Enrollees 

Enrollment coverage is high--this 
population should be estimated well 

Over-estimate in county 
of residence (i.e., avoid 
underestimates) 

SS percentage of 
population 

                                                           
1 We note for the record that our a priori expectation was in the opposite direction; this post-

explanation for the effect of prison population is constructed based on our understanding of 
“program effects” in administrative records and the probability that a prisoner has avoided 
detection by administrative sources prior to his/her incarceration.  Both of these result in an 
underestimate prior to incarceration and an overestimate after. This is corroborated by the study 
cited above that discusses findings that prisons and financial institutions have the highest 
discrepancies in social security numbers (DHHS, 1990). 
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Record Source of Error or Bias Direction of Error or Empirical 
Bias Indicator 

Medicare 
Enrollees 

Not all people eligible enroll under 
HCFA.  We hypothesize under 
enrollees include: 
- less educated 
- rural 
- foreign/non-English speaking 
- nonwhite ethnic groups. 

Under-estimate in 
county of residence 

Education level; 
Rural population; 
Percentage of 65 and 
older who are not 
enrollees; 
Percent foreign born 

Birth and death records: 

Birth record Birth recorded in county where 
hospital located, not at mother's 
address (mother's address may  be a 
PO Box or may be misstated). 

Over-estimate in county 
where hospital is 
located; under-estimate 
in county where mother 
and baby reside. 

Rural population; 
County without 
hospital; 
County without 
hospital * 
rural population; 
[Birth-death] as percent 
of population 

Birth record Increase (decline) of births to 
mothers in resident county--prior 
year birth report used in lieu of 
current year records. 

Under (over) -estimate, 
opposite to direction of 
change. 

birth-death as percent 
of population * percent 
change 

Death record Death recorded at address where 
death or funeral preparation took 
place - not in county of residence.  

Over-estimate in 
resident county of 
deceased, under-estimate 
in county to which death 
is attributed. 

Rural population; 
County without 
hospital; 
 County without 
hospital * 
rural population; 
Birth-death as percent 
of population 

Death record Increase (decline) in deaths--prior 
year report used in lieu of current 
year records. 

Over (under) estimate, 
opposite to direction of 
change. 

Birth-death as percent 
of population * percent 
change 

Foreign immigration: 

INS Allocation 
of migrants + 
allocation of 
undocumented 
immigrants 

Undocumented aliens migrate to 
counties where other undocumented 
aliens are, but the totals  are 
underestimated. 

Under estimate in 
county of undocumented 
alien’s destination 

Percent foreign born 

Regional effects and controls 

Population 
growth 

The persistent tendency of any 
estimation method to fail to fully 
capture recent growth or decline. 

Growth generates 
underestimate; decline 
generates overestimate 

% change from 1980-
1990 

Other effects 
not captured 
here 

 No particular hypothesis Regional dummy 
variables 
(i.e. Census Bureau 
Region 1...Region 4) 

Population of 
county 

The empirical relationship that 
larger counties have smaller percent 
errors 

Larger counties should 
have errors closer to 
zero 

Population in 1990. 

 

TABLE A-2. Variable Names and Brief Definitions 
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Variable 
name 

Definition 

ALPE The dependent variable, Algebraic percent error: 100* (EST – CC)/ 
CC. 

REGION2 An indicator variable taking on the value one for counties in region 
2 (Midwest), and zero otherwise. 

REGION3 An indicator variable taking on the value one for counties in region 
3 (South), and zero otherwise. 

REGION4 An indicator variable taking on the value one for counties in region 
4 (West), and zero otherwise. 

POP90 Census population for 1990. 
CHANGE1 Percent change in population from 1980 to 1990 (expressed as a 

decimal, i.e .01 = 1%). 
BDPCT Natural increase divided by 1990 population. 
RURAL Percent of the population living in areas classified as “rural”. 
NOHOSP An indicator variable taking on the value one if the county had a 

hospital in 1990, zero otherwise. 
RURALNOH Interaction term between rural and NOHOSP (RURAL*NOHOSP). 
GROUPQI Percentage of the population living in institutional group quarters. 
PCTCOLL Percentage of the population living in college dormitories. 
MILPCT Percentage of the population living in military quarters. 
PRISPCT Percentage of the population living in prison. 
GQICHG Interaction term between GROUPQI and percentage change. 
CCHNG Interaction term between college dorm population and percentage 

change (PCTCOLL*CHANGE1). 
MPCHG Interaction term between percent military and population change 

(MILPCT*CHANGE1). 
PPCHG Interaction term between prison population and population change 

(PRISPCT*CHANGE1). 
SSPCT Percentage of the population receiving Social Security benefits. 
DIFF Difference of the percentage 65 and over and the percentage of the 

population who are Social Security enrollees, (thus indicating the 
percent of 65 and over who are not Social Security enrollees). 

EDRATE Percentage of the population who have attained high school 
degrees or greater in 1990. 

FORPCT Percentage of the 1990 population foreign-born. 
POV Percentage of the population living below poverty in 1989. 
BLACKPOP Percentage of the population that is black. 
INDPOP Percentage of the population that is native American Indian. 
HISPPOP Percentage of the population that is of Hispanic origin. 
RURALPOV Interaction term between rural and poverty (RURAL*POV). 
BLACKPOV Percentage of the black population living below poverty. 
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Variable Definition 
name 

INDPOV Percentage of the Indian population living below poverty. 
HISPPOV Percentage of the Hispanic population living below poverty. 
CONSTANT The constant; because REGION1 is the omitted category dummy 

variable, the constant de facto estimates the average algebraic 
percent error for counties in Region 1 (northeast). 
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EFFICIENCY OF SMALL DOMAIN ESTIMATORS  
FOR THE POPULATION PROPORTION  

A Monte Carlo Analysis 

Tomasz Jurkiewicz1

ABSTRACT 

 The problem of insufficient number of sample observations representing 
a given population domain (small area) may be solved by setting up estimators 
which would be able to use information from other domains to improve 
estimates for the domain of interest. Analytical investigations of the properties 
of such estimators tend to be difficult and time consuming. Stochastic 
experiments, on the other hand, may lead to quick and reliable conclusions. 

In the paper we present an application of Monte Carlo techniques in the 
analysis of the basic properties of selected small domain estimators. As a 
given set of required parameters for performing the experiments we used some 
real data and information obtained from an empirical survey of small 
enterprises in two provinces of Poland.  

1. Introduction 

For dozens, or even hundreds of years statisticians have been struggled with 
a difficult problem of too small sample size for the purposes of statistical 
inference. Too few observations in a sample to make inference about the entire 
population, or insufficient number of observations representing a given domain 
(subpopulation, small area) to give reliable estimates for the whole domain 
constitute a common problem and challenge for statisticians. Looking back at 
various attempts to solve this problem, one can identify three main approaches 
which have been developed: 
1. searching for non-sample information accompanied by an adjustment of 

statistical techniques which would be able to combine sample and non-sample 
information; 

2. using information about other attributes or characteristics of the population, 
correlated with the characteristic of interest; 

                                                           
1 Gdańsk University, Gdańsk, Poland, e-mail: t.jurkiewicz@zr.univ.gda.pl 
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3. working out estimators which would utilise sample information from outside 
a certain population domain to obtain parameter estimates for the domain of 
interest. 
The third approach, unlike the other two, relates mainly to making inference 

about certain parts of the population, rather than the entire one, which are not 
sufficiently represented in the random sample. This "under-representation" in the 
sample has always been regarded as one of most difficult issues in statistical 
surveys. An insufficient number of sample observations representing a given 
population domain may prevent one from using a number of inferential methods 
or may result in small precision of estimation (see Bracha [1996]).  

With regard to the term "small area" or "small domain", it does not matter 
whether it covers a part of the population defined by geographical boundaries, or 
a subset of population units representing certain manufacturing sector, people 
with given education level, households with certain family income, etc. The term 
"small area" tends to be associated with geographical or administrative units 
mainly due to historical reasons (see Kordos [1999], Purcel, Kish [1980]). 
Actually, it may be applied to any arbitrary domain, and therefore it will be called 
"small domain" throughout this paper.  

In many countries, including Poland, most institutions which conduct 
statistical surveys: research centres, local authorities, enterprises, usually have 
smaller budgets than state statistical offices. As a result, their surveys tend to be 
based on smaller sample sizes which rarely exceed one thousand units. The 
principal domains of interest may therefore be represented in the sample by only a 
dozen of units. In such cases, in order to obtain reliable and efficient estimates it 
may be necessary to apply methods of indirect estimation, or in other words "to 
borrow strength from other domains" (see Schaible, Casady [1994], p. 733). In 
statistical surveys, especially in marketing surveys a majority of variables under 
investigation are qualitative rather than quantitative. And as a result, a proportion 
is more commonly estimated than the total or the mean. Also in this paper we 
concentrate on the population proportion. 

2. Selected estimators of the population proportion for small areas 

Distributions of dichotomous qualitative variables can be identified with the 
Bernoulli distribution, provided that the probability of occurring the given 
variable characteristic equals the probability of unity in the Bernoulli distribution 
(see Domanski, Pruska [1997]). In qualitative variables which assume more than 
two variants, value 1 is assigned to the variant of interest, and 0 to the 
combination of all remaining variants. In papers related to small domain 
estimation, a population total is most commonly analysed (see. C. E. Särndal, M. 
A. Hidiroglou [1989], C. Bracha [1994]). On the basis of estimators provided for 
the total one can easily obtain estimators for the population proportion.  
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As it was mentioned before, small domain estimators "borrow strength" to 
yield a more accurate and more efficient estimate in the domain of interest. 
Possible sources of additional information used for borrowing strength from are: 
 values of the variable of interest in other domains; 
 the number of strata and the number of domains in the population; 
 values of additional characteristic in the sample closely associated with the 

characteristic of interest;  
 information about other variables in the population. 

The analysis described below is based on the data collected in a sample 
survey of small enterprises registered in the province of Gdansk and province of 
Lublin, which was conducted by the Department of Statistics, University of 
Gdansk, in December 1999. The only source of additional information which was 
available for the purposes of making inference in small domains was sample 
information from other domains. Consequently, only three indirect estimators 
were used for the analysis, and additionally a classical direct estimator was 
employed as the reference one. These estimators belong to the group of simple 
and easily applicable estimators for small domains. They do not require any 
additional, non-sample information. If, however, such information is available 
one should consider the use of POS estimators, i.e. ratio or regression estimators, 
or empirical Bayes estimators. Bayesian approach is particularly appealing in this 
context, as it allows for various forms of prior information, which combined with 
sample observations tends to improve credibility and precision of final estimates1. 
This approach may be very useful in various kinds of market research performed 
by statistical bureaus. It seems that in marketing surveys, which refer to specific 
kinds of economic activity or to specific geographical regions, it may be 
sometimes difficult to employ Bayesian approach due to lack of proper non-
sample information. For this reason we confine ourselves to non-Bayesian 
inference in this paper. 

The variable of interest is denoted by Y. It is assumed that the entire 
population is divided into D domains and H strata. The following notation is used 
in the paper: 
ΠYd – proportion for the variable Y in domain d, 
kdh – the number of distinguished sample elements (Y = 1) in stratum h and domain d, 
ndh – the number of sample observations in stratum h and domain d, 
k.h – the number of distinguished sample observations in stratum h, 
n.h – the number of sample observations in stratum h. 
The following estimators for the population parameter ΠYd will be considered: 

1. Classical estimator 

                                                           
1 Kordos (1999) describes the procedure of empirical bayes estimation for small domains and 

suggests sources of prior information in social and economic research. See also: Singh A. C., 
Stuckel D. M., Pfeffermann D. (1998), Ghosh M. (1999), Kordos J., Paradysz J. (1999). 
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It is an unbiased estimator, which does not require any auxiliary information, 
except for specifying the elements which belong to domain d and determining 
values of variable Y for these elements. Small number of observations in domain d 
results in a large variance (inefficiency) of the estimator.  

2. Synthetic estimator 

∑

∑

=

== H

h
h

H

h
h

n

k
P

1
.

1
.

2                                                   (2) 

Synthetic estimators are based on the assumption that the structures of the whole 
population and the subpopulation covered by small domains are the same. The 
larger discrepancies from this assumption, the larger bias of the estimator. That 
means that the synthetic estimator will yield accurate results for those domains in 
which the distribution of the variable Y is close to the average level of the 
variable. And vice-versa, in extreme domains the estimator will generate heavily 
biased estimates. It is worth noting that estimator P2  is a classical sample 
estimator for the proportion in entire population.  

3. Composite estimators 

)1( 23133 PPP ⋅−+⋅= αα                                          (3) 

Composite estimator is defined as a linear combination of the classical estimator 
and synthetic estimator. Parameters α3 and (1 – α3) constitute weights for 
classical and synthetic estimators respectively in this formula. It is assumed that 
large discrepancies of the given domain from other domains should be reflected 
by large (close to 1) values of α3. The optimal value of  α3 obtained as a result of 
minimising the Mean Square Error (MSE) of estimator P3 equals: 
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Assuming that the covariance in formula (4) is essentially smaller than both 
MSE(P1) and MSE(P2), and therefore can be ignored, the formula simplifies to: 

)1( 24144 PPP ⋅−+⋅= αα                                         (5) 
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where:                            
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3. Monte Carlo analysis for the proportion in small domains 

Properties of estimators can be investigated using either analytical or 
numerical methods. The former ones are generally superior to the latter ones, but 
usually are more difficult, more time consuming, and require the adoption of 
some simplifying assumptions. Stochastic experiments, on the other hand, give 
approximate results, but are less time consuming more flexible to changes of 
initial assumptions related to the distribution or/and relationships between the 
variables of interest.   

For the analysis of properties of the estimators mentioned above, the 
following algorithm was used: 

Step 1. Adoption of assumptions related to: 
• the size of small domain and strata, 
• the distribution of variable X in the population, in particular strata, in a small 

domain, and outside the domain, 
• the size of the sample selected randomly (n), 
• the number of experiments. 

Step 2. Performing the experiments 
• generating s random samples of size n from the infinite population with 

properties specified in Step 1, 
• calculating values of estimators P1, P2, P3 i P4. 

Step 3. Analysis of properties of the applied estimators  
• calculating numerical characteristics of estimators P1, P2, P3 i P4, including 

bias, and MSE, 
• choosing the best estimator which meets the assumptions specified in Step 1. 
 

 

Assumptions of the model 

The applied probabilistic model assumes that a selected unit comes from an 
infinite, three-dimensional, discrete population (domain – stratum – investigated 
variable). The distribution of the population corresponds to the estimated 
empirical distribution obtained in the survey.  

Taking into account the size of the sample, it was decided that the number of 
strata would normally be two. It is assumed that there exists one specific small 
domain, and all the remaining domains combined are considered as "the other 
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domain". The considered variables were dichotomous or were ready to be 
transformed to dichotomous. The simulation procedure required to determine at 
least 8 parameters, which corresponded to the number of population elements 
located in particular domains and strata. The parameters are: 
• the number of distinguished elements (kd1) and the size of the small domain 

both covered by stratum 1 (nd1); 
• the number of distinguished elements (kp1) and the number of elements from 

outside the small domain both located in stratum 1 (np1); 
• the number of distinguished elements (kd2) and the size of the small domain 

both covered by stratum 2 (nd2); 
• the number of distinguished elements (kp2) and the number of elements from 

outside the small domain both located in stratum 2 (np2). 
And the final parameter needed to be set up for the experiments, the number 

of replications was 10 000. The time of all designed computations carried out in 
one replication did not exceed 60 seconds. An increasing number of replications 
(more than 10 000) was time consuming and did not improve the accuracy of the 
results essentially. Therefore it was not applied in final experiments. 

Sampling from a multivariate discrete distribution 

Because the distribution of the population is known, the sampling procedure, 
which consists in generating  values from a multivariate discrete distribution, is 
not difficult and comprises the following steps: 
1. Random values from the uniform distribution of the variable X in interval  

(0, 1) are generated. 
2. Corresponding values of variable H which denotes stratum and assumes 

values 1, 2, .... with probabilities P(H = 1) = p1  ; P(H = 2) = p2  ; ... are 
calculated in the following way: 
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3. Values of random variable X' are calculated as: 
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4. A value of random variable D, which denotes an element from the small domain 
or from outside it, is computed according to formula (9). The variable D has the 
following distribution: P(D = 1 | H = r) = q1,r; P(D = 2 | H = r) = q2,r; ... 
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5. Values of random variable X'' are calculated as: 

If H = r  and  D = s;                               
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The variable X'' is uniformly distributed in the unit interval. Similarly, all 
following values are calculated for the required dimensions. 

On the basis of the generated sample of size n estimates produced by 
estimators P1 and P2 were obtained. The results of all s experiments were 
remained for the purposes of  error analysis, including calculation of MSE and 
covariances required for obtaining weights (4) and (6) assigned to estimators P3 
and P4. 

If any of the numbers of enterprises nd1, np1, nd2, np2, .....  was zero, the 
simulation procedure was repeated.  

Evaluation of estimators' properties 

For evaluating and analysing properties of estimators of parameter ΠYd  we 
used the mean bias over all replications: 
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and the square root of the mean squared error: 
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where Pf,i  stands for the value of f-th estimator in i-th experiment. 

Because the examined estimators relate to the population proportion, also the 
bias and the mean squared error are given in percentages. At the final stage of the 
experiments the third moment about the mean for the estimators was calculated 
and the hypothesis for normal distribution of the estimators was tested. 

On the basis of those characteristics we tried to identify the best estimator 
for the proportion in the small domain d. Although this frequency approach to the 
evaluation of estimators is not the only one to be applied, it is preferred in this 
analysis because of its simplicity and clear interpretation of the results. We do not 
refer to other possible approaches to MSE, including the Bayesian one, which is 
presented and analysed by Singh, Stukel, Pfeffermann (1998). 

4. An application of small domain estimators in the analysis of the 
activity of small enterprises in the province of Gdansk and the 
province of Lublin 

The small domain estimators described above were used in the sampling 
survey of the sector of small enterprises in two Polish provinces of Gdansk and 
Lublin (northern and southern Poland, respectively). The sample of total size 376, 
including 239 enterprises operating in the province of Gdansk, and 137 
enterprises registered in the province of Lublin) was drawn from the official 
business register REGON. In each of the two provinces the sample size was 
proportional to the population size of enterprises employing from 10 to 49 
employees which were registered in these provinces.  

An interesting domain of enterprises which have been established during the 
last 5 years was selected as the small domain in the experiments. The number of 
enterprises at the age less than 5 years reached 128 in the sample. 

Two investigated provinces, representing two different parts of Poland1 
constituted strata in the performed experiments. Only in some cases the 
stratification was carried out according to different characteristics.  

The variables which have been examined in this experimental study relate to 
economic and technological development of enterprises.  

The first variables which we have concentrated on is the overall 
technological level of the enterprise. In the survey the level was assessed as very 
high or high by 58.7% of respondents (managers/owners of the enterprises). 
Among young enterprises, aged 5 years or less, the corresponding figure was 
lower and attained 55.4%.  The results of the experiments described in the 
preceding paragraphs of the paper in relation to this variable are given in the table 
below: 

                                                           
1 In terms of geographical location, but also in terms of economic development and adjustment to 

the market economy.  
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estim.      mean         bias           rmse           skewness 
P1    55.386185  0.014284600  4.5217499  -0.013905939 
P2    58.690940  3.3190393   4.2017400  -0.044624920 
P3    57.226545  1.8546437   3.5827933  -0.023870569 
P4    57.159631  1.7877297   3.5841970  -0.023203400 
ΠYd =   55.371901  
α(P3) = 0.44311781  α(P4) = 0.46336559   cov =  0.00067811883 

The results indicate that an application of indirect estimators will  lead to a 
certain bias, which however is accompanied by a smaller mean square error. 

Another variable of our interest was the technological level of goods and 
services provided by the interviewed enterprises. It was assessed as high or very 
high by 69.9% of all sample units, and by 61.6% of young enterprises. In this case 
the experiments suggest that the direct estimator for the proportion will be 
superior (see table below). 
estim.      mean         bias           rmse           skewness 
P1    61.560842  -0.039157504  4.3748234  -0.031994225 
P2    69.876197  8.2761972   8.6317564  -0.062235053 
P3    62.863569  1.2635694   4.1424664  -0.029374330 
P4    63.260304  1.6603036   4.1645619  -0.028634954 
ΠYd =   61.600000  
α(P3) = 0.84333478  α(P4) = 0.79562374   cov =  0.00065067136 

 
With regard to the use of internet in economic activities of small firms, 

which was examined as another variable of interest, 21% of all sample enterprises 
argued that they used it extensively. The corresponding fraction for young 
enterprises in the sample attained 15%. The results of the experiments related to 
this variable are depicted below. It is worth noting that the third moment is larger 
in this case compared with previous experiments. 
estim.      mean           bias           rmse         skewness 
P1    14.938920  -0.021709664  3.1451424   0.20671672 
P2    20.996048  6.0354185   6.3907648   0.10226697 
P3    15.852039  0.89140913   2.9807636   0.20934339 
P4    16.119921  1.1592907   2.9952659   0.20900488 
ΠYd =   14.960630  
α(P3) = 0.84924889  α(P4) = 0.80502305   cov =  0.00032122432 

The final variable investigated in the experiments was dichotomous and 
corresponded to having or not having a formal co-operation agreement with 
research institutes, supplier organisations, etc. In the whole sample 21.9% of 
enterprises did not have such an agreement, and among the young ones the 
equivalent fraction was 30.3%.  An application of indirect estimators does not 
result in an improvement of assessments in this case (see table below). 
estim.      mean           bias           rmse          skewness 
P1    30.222539  -0.0526908   4.3840172   0.075617730 
P2    21.874095  -8.4011341   8.7123590   0.12295274 
P3    28.960758  -1.3144716   4.1669816   0.076343410 

 



246                                                              T.Jurkiewicz: Efficiency of Small Domain...   

P4    28.535767  -1.7394622   4.1921686   0.076667803 
ΠYd =   30.275229  
α(P3) = 0.84886035  α(P4) = 0.79795378   cov =  0.00069404235 

5. Conclusions 

An application of stochastic simulation procedures for evaluating estimators' 
properties has several advantages. Among them the most important and useful is 
that it quickly and objectively indicates which direct or indirect estimator should 
be used in the particular situation. The experiments refer to real circumstances 
and, as a result, may lead to conclusions which better correspond to the given 
circumstances than a general knowledge about the relevant estimators. This is 
because properties of estimators depend on particular assumptions concerning the 
population and the sample selected. 

In this paper we have considered only 3 indirect estimators, which have 
turned out to be not much superior to the direct estimator in all variables 
examined for the sector of small enterprises. It is likely that the selected small 
domain, which differs significantly from other domains, and the strata which did 
not differ essentially one from another accounts for this result.  

In the experiments carried out the covariance between estimators P1 and P4 
was at least 300 times smaller than MSE. The differences between the weights 
were negligible, and did not exceed 5 per cent. This resulted in very small 
differences between values of estimators P3 and P4. This observation leads to the 
conclusion that if MSE for estimators P1 and P2 is known, but the covariance 
between them is unknown, estimator P3 may be replaced by P4. 

The distribution of examined estimators, except for estimator P2, was close 
to the normal distribution in a majority of experiments, which was confirmed by 
appropriate statistics of the Kolmogorov test. This regularity applies, however, 
only to those experiments in which the proportion in the selected small domain 
was approximately equal to 1/2. Discrepancies from this value resulted in an 
increasing skewness of the distribution of the relevant estimators.  

The examined estimators utilise only sample information. In further analyses 
we intend to evaluate the properties of estimators which use some non-sample 
information, including the number of strata in the population, or the number of 
small domains. Other kinds of non -sample information will also be used, 
especially in the process of stratification the investigated population.  
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UNIVERSITY STATISTICAL EDUCATION 
FROM THE UNIFYING EUROPA`S POINT OF VIEW 

 Richard Hindls,. Josef Štěpán, Stanislava Hronová1

ABSTRACT 

The beginnings of statistical education at Czech universities go as far as 
to the period between two world wars. After the World War II, this education 
maintained both high degree of independence and good professional position 
on international scale. Nowadays, the education in elementary statistics and 
statistical methods is obligatory, practically at all non-statistical subjects of 
economical faculties. There is specialised study of statistics at Charles 
University and University of Economics. New demands of the unifying 
Europe lead to modification of contents of particular courses. It is noticeable 
namely in the area of national accounting, price and industrial statistics, 
sampling surveys, time series, conjuncture analysis and computational 
statistics.  

1. Tradition 

The study of statistical disciplines has long and rich tradition in the Czech 
Republic. It brought many valuable and recognised results. The beginnings of 
modern statistical education go as far as to the period between two world wars. 
After the World War II as well – despite some deformations of social order at this 
time – Czech university statistics maintained both high degree of independence 
and good professional position on international scale. It can be demonstrated by 
the number of original studies from this time (Prof. Hájek, Prof. Likeš etc.), 

                                                           
1 Prof. Ing. Richard Hindls, CSc. – Dean of Faculty of Informatics and Statistics, University of 

Economics, Prague. 
Prof. RNDr. Josef Štěpán, DrSc. – Head of Department of Mathematical Statistics and 

Probability, Faculty of Mathematics and Physics, Charles 
University, Prague. 

Doc. Ing. Stanislava Hronová, CSc. – Vice-dean of Faculty of Informatics and Statistics, 
University of Economics, Prague. 

 



250                                          R. Hindls,. J. Štěpán, S. Hronová: University Statistical...  

contributing to the development both statistical theory and practice in the Czech 
Republic and abroad.  

During 1990s, radical changes of social structure took place in the Czech 
Republic. Therefore, naturally, university statistical education has changed as 
well. Besides natural development of statistics as a general subject of science, 
new demands of the unifying Europe markedly influenced the contents of 
university statistical education.  

2. Contemporary State 

Nowadays, the education in elementary statistics and statistical methods is 
obligatory, practically in all non-statistical subjects of economical faculties (there 
are more than 20 such faculties in the Czech Republic). As a rule, the duration of 
these courses is two semesters with extension 3–4 credits. This corresponds to 3–
4 hours of statistics weekly. Obligatory elementary courses bring fundamental 
topics (descriptive statistics, probability calculus, statistical inference, regression 
and correlation analysis, time series analysis, theory of indexes) nearer to students 
„non-statisticians“ and the education is supplied by applications with the use of 
statistical software. Here, an undergraduate learn generally something about new 
demands on statistical work on international scale. However, there is no space for 
the explanation of special problems accompanying the unifying European 
statistics and these elementary courses are not aimed to contribute to this purpose.  

Traditionally, deeply specialised education in statistics is offered at two 
universities: at Charles University in Prague (Faculty of Mathematics and 
Physics) and at University of Economics in Prague (Faculty of Informatics and 
Statistics). Both study programs in statistics exhibit many similar features, but 
their detailed content is characterised by some differences. 

Research and pedagogical activities in Statistics at the Faculty of 
Mathematics and Physics of Charles University in Prague, being centred around 
the Department of Probability and Statistics, cover most of the important areas of 
stochastic: Mathematical statistics, probability and stochastic processes, 
econometrics, financial and insurance mathematics. Presently, the department's 
responsibilities are rather considerable, since half of students of mathematics 
prefer one of the above subjects as their major. A wide range of Bc, MSc and PhD 
studies directed both to theory and applications are offered by the department. 
The topics of diploma theses range from non-parametric and robust statistics, 
stochastic analysis and geometry to stochastic optimisations in economy, 
computational statistics and stochastic control of financial and insurance risks.  

Subjects at Faculty of Informatics and Statistics of University of Economics 
concentrate namely on economical applications. From the point of view of 
demand of integrating statistics in European scale, at both faculties is stressed the 
education procedures and techniques connected with new demands of statistical 
practice (sampling theory, modelling of stochastic processes, econometric models, 
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time series analysis containing some pragmatic approaches, e.g. seasonal 
adjustment, statistical prognostics, researches of expectation, statistical quality 
control, exploratory data analysis etc.). 

Nowadays, the standards of European statistics make some new and special 
demands on statistical education too, namely with respect to application of 
statistical procedures and tools in economics and to the relation of statistics to 
general economical subjects. 

In this respect the faculty of Mathematics and Physics has been since 1990 
gradually developing the following fields of MSc and PhD studies: 

Econometrics its curriculum covers topics as stochastic modelling of 
complex and socio-economic phenomena, systems and processes including those 
from finance and insurance, stochastic analysis and optimisation, time series 
analysis, implementation and verification of econometric models, reliability and 
quality control. 

Insurance and Financial Mathematics offers a more applied curriculum 
that starting from applied probability and statistics, goes through theory of 
finance, banking and insurance, mathematical modelling and computational 
methods, to the sophisticated topics such as are financial management and risk 
control. 

From this point of view, the most complex orientation is provided by study 
program Statistical and Insurance Engineering, warranted within Faculty of 
Informatics and Statistics at University of Economics. In 1990s, this program 
substantially modified study contents and became a solid basis for both education 
and the need of practical statistics in economical area at the turn of the 
millennium. It is not without interest, this subject continued its historical 
traditions of the Czech university statistics in modernised form exactly after fifty 
years.  

The study of subject mentioned proceeds generally from basic building 
stones usual world-wide for each education of university statistics with 
economical concentration (probability calculus, broad range of statistical 
methods, parts in economical statistics, demography and actuaring, econometrics, 
financial and insurance mathematics, computational statistics). But, 
simultaneously, it tries to map and transfer into education some special 
approaches and demands arising due to approaching of Czech statistics to 
standards of European statistics. 

3. Manifestation of Integrating Trends in Educational Programs 

European context of the education in statistics and their economical 
applications brought during past ten years some concrete demands with respect to 
new accreditation of individual subjects. These demands proceeded from different 
assumptions that had arisen during development of individual statistical 
disciplines in the Czech Republic:  
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• some statistical disciplines has been lectured within Czech system of higher 
education rather marginally or even only temporarily before 1989 (national 
accounting, conjuncture analysis, researches of expectation) and the demands 
of practice has been minimal here,  

• as for a number of another disciplines, in new conditions after 1989, there 
were substantial changes in demands on practical realisation of theoretical 
approaches (sampling survey, time series analysis, price and industrial 
statistics, statistical acceptance and quality control), 

• some disciplines were restored again (above all insurance engineering and 
related subjects); they slipped away from Czech statistical study programs 
during 1948-1989 at all,  

• some courses are in essence either quite new or they are subjected to rapid 
innovations (computational statistics, data mining). 

The education tries to react flexibly and rapidly with respect to all of these 
circumstances. In what follows, we would like to get reader acquainted with some 
parts which passed or are going through more extensive changes (e.g. in context 
of EUROSTAT methodology etc.). Simultaneously, we would like to show, how 
these changes were reflected in accreditation of the education of university 
statistics in the Czech Republic. Therefore, we bring the concentration of some 
principal disciplines nearer just with respect to demands of European statistics. 

A 1996-99 TEMPUS grant Teaching Finance and Insurance to students of 
mathematics, participated by the Faculty of Mathematics and Physics and 
Institutes of Actuarial Mathematics at the universities of Hamburg and Leuven, 
delivered very important outputs in the form of Bc and MSc study programs in 
the field that closely follow the EU standards. Financial means were made 
available by the grant to publish original text books and to perform a student's 
exchange programme with the co-operating universities. 

The model of national economy as the system of material product balances 
has been replaced by the system of national accounts since 1992 in the Czech 
Republic. This fact manifested itself in necessity to put national accounting as 
independent subject on a program of statistical and economical education at 
University of Economics. The education is warranted by high-quality domestic 
literature and transitional changes in implementation of this system in the Czech 
Republic due to acceptance of new ESA 1995 standard in countries of European 
Union are reflected (broadening of reference frame of national accounts, 
introduction of social accounting matrix, satellite accounts, regional and quarterly 
accounts). Thus, students have possibility to see information provided by national 
accounting in broader European context.  

The procedures used in industrial and price statistics passed through relevant 
changes in the Czech Republic after 1990. Extended parts concerning with 
general problems of investigation of prices in the spheres of production and 
consumption, investigation of inflation (global, corn and pure inflation) and 
construction of price indexes have been included above all into education of 

 



STATISTICS IN TRANSITION, June 2001                                                             253 

economical statistics. Further, the following topics are stressed: the role and 
meaning of regular revisions of price indexes performed in agreement with 
methodology and in periods valid in the countries of European Union, the relation 
between national consumers price indexes and harmonised consumer's price 
index, the role of price indexes as deflators. The demands of European Union 
have been reflected in industrial statistics as well, namely during reorganisation of 
statistical surveys for the need of national accounts and at revision of industrial 
production index.  

The application of sample surveys started to play important role in the 
research of economical processes after 1990, both in state statistical service and in 
private commercial sector. Naturally, this fact had the response in education as 
well, both directly in theory of sampling surveys and in related disciplines. At 
present, elementary tools in education program are namely the methodology of 
the solution of non-response problem and data imputation, questions of 
reweighting and some more sophisticated methods of sample arranging (Poisson 
sampling, two-phase sampling etc.). The attention is paid to some applications in 
agreement with European standards development too (e.g. gradual transition of 
the Czech Republic from purposive sampling to random sampling in statistics of 
family accounts including the corresponding procedure etc.).  

In the area of education of time series analysis, besides traditional topics 
(Box-Jenkins methodology, volatility modelling and forecasting), the attention is 
paid to new standards of some topics. For example, it is a case of seasonal 
modelling and adjustment and its relation to further statistical applications 
(retropolation models of quarterly estimates of the aggregates of national 
accounts, conjuncture analysis etc.). Actual information needed for education are 
drawn, apart from other sources, from web sites 

http://europa.eu.int/en/comm/eurostat/research/index2.htm/, 
http://www.census.gov/ or http://www.bde.es/. From these sources, introductory 
information about two original and internationally recognised program packages 
TRAMO and SEATS (Signal Extractions in ARIMA Time Series) were included 
into education. Similarly, in agreement with modern trends, the problematic of 
Trading Day Effect, Outliers (Additive Outliers – AO, Level Shift Outlier – LS, 
Innovational Outlier – IO) or Intervention Analysis is included. In this respect, the 
education is enriched by practical contacts with state statistical service (Czech 
Statistical Office) too. In applications, the fact is delicately considered, the time 
series in Czech economics as transitive one are not sufficiently long as a rule, and 
they are little stable due to many legislative, methodological, organisational and 
further interventions.  

Conjuncture analysis means a new view on the quality of information 
gained and published by state statistics. In explanation of this part of economical 
statistics, which is taught as independent subject too, the stress is laid on the 
possibilities of the detection of characteristic development features of national 
economy with the use of short time series models (method of saddles and peaks, 
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method of turning points determination, methods of leading indicators creation 
etc.). Special attention is paid to prognostic possibilities of those models. Further, 
students are get acquainted with contemporary European standards used in 
business surveys in sphere of production and consumption and with possibilities 
of the using of results of these researches in prognostic models (for the estimation 
of growth rate of industrial or building production etc.).  

Somewhat special is the role of education of statistical disciplines connected 
with public opinion researches and marketing. Despite the fact, it is a case of 
highly commercionalized area to great extent, the role of statistics is irreplaceable 
here. Moreover, in case of certain generalisation, these areas are capable to bring 
some broader economical information and connections. Therefore, in educational 
program of statistical subject, one can find usually even such topics, which enable 
to communicate with company sphere, namely in application area (including 
foreign companies, which are residential in the Czech Republic and accustomed 
to use the same procedures as in other countries). It is a case of exploratory data 
analysis, multidimensional scaling, relief analysis, analysis of perceptual map, 
logit and probit analysis, semantic trees and spirals etc.). These techniques are 
offered in special courses to students „non-statisticians“ as well, namely in 
subjects management, marketing, foreign trade. 

Special attention is paid to putting of statistical program packages on 
education. S-PLUS, NCSS, Statistica and SAS are the program systems used most 
frequently when teaching statistics, econometrics, finance and insurance 
mathematics at the Faculty of Mathematics and Physics. Nowadays, the study 
subject Statistical and Insurance Engineering has available extensive and long-
term non-commercial support provided by SAS company. It enabled to prepare 
some special courses based on this product. As for education of students in non-
statistic subjects, the systems STATGRAPHICS for Windows and SPSS are used 
on large scale; another products (RATS, MINITAB, S+ etc.) are used 
individually. At present, the possibility of including of another systems (NCSS) is 
considered. 

However, the characteristic feature of statistical education at universities 
with economical orientation in the Czech Republic is not only the development of 
subjects directly „within“ specialised statistical subject. No less important is the 
creation of higher general statistical culture of work in related „non-statistic“ 
disciplines. Therefore, some tendencies to „export“ of statistical topics into 
another subjects appeared recently, e.g.:  
• economical politics: national accounting, time series, conjuncture analysis, 

price and industrial statistics,  
• management: methods of statistical data analysis, quality control and statistical 

acceptance (ISO standards),  
• almost without exception all fields of study in mathematics, physics and 

informatics at the Faculty of Mathematics and Physics require their students to 
pass an examination on statistics and probability. A wide range of statistical 
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methods comes naturally to experimental physics, meteorology, software 
engineering and computational linguistics, for example. 

• marketing: exploratory data analysis, multidimensional methods, researches of 
expectation etc.).  

This orientation is not only the question of interdisciplinary approach in the 
education of economical subjects. It is a reflection of the trend, which is 
undoubted and generally recognised both in contemporary economical school 
system and in practical economy. In broader scale, it is a case of general creation 
of the sense of belief with respect to possibilities of statistics in economical 
applications. In increasingly broader scale, we live and shall live in the world of 
judgements. Thus, all approaches and generalisations offered by statistics must be 
convincing for a user; in opposite case they will not be accepted with confidence. 
For this purpose, it is necessary a close co-operation of both participants – 
statisticians and users, under assumption of mutual understanding. And this 
condition must be manifested in sphere of education of statistical disciplines.  
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TEACHING INTRODUCTORY STATISTICS AT THE 
ECONOMIC UNIVERSITY: 

SOME SUBJECTIVE OBSERVATIONS 

Adam Szulc1

ABSTRACT 

This paper is planned as an introduction to discussion on some academic 
and practical aspects of teaching introductory statistics. The main proposal 
pronounces that explaining of principles of statistical thinking should be 
superior to teaching particular methods. Several examples based on my 
lecturing at the Warsaw School of Economics are presented. 

1. Introduction 

This paper is based on my six-year experience in teaching statistics for 
undergraduates at the Warsaw School of Economics and many discussions with 
my colleagues and students. Two-semester program2, mandatory to all students, 
should equip them with basic statistical methods necessary in their further careers, 
like elements of probability theory, descriptive statistics, estimation, testing 
hypotheses, regression and correlation, time series analysis, and index numbers. 
After graduation they should be able to perform at least essential data analyses in 
any field of work. An idealistic illustration of such a situation might be presented 
as follows. The graduated receives a data set (but also may be required to create 
it) and tasks: i/ to deduce necessary information, ii/ to present it in a form that is 
accessible to non-specialist, irrespectively to level of statistical sophistication 
employed. Good lecture on statistics should be also a “simulation” of such a 
situation with the teacher playing a role of students in their further duties. 
However, it would be rather difficult to provide detailed instruction in this matter 
to the students. Knowledge of statistics may be utilised at statistical agencies, 
banks, public opinion research, marketing etc. In each case applied technique may 
be quite different but the general rules of statistical thinking remain same. In 
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my opinion during the course teaching these rules should be superior to 
teaching particular applications.  

In remaining part of this paper I tried to raise some points that I consider 
important in teaching statistical thinking and general principles of solving 
problems. It was not my intention to suggest a systematic, formal guidance but 
rather to give a boost to further discussion. 

2. Predetermining scope of the program. 

The principal question to be answered before the course is started is: who 
are those leaving the course - data users or also producers? Of course, the 
ideal answer would be: both. Nonetheless, most of statistical textbooks at 
introductory level assume data availability as a state of nature and most of 
teachers rarely devote enough attention to explaining where data come from? The 
reason for such state of affairs is obvious: time limits. In my opinion, however, 
this is not very bad outcome, as most of graduated from the economic universities 
are just data users. Moreover it would be rather difficult to introduce during 
predominantly theoretical course problems that are mostly practical. Certainly, 
this is not to say that data problems may be ignored at that stage of teaching. In 
my opinion they just should not be addressed as a separate chapter. Instead, they 
must be intrinsic during the whole course in the form of short comments to 
empirical examples. Same may be said about other practical issues like data 
quality or non-response problems. The user should be aware that sampling errors 
are not only ones he or she may face but it would be rather difficult to generalise 
such problems in (say) half hour long lecture that is usually delivered to 
freshman1. Beginning of the course may be a good occasions to draw students’ 
attention to data problems without much formalism. For example, most of them 
are probably aware why Cuba (or Soviet Union in the past) is ranked so high in 
terms of GDP per capita or Human Development Index. Explaining robustness of 
median (contrary to mean) income gives good opportunity to pronounce 
underreporting of incomes in household budget surveys. Differences between 
final results of elections and exit pools may be utilised to explain non-response 
problems. Each statistician should have many illustrations like those ones handy. 

3. How deep into statistical theory? 

Very few among those attending the course become statisticians (or 
econometricians). Although they are particularly admired by most of professors, 
the prevailing part of the students will become only users of statistical techniques 
and formulas. Therefore, some teachers (and authors of books entitled: “Statistics 
                                                           
1 At the Warsaw School of Economics statistics is being lectured during the second and third 

semesters. 
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for1“ as well as most of students) prefer to avoid more theoretical problems 
focusing on developing practical applications of established procedures. Are they 
right? Linear regression represents a good example of such a dilemma. It may be 
presented, loosely speaking, as a method of drawing straight line between 
empirical points and then as an uncomplicated forecasting tool. On the other 
hand, one can define regression function in a formal way, i. e. as a conditional 
expected value. In the previous representation R-squared is the sole statistic that 
may defined in order to evaluate validity of the model. Some other basic tools like 
t-statistic, F-tests (not to mention autocorrelation or heteroscedasticity tests) or 
estimation/forecast errors can be explained only under the second, formal 
definition of the regression model. There is no need to say how misleading may 
be modelling based solely on OLS estimates and R-squared. Good illustration 
may be found, among others, in Charemza and Deadman (1997). Of course, all 
these tests may be introduced in the form of “mechanical” algorithms. 
Nevertheless, this is the worst and the most ephemeral type of knowledge. It leads 
quite frequently to using various techniques in non-suitable circumstances and 
misunderstanding of the results.  

The following report is an example of serious misinterpretation of statistical 
methods. The article in question was published in the prominent Polish newspaper 
Parkiet2, devoted to financial markets (Polish counterpart of The Wall Street 
Journal, toutes proportions gardées). The author was trying to find whether the 
so-called January effect (repeated increases of share prices, as compared to 
December) may be observed on the Warsaw Stock Exchange. He employed a 
simple parametric test based on t-statistic and number of observations (years) was 
seven. No test for normality was performed before. It is an example of typical 
error rooted in lack of theoretical explanations during the statistics course. 
Though correct testing, like most of statistical methods, may be taught just by 
memorising steps (probably a case in the preceding situation), it is much more 
effective to introduce testing via transforming a difference between means to t-
statistic and explaining how to check whether that difference is “too high”. In 
other words, learning how to understand statistical problems is much better 
investment in human capital, albeit costs (paid in time) may be higher. It would 
be hard to find a compromise between two above-mentioned rules. To conclude 
this section, I am definitely for entering reasonably deeply statistical theories, 
even if some students cannot understand details, and even at cost of skipping 
some particular algorithms. 

                                                           
1 Managers, engineers etc. 
2 Unfortunately, I am unable now to retrieve precise date of this edition. 
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4. How to earn an interest of students? 

Learning statistical theories may be discouraging for some students who 
expect ready-for-use algorithms. It results from my experience that size of such a 
group is overestimated by many lecturers. It may be quite large at the beginning, 
but usually decreases systematically. At what rate, it depends mainly on the 
teacher. The opening lectures are decisive in this matter. The first principal 
problem is how to “tame” such concepts like probability, expected value or 
probability density (that may familiar to students due to probability courses at 
secondary schools or parallel lectures) that do not exist in real world1. My rule is 
very simple: population is finite (though large), probability is interpreted as 
population relative frequency and probability density function is just a histogram 
with very narrow intervals. Of course, these tricks are obviously not enough to 
maintain (or acquire) students’ interest. Unfortunately statistics does not have 
good reputation at my university (this is probably not an exception). Many 
students perceive it as a set of indicators and formulas without much usage in real 
life. It is not difficult to find numerous counterexamples and some of them are 
reported below. They should be evoked many, many times during the whole 
course. It is also very important to comment recent events in public life straight 
away. Last presidential election in Poland gave unique opportunity to compare 
population frequencies with results of the exit pool (some differences were very 
high due to non-response). Some other examples like inflation rates, productivity 
or GDP changes may be also found on the front pages of newspapers every 
month. It seems that both “positive” and “negative” examples (i. e. how statistics 
should not be used) are fruitful. The newspapers, radio and TV are very rich 
sources of the latter. Reports on public opinion pools are especially entertaining 
for both teachers and students2. Some other illustrations may be serious or even 
drastic. I frequently recall the space shuttle ‘Challenger’ disaster of 1986 
commented by Poirier (1995, pp. 4 - 8). This is an extreme example of 
mistreatment of statistical data.  

Both cases mentioned above require some statistical knowledge by students 
(respectively, confidence intervals and regression). However, advocating statistics 
is possible even with absolute beginners, as even non-statisticians sometimes 
think in a statistical way (though most of them are not aware of this). Looking for 

                                                           
1 Two statements by Goldberger (1989, p. 152) and Savage (1972, p. 2) express this in dramatic 

way. Goldberger: “The objection to classical statistical inference is that it’s nonsense. But 
everybody knows that. So if you follow the style I use, which would be classical statistical 
inference, you don’t take it too seriously - you don’t take it literally”. Savage: ”It is unanimously 
agreed that statistics depends somehow on probability. But, as to what probability is and how it is 
connected with statistics, there has seldom been such complete disagreement and breakdown of 
communication since the Tower of Babel” (both quotations after Poirier, 1995).  

2 For example, before the last parliamentary election in Poland one center predicted 60% 
participation, while another one only 48%. Both forecasts were calculated (in accord with the 
commentator) with “two-percent statistical error”. 
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a good medicament people do their own statistical study among their relatives, 
friends and neighbours. After visiting exotic places they generalise their samples 
drawn from the “universe” of local folks, restaurants or shops. Last but not least, 
some humorous examples may make some models more friendly to the students.  

5. The opening lecture 

The importance of the very first lecture is obvious. My own rule of thumb 
says no tables, no equations during the opening address. May be they allow 
seeing trees better but not a forest. In other words – starting with tables and 
equations the students are more likely to calculate precise numbers but less likely 
to understand what for. The problems and the ideas should enter their minds 
first. 

For two years I have been opening my courses with two fictitious, very 
simple income distributions. One set of numbers represent relatively equal 
distribution (say G, like in Germany), another one a distribution with much higher 
inequality (say B, like in Brazil). It is not a problem to demonstrate key findings 
on mean level of income, dispersion, and externalities. To make immediate use of 
those income statistics I usually ask the learners about recommendations for a car 
producer. The students have to choose between two strategies: i/ small number of 
expensive cars, ii/ large number of mean price and cheap cars. Aforementioned 
distributions allow also bringing the students’ minds into statistical inference. 
Average income is intentionally made higher in the “Brazilian” sample. That 
paradoxical result is justified by not enough sample size. It draws students’ 
attention to differences between the population and samples. So, it becomes 
possible to outline general concepts of classical statistics within one hour. It 
originates a base for a presentation of detailed concepts. Succeeding chapter 
displays some examples how particular statistical problems may be illustrated by 
means of simple stories. 

6. Some practical examples 

It this chapter I quote several stories and illustrations I have been using to 
introduce the problems, to exemplify techniques or to stimulate the students. 

i/ While introducing regression models I usually ask the students to propose 
explanatory variables in their very first model (that should be attractive enough to 
encourage them to do so) and to predict the signs of estimates.  

ii/ Understanding the concept of confidence in estimation of confidence 
intervals may be somehow difficult for the students. Many of them attribute this 
probability to appointed interval rather than to a method. To cause good habits I 
use example of a shooter reaching a target from a long distance (i. e. without an 
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opportunity to check the upshot) on average in 90% of attempts. He or she is a 
parallel to a statistician aiming unknown parameter with a confidence interval. In 
both cases probability of the success makes sense only before the attempt.  

iii/ I usually tell the authentic story recalling my serving in army as an 
introduction to hypothesis testing. The person on duty at the dining hall was 
giving out clearly too small slices of cheese. One of us, definitely non-statistician, 
responded with a parametric test checking the difference between the mean 
weight of several slices and the norm. Of course, t-statistic was not calculated (not 
to mention testing for the population normality) but the difference was large 
enough to reject the null hypothesis and to accept one-sided alternative, though 
the dinning hall stuff was trying to overestimate population variance presenting an 
outlier. That story represents all ideas inherent in testing hypotheses. It is also one 
more demonstration that people think in a statistical way. 

iv/ If time allows I ask the participants of the course to make their own index 
numbers, exceeding the circle appointed by Laspeyres, Paasche and Fisher 
formulas. This is also good opportunity to develop their self-confidence and to 
“domesticate” statistical modelling. 

v/ Most of people consider the average the central concept of statistics. I 
never challenge that view but usually use the following citation to convince the 
students how misleading it may be. I am reminded of the lawyer who remarked 
that ‘when I was young man I lost many cases that I should have won, but when I 
grew older I won many that I should have lost, so on the average justice was 
done’ (Leamer, 1983, p. 31, quoted after Poirier, 1995). 

The preceding examples were selected to promote some rules to be respected 
during preparing examples and exercises for students: 

They ought to be taken from various sources and should refer also to real 
life, not necessary to economics and business. 

More sophisticated concepts must be introduced by means of simple stories. 
It is good to boost students’ activity by allowing them to construct their own 

measures, even if they are not correct. 
At least some stories have to be interesting in themselves. They can refer to 

recent events, sport, politics, music, criminology etc. 

7. Testing student’s knowledge 

Large number of students attending the course does not make possible 
individual, oral exams, which are the most effective way of evaluation of their 
knowledge. Thus, written examinations are inevitable. There are, generally, two 
forms of organisation of such tests. First, students may tick right answers out of 
few proposals. Alternatively, questions may be in the form of problems to be 
solved by means of statistical algorithms. In my opinion, the latter type of exam 
gives much better evaluations, even if checking requires more time. Ticking right 
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answers prefers students with good concentration and ability to work fast (this 
type of exam tests, to some extent, ability to pass exams). And vice versa, the 
students with good command of statistics may be underrated due to making trivial 
mistakes (for example, skipping one word in reading the test). In their further 
careers solving statistical problems does not cause similar stress. Rather, it 
requires ability to see various aspects of the issue, which is usually more complex 
than university tests. Sometimes it requires checking various procedures, as 
statistical theory may do not suffice to provide right solution right away. 

A comprehensive exam query should be constructed to pass the following: i/ 
is started with a problem verbalised in non-statistical way (for example “can you 
agree that those taking medicine X have higher blood pressure” instead of “test 
the hypothesis that ... “), ii/ does not suggest the method to be used in solving the 
problem, iii/ entire solution requires not only arriving at exact numbers but also 
ability to explain them. Nothing is wrong if more than one correct answer exists. 
It may be considered one more test. Ability to rank these answers proves the 
student’s high proficiency in statistics. Choosing only one shows less skill, 
though usually is also acceptable. Moreover, one or two tasks might omit any 
calculations to check whether the students are able to figure out the numbers. 
Analytical questions on the theory (e. g. proving some simple proposals) cannot 
be avoided but they must not be the rule. 

8. Balance between confidence and scepticism 

Very few, if any, among those leaving the course can attain statistical 
adaptation of Socrates’ wisdom “I know that I know nothing”. Probably many of 
them never will. Nevertheless, each one can potentially do it in future. Some 
teachers put in question training their learners in scepticism. In my opinion the 
right question, at the university level, is about the safe way between Scylla and 
Charybdis, as both too much conviction and too much disbelieve are deficient1. 
There are two types of scepticism to be brought in students’ minds: about data 
(non-response, data contamination) and about methods (simplifications, violation 
of assumptions, classical versus Bayesian approach). On the other hand, only 
minor part of the course participants will develop significantly their statistical 
apparatus in future. Thus, for most of them training in criticism may be 
considered mainly mind game.  

Misinterpretation of the results is another story and must not be allowed. It is 
teacher’s responsibility to distinct them precisely from simplifications in methods. 
Charemza and Deadman (1997) present a nice illustration (and simple enough to 
present it to undergraduates) how insufficient is t-statistic in evaluation of 
regression models. Generating 100 (say) sets of random numbers one can select a 

                                                           
1 For example, during the undergraduate course I never use the statements quoted in footnote 6. 

However, in my opinion they are acceptable at higher levels of education. 
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vector of explanatory variable values that makes respective parameter estimate 
“significant” at reasonable level in any model (there: model of consumption for 
the UK). Not exceptional student’s reaction is challenging validity of t-statistic or 
even: “you can prove everything by means of statistics”. This is a unique 
opportunity to illustrate the true: statistical measures can be used for what they 
were constructed for and to challenge the previous superstition. 

9. Application of computers 

For myself the principal advantage of good software being employed in 
teaching statistics is its simplicity. Precision of calculations or giving correct 
solutions to sophisticated problems (like non-linear estimations) is very rarely the 
case at the level of analysis appropriate for undergraduate curriculum1. For 
practical reasons not much time can be devoted to teaching how the software 
works. Thus my favourite educational software2 for undergraduates is 
Statgraphics that needs basically only short introduction for data manipulations 
(on the other hand Statgraphics is definitely not my favourite in my own research 
work). Other necessary instructions run as follows: bring data to the memory, 
press F6, look for other options, and observe the results. The most efficient way 
of teaching with the use of a computer is when the students predict the results 
before execution of the command. 

Visual presentations with elements of animation represent further potential 
way of computer utilisation. However, they require advanced equipment, good 
command of specialised software, and generous amount of time devoted to 
preparation of the lessons. That is why those methods have not gained wide 
recognition yet. At the moment writing on a board is not so bad choice. Such form 
of lecture gives much more flexibility than transparencies. It seems that it is also 
more friendly to the students, who can easier understand equations, graphs or 
tables if they monitor creation of them.  

10. Concluding remarks 

The most important conclusion is not very original. Priority should be given 
to learning how to understand ideas and problems rather than to teaching 
particular techniques. Moreover, some of these techniques should be left to the 
students in order to train them in self-education. Teaching algorithms is somewhat 
easier (and preferred by some students who hope to avoid statistics in future) but 
the results are definitely less lasting.  

                                                           
1 Although wrong, or even horrible, translation into non-English may occur. Polish version of Excel 

is extreme example of this. 
2 Among those few widely available at my home institution. 
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ATTITUDES TO IMMIGRATION  
IN AN INTERNATIONAL SOCIAL SURVEY 

Nicholas T. Longford1

ABSTRACT 

In many large-scale surveys of human populations, the implemented 
(realized) sampling design differs, often substantially, from the planned 
design.  The intended analysis, even if valid under the planned design, need 
not be valid under the realized design.  Non-response is a ubiquitous cause of 
the deviation of the realized design from the planned design.   We apply the 
method of multiple imputation to make use of the incomplete records in the 
section of the International Social Survey (1995) concerned with attitudes to 
immigration.  The analysis is accompanied by a sensitivity analysis, exploring 
the range of inferences that would be drawn under some realistic scenarios of 
data missing not at random. 

Some key words: Immigration, missing at random, multiple imputation, 
non-response, sensitivity analysis.   

1. Introduction 

Large-scale migration and asylum seeking is associated with vexing ethical, 
economic and political issues, both in countries of origin and destination of the 
migrants. The pattern and trajectories of migration, as well as the circumstances in 
which migration takes place, have changed radically in the 1990's, and so gauging 
the attitudes of the native residents in countries of both kinds is of added 
significance and urgency to political scientists, sociologists, researchers in race 
relations, and other specialists.  

The International Social Survey Programme conducted surveys of attitudes 
on a variety of subjects, including immigration, in 23 countries in 1995. We are 
concerned with six questionnaire items formulated as statements that directly 
relate to immigration issues: 
1. Immigrants increase crime rates. 
2. Immigrants are generally good for (your country)'s economy. 

                                                           
1 Department of Medical Statistics, De Montfort University, The Gateway, Leicester LE1 9BH, UK. 
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3. Immigrants take jobs away from people who were born in (your country). 
4. Immigration makes (your country) more open to new ideas and cultures. 
5. Number of immigrants to (your country) should. 
6. Refugees who have suffered political repression in their country should be 

allowed to stay in (your country).  
In the survey, these questionnaire items have codes V47-V52. The 

statements have the five response options of the Likert scale given in Table 1. The 
response options are complemented by two kinds of non-response: ‘Can't choose 
or don't know’ (coded 8), and ‘Refused to respond’ (coded 9).   

Table 1. The response options for the statements about attitudes to immigration 

Score Statements 1–4 and 6 Statement 5 
5 Agree strongly Be increased a lot 
4 Agree  Be increased a little 
3 Neither agree nor disagree Remain the same as it is 
2 Disagree Be reduced a little 
1 Disagree strongly Be reduced a lot 

As in most large-scale surveys of human populations, substantial non-
response cannot be avoided. Routinely, analyses originally designed for the 
planned (complete) data are applied to the data comprising the complete records. 
This is not appropriate when the analysis assumes the planned sampling design in 
which no provision has been made for non-response. Bias will arise if the subjects 
with incomplete (or empty) records differ systematically from those with 
complete records. Such differences cannot be ruled out, especially when some 
subjects are reticent to indicate the attitudes which they might regard as not 
conforming with some perceived social standards or compromising them in 
public. Such conduct is an example of a mechanism of missing not at random 
(MNAR). The data collected can yield no clues about the extent of MNAR; 
information has to be sought from sources external to the database.  

The mechanism complementary to MNAR is ‘missing at random’ (MAR). 
Under MAR the issue of missing data can be ignored; that is, the collected data 
can be analyzed as if it coincided with what had been planned to be collected. 
However, if the recorded data comprises many incomplete (but non-empty) 
records the information they contain is not used, resulting in a loss of efficiency. 
Thus, there are two powerful incentives to address the issue of incomplete 
(missing) data: the threat of bias and the loss of efficiency.  

2. The data, objectives, and multiple imputation 

The survey was conducted in 23 countries, all members of the International 
Social Survey Program (ISSP). Three members of ISSP at the time (1995), 
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Australia, Northern Ireland, and Israel, did not take part. The total (aggregate) 
sample size was 28 456, with country-level sample sizes in the range 612–2089. 
Table 2 lists the countries involved in the survey and gives some details about the 
missing data. Unusual values (percentages) are printed in boldface. In the 
aggregate sample, 28.6% of the records are incomplete, although only 9.5% of the 
items are missing. Within the countries, the percentages of complete records on 
the six questionnaire items are in the range 46.2–90.5%, and the percentages of 
missing responses are 2.9–27.1%. Table 3 contains a summary of their patterns. 
Many records have one or two missing items, and only 1.6% of the records are 
empty. So, both incentives to address missing data, to use all information and to 
reduce bias, are pertinent.  

We are interested in comparing the attitudes to immigration and to related 
issues between the countries that have historically been mainly the destination of 
the migrants (Western Europe, North America, and New Zealand) and the 
countries that have mostly been their origin (Eastern Europe and Philippines). We 
refer to them as immigration and emigration countries, respectively. We classify 
Spain, Italy, Ireland, East Germany and Japan as neither emigration nor 
immigration countries. We admit that this nomenclature is rather simplistic and 
that the representation of the types of countries is outside our (experimental) 
control.  

Table 2. Countries involved in ISSP'95, their sample sizes and the extent of 
missing data 

Country Type Sample 
size 

Incomplete 
records % Missing 

items % 

West Germany I 1282 374 29.2   721  9.4 
East Germany O   612 187 30.6   329  9.0 
Great Britain I 1058 210 19.8   398  6.3 
U.S.A. I 1367 382 27.9   784  9.6 
Austria I 1007 233 23.1   379  6.3 
Hungary E 1000 183 18.3   313  5.2 
Italy O 1094 151 13.8   189  2.9 
Ireland O  994 142 14.3   194  3.3 
Netherlands I 2089 412 19.7   758  6.0 
Norway I 1527 400 26.2   710  7.7 
Sweden I 1296 352 27.2   590  7.6 
Czech Republic E 1111 298 26.8   477  7.2 
Slovenia E 1036 342 33.0   612  9.8 
Poland E 1598 822 51.4 1689 17.6 
Bulgaria E 1105 579 52.4 1798 27.1 
Russia E 1585 852 53.8 2166 22.8 
New Zealand I 1043 171 16.4   323  5.2 
Canada I 1543 321 20.8   471  5.1 
Philippines E 1200 114   9.5   208  2.9 
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Country Type Sample 
size 

Incomplete 
records 

Missing % % items 
Japan O 1406 427 34.0   750 10.0 
Spain O 1221 296 24.2   539  7.4 
Latvia E 1044 430 40.2   968 15.5 
Slovakia E 1388 454 32.7   845 10.1 
 
Total  28 456 8132 28.6 16 211  9.5 

Notes: Outstanding values are printed in boldface. The country types are: E – historically 
emigration countries (Eastern Europe and Philippines), I – historically immigration 
countries (Western Europe, North America and New Zealand), and  O – other countries.  

Table 3. Tabulation of the numbers of missing items 
Number of items missing  

0 1 2 3 4 5 6 
Number of 
subjects 20 324 4446 1732 739 433 340 442 

Percent    71.4 15.6   6.1 2.6 1.5 1.2 1.6 

As a summary of the responses to the six questionnaire items concerned with 
immigration we consider the mean scores and two kinds of within-country odds 
ratios: 
●   for the extreme responses (5 vs. 1), and 
●   for the non-neutral responses (4 or 5 vs. 1 or 2).   

Since statements 1 and 3 are ‘negative’, the labelling of the response 
categories is reversed.  For each missing response (codes 8 or 9), we assume that 
there is an integer score 1–5 that adequately describes the subject's attitude. 

Simple strategies for handling missing data are based either on reducing the 
dataset to the complete records or on imputing a value for each missing item. 
However valid or intelligent the algorithm for imputation may be, it introduces 
one problem that is difficult to overcome: the dataset completed with the imputed 
values appears to contain more information than the collected data. In the analysis 
of such data, not only the standard errors of the estimators are invalid, but even 
the estimators can be problematic. We illustrate this on a simple example. 
Suppose we know that a missing item x has value 1 or –1, and our (posterior) 
probability of either value is equal to ½. An ‘intelligent’ imputed value would 
then be 0. However, if the estimate of interest is x2, or a linear function of x2, then 
we could do much better than impute 0, namely, impute 1 for x2.  

The method of multiple imputation (Rubin, 1987, 1996, and Longford et al., 
2000) is a general approach to handling missing data. In effect, a set of alternative 
values is generated for each missing item. These values are drawn from the 
conditional distribution of the missing item given the observed data. This 
distribution is estimated using the model adopted for the missing data. Usually, 

 



STATISTICS IN TRANSITION, June 2001                                                             271 

little or no information about the process of missingness is available, and a MAR 
model is adopted. MAR is more plausible the more variables that are related to 
the outcome of interest are conditioned on. In our context, the most important 
conditioning is on the available responses. Of the common socio-demographic 
variables, sex, age, location of residence (urban/rural), and similar, are available, 
but they turn out not to be as useful.  

With a set of K imputations (usually K = 5 suffices, see Heitjan and Rubin, 
1991, or Longford et al., 2000), the planned analysis or algorithm can be applied 
to the observed dataset supplemented (completed) by each of the K sets of 
imputations.  The resulting estimates bk, k = 1, ..., K, yield the estimate that refers 
to the observed (incomplete) data:   

b =  Σk bk /K ,             (1)  

and the sampling variance of b is estimated by  

s2 =   Σk sk
2/K + Σk (bk – b)2 (K+1)/{K (K–1)} ,           (2) 

where sk
2 is the estimated sampling variance in the analysis of the kth completed 

dataset.  Since in such an analysis the dataset appears to contain more information 
than the observed data, each sk

2 underestimates the sampling variation of b. The 
second term in (2) estimates the bias of sk

2. Equations (1) and (2) have their 
obvious analogues for vectors of parameters.   

The key property of the method of multiple imputation is that if the model 
for missing data is correctly specified (the imputations are proper), the estimator 
bk is efficient for the parameter of interest β and sk

2 is an unbiased estimator of 
var(bk) in a complete-data analysis, then b and s2 given by (1) and (2), 
respectively, are (almost) efficient and unbiased, respectively. The principal 
source of the approximation is that the number of imputations is finite. The 
practical convenience of the multiple imputation is that, after generating the 
imputations, the complete-data analysis is applied with no alteration; merely, it is 
repeated K times, once for each completed dataset. 

The observed data contain no clues about the model for missing data, so we 
are unlikely to specify this model correctly. We consider the natural MAR model, 
with conditioning on the available responses, but supplement it with a sensitivity 
analysis in which certain extreme MNAR mechanisms are also considered.   

3. Multiple imputation 

We denote the vector of the six responses by y, its subvectors of observed 
and missing responses by y(a) and y(m), respectively, and the corresponding indices 
by c(a) and c(m).  For instance, for a subject with response vector y = (2,3,1,8,9,5), 
y(a) = (2,3,1,5), y(m) = (y4, y5) (the values of y4 and y5 are not known), c(a)  = 
(1,2,3,6) and c(m) = (4,5). The essence of the MAR models is that for a subject 
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with an incomplete vector of responses, y(m) has the same distribution as the 
responses of the subjects who share the same vector y(a), but have responded also 
to some (or all) of the items c(m). Thus, imputation assuming MAR could proceed 
by fitting separate models for each pattern of missingness c(m) and pattern of 
responses y(a), and drawing at random from the matched subjects with more 
complete records.  

The sextet of scores can yield up to 56 = 15 625 different response patterns, 
and so this general strategy cannot be adopted straightforwardly. We apply a 
pragmatic approach, aggregating some response and missing-pattern categories so 
as to avoid handling many small within-cell counts. We carry out the imputations, 
separately for each country, in the following sequence:  

One item missing 

For each of the six items, the available data have 55 = 3125 response 
patterns, so most of these cells are sparse. We therefore coarsen the available data 
to indicators of exceeding the middle category 3. In this way, the number of 
response patterns, 25 = 32, becomes manageable. The categories are further 
collapsed by an algorithm which aggregates the smallest cells with their 
neighbours. The aggregation is carried out until each cell contains at least 50 
items. The matching set has only 5 distinct values, so it requires no aggregation. 
Each collapsed response pattern defines a (conditional) multinomial distribution. 
The sample proportions of this distribution are perturbed according to their 
sampling variation, and an imputation is drawn for each subject in the cell. The 
imputations (including the perturbation) are replicated K times.   

Two items missing 

After the dichotomous collapsing of the 54 response patterns, further 
collapsing is carried out until each cell has at least 100 subjects. The matching set 
has 25 distinct patterns which are left intact. The imputations are drawn from the 
perturbed multinomial distribution. 

Three items missing 

The response patterns are collapsed by considering three categories, (1,2), 
(3,4), and 5, and are further collapsed until each cell has at least 120 subjects. The 
matching set is collapsed similarly to 33 = 27 cells. A draw for a missing triplet of 
items applies only to the collapsed cell; the responses are generated by drawing, 
at random, from the two alternative categories, when applicable.  

Four items missing 

The 25 categories for the response patterns are left intact, and the matching 
responses are collapsed to 24 = 16 categories.  

Five items missing 
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The response patterns are left intact, and a draw is made from the subjects 
with the same response on the available item.  

All six items missing 

A random draw is made from all the complete records 
When (categorical) background variables are used in conditioning for MAR, 

these rules have to be adapted so as to avoid too many sparse cells in the cross-
tabulations and too much aggregation (collapsing).   

The imputations are carried out in the order of the number of items missing, 
and the imputations are ‘recycled’ in the following way. In imputations for 
records with k items missing, the matches are made on the records completed by 
the imputations carried out earlier (to the records with 1, ..., k–1 items missing). 
For instance, the draws for an empty record are made from all the non-empty 
records which, if applicable, have been completed by the earlier imputations. Note 
that the K draws for an item are made from different sets of outcomes, because the 
K sets of imputed values are different.  

The planned (complete-data) analysis is applied with no alterations to the data 
completed by the imputations. The various details of the procedure used for 
generating the imputations are set according to pragmatic criteria, so that they would 
be suitable for the countries' differing sample sizes and patterns of missing values. 

3.1. Sensitivity analysis 

In the context of our study, sensitivity analysis (Rosenbaum, 1995) explores 
a range of MNAR models constructed so as to stack the odds against the 
comparison of interest.  Since the sample sizes are so large, the classical statistical 
significance is not a suitable criterion for the comparisons. It is more appropriate 
to specify the smallest difference that is of any substantive interest. Smaller 
differences are said to be unimportant and larger differences are important. The 
analysis then concludes by describing the extent of departure of the model from 
MAR which would cause the comparison of interest to be unimportant. Thus, we 
find the ‘minimum’ MNAR model which provides an alternative explanation for 
the comparison that was found important under the assumption of MAR. Of 
course, if the comparison is unimportant under MAR, this step can be omitted; we 
would declare absence of any appreciable difference.  

The range of MNAR models is constructed by altering MAR in the 
following way. For each missing item, an independent draw from the binomial 
distribution with probability p and denominator n = 4 is made. Suppose the mean 
scores (using MAR-based imputation) are higher for the emigration countries. 
The value drawn is then subtracted from the MAR-imputed score for a subject in 
an emigration country, and added for a subject in an immigration country. If the 
resulting score falls outside the range 1–5, it is truncated. MAR corresponds to p 
= 0 and the extreme MNAR to p = 1: the missing items are all set to 1 for subjects 
in emigration countries, and to 5 for subjects in immigration countries. 
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Alternatives can be based on four separate Bernoulli distributions, or on similar 
schemes.  

4. Analysis 

An analysis intended for the planned data (the complete-data analysis) is 
summarized in panel A of Figure 1. Each country is represented by segments 
connecting the deviations of the country's mean scores from the overall means of 
the six items. The emigration (origin) countries' mean deviations are plotted on 
the left-hand side and the immigration (destination) countries' means on the right-
hand side. The means are based on the subjects with complete records. The other 
panels of Figure 1 give the corresponding results based on all available data 
(panel B), on the MAR model discussed in Section 3 (panel C), and on the 
extreme MNAR model (panel D), which assumes that the value for every missing 
item in an emigration country is equal to 1, and in an immigration country to 5. 
The overall mean scores in the four analyses are: 

Complete data:   (3.383,   3.202,  3.085,   2.748,  3.833,  2.693) 
Available data: (3.389,   3.203, 3.089,   2.722,  3.860,  2.660) 
Assuming MAR: (3.390,   3.202,  3.092,   2.754,  3.816,  2.677)  
Extreme MNAR: (3.342,   3.157,  3.054,   2.672,  3.680,  2.636) 

The differences among the analyses A, B, and C are of no substantive 
importance. From them we would conclude that the residents of the emigration 
countries are much better disposed toward immigrants; most emigration countries 
have mean scores greater than the corresponding overall means on all six aspects 
(questions) and also greater than the means for most of the immigration countries. 
However, if the extreme MNAR model for missing values applies, we arrive at a 
radically different conclusion (panel D); such a model provides an alternative 
explanation for the observed differences among the emigration and immigration 
countries.   

 

 
Figure 1. The deviations of the within-country mean scores from the overall 

mean scores on the questionnaire items V47–V52 related to 
immigration 
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Figure 2. The multiplicative deviations of the within-country odds ratios of 

extreme responses (5 vs. 1) on the items related to immigration 
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Figure 3. The multiplicative deviations of the within-country odds ratios of non-
neutral responses (4 or 5 vs. 1 or 2) on the items related to immigration 
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Figure 4. Sensitivity analysis for the multiplicative deviations of the within-
country odds ratios of extreme responses (5 vs. 1) on the items related 
to immigration. The title of each panel gives the binomial probability p 
in the displacement B(p,4) 
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Similar patterns arise when other summaries of the responses are considered. 
Figure 2 contains plots of the odds ratios of the extreme responses (5 vs. 1) in the 
same settings and layout as in Figure 1. The deviations of the odds ratios from the 
overall odds ratio are on the multiplicative scale and the vertical axes are log-
scaled. Under the extreme MNAR model the comparison of the emigration and 
immigration countries would be reversed.  

Figure 3 contains the same information for the odds ratios of the non-neutral 
responses (4 or 5 vs. 1 or 2). The comparison under the extreme MNAR model is 
not as radically different from the other models as in Figure 2; nevertheless, it 
confirms that either of the analyses A, B, or C may be profoundly biased, and the 
bias would be of a greater order of magnitude than the sampling variation 
estimated under the untestable (and possibly false) assumption of MAR.  

A form of sensitivity analysis is displayed in Figure 4 for the odds ratios of 
the extreme responses. The nine panels summarize the results in which MNAR is 
assumed using the displacement of the MAR- model imputations by B(p,4) for p 
= 0.1, 0.2, ... , 0.9. It would be invaluable if we could exclude the extreme 
scenarios (say, p > 0.5). 

5. Discussion 

Our analysis illustrates that the uncertainty due to sampling, captured by the 
traditional standard error is a minor component of the overall uncertainty in our 
inference. Non-response is a much greater threat to the correctness of our 
conclusions; a range of models for missing values yields radically different 
conclusions. If we could narrow this range down the range of feasible conclusions 
would also be reduced. The database contains no information about how missing 
data arise, and so clues have to be looked for elsewhere. Subject-area specialists 
(sociologists) who are familiar with the issues, as pertinent to the countries 
surveyed, may be helpful, especially if they have an understanding for the models 
for missing data. This can be achieved only by close collaboration of sociologists 
and statisticians. However extensive the data are, they need to be supplemented 
by information about the mechanism of missingness, which requires input from 
both areas of expertise. 

The technique of multiple imputation deals with the statistical aspects of the 
problem – arranging that information in incomplete records is exploited. For 
MAR models, one set of imputations can be used for several analyses. Adaptation 
of the technique for MNAR models, used in a sensitivity analysis, is 
straightforward, especially when no new imputations have to be generated. In 
principle, different models can be applied for non-responses coded 8 (do not 
know, cannot choose) and 9 (refused to respond). However, availability of a 
method for handling missing data should in no way be regarded as a justification 
for relaxing the efforts to reduce the non-response.  
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An important issue not addressed in this analysis is that the translation of the 
questions (from English) into the languages of the participating countries may 
have introduced unwanted nuances and connotations which affect the subjects' 
willingness to respond as well as the responses themselves. 

All the computing was carried out using Splus; the code (functions) can be 
obtained from the author on request. The dataset analyzed was extracted from the 
database ISSP 1985–1995, which can be obtained from Zentralarchiv für 
Empirische Sozialforschung, University of Cologne, Germany.   
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STATISTICAL CLASSIFICATION OF HOUSEHOLDS 
 IN LITHUANIA 

Ričardas Krikštolaitis1, Bronislava Kaminskienė2

ABSTRACT 

Lithuanian household income and expenditure under cluster analysis is 
analysed. The study considers distribution of various parts of society by 
consumption of food product. Calculations are made using data of Lithuanian 
Department of Statistics (second quarter of 1999 year). EM and projection 
pursuit algorithms are used for data clusterisation. 

Key words: clusterisation, consumption, household survey,  projection. 

1. Introduction 

The objective of the household budget survey is: 
• to provide information on the household income and expenditure level and 

consumption by different household groups; 
• to assess poverty indicators and estimate poverty level by population groups; 
• to provide information for the establishment of the minimum standard of living 

(MSL);  
• to conduct  analysis of various functions of tangible welfare components, e.g. 

relation of income and living conditions, income and household status by 
wealth, etc.; 

• to provide consumer expenditure structures for the calculation of CPI 
(inflation) and information for macroeconomic indicators; 

• to submit information about consumption of food products, nutrition and its 
sufficiency by household group. 

This paper classifies households into groups by amount of consumed food 
products by means of cluster analysis methods. It shows that obtained clusters 
correlate with household characteristics. 

The target of the household budget survey is a individual household. A 
household is an association of people linked with kinship relationship or other 
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personal bonds, who have common budget, meals together and share one dwelling 
(apartment). A household can contain a family with or without children; relatives 
living together and having common budget, e.g. brothers and sisters; cohabitating 
persons linked by common budget without kinship relationship; and single 
persons, living from their own income. The total annual sample size is 8 thousand 
households, selected from the Population register using random sampling 
methods. Participation of the selected households in the survey takes one month. 
Afterwards other households replace them. The household budget survey uses two 
data collection methods; i.e. interviews conducted by interviewers and self-
registration, when respondents  keep records of income and expenditure. 

Income and expenditure per household member usually determine economic 
status of households. In its turn differentiation of households characterises 
economic situation in the country. It has been considered that total social status of 
households should be reflected by the amount of consumed food products. This 
way the following hypothesis can be checked: “the amount of consumed food 
products reflect economic and social status of households”. Thus, households 
were clustered by consumption of certain products and  obtained clusters were 
compared with different factors, which characterise the household status. There 
are several factors: the place of residence of a household, demographic 
composition, socio-economic status, education of the household head, age, source 
of income, etc. To survey the dependence of consumption of food products on 
clusters of households the Spearman rank test was used. It was observed that the 
biggest correlation exists between the clusters and the place of residence and 
expenditure rate. Correlation among the clusters and other factors characterising 
households is modest or insignificant..  

The paper uses distribution of households (by decile) by expenditure as the 
expenditure is usually more accurate than income.  

The survey used the Multi-dimensional Data Clusterisation Programme, 
developed by the Applied Statistics Department of the Institute of Mathematics 
and Informatics and the statistical system Statistica 4.5 (S/N: SW 
4064148514D45). 

2. Research methods 

We will now review the clusterisation method. Let X will be a consumption 
of a randomly chosen household. We analyse 10 groups of food products: bread 
and cereals; meat and meat products; fish and fish products; oils and fats; fruit; 
vegetables; sugar, jam, honey, chocolate and confectionery products; salt, spices 
and other products; a coffee, tea, and cocoa; other non-alcoholic beverages. In this 
case, X is ten-dimensional vector with i-th component  equal to the consumption 
of food product group per month. It is supposed, that all households of Lithuania 
could be grouped into a few clusters, where above mentioned vector of 
consumption of each cluster has a Gaussian distribution. Different clusters have 
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different parameters of a distribution. Therefore Gaussian mixture model is 
applied. 

Let us have q independent d-dimensional Gaussian random variables Yi with 

different distribution densities , where means Miii RM ϕϕ
def

),;( =⋅ i and covariance 
matrices Ri, i = 1, 2,…, q, are unknown. Let ν be random variable (r.v.) 
independent of Yi, i = 1, 2,…, q, and taking on values 1, 2,…, q with unknown 
probabilities pi > 0, i = 1, 2,…, q, respectively. We observe d-dimensional r.v. 
X = Yν. Each observation belongs to one of q classes depending on r.v. ν. 
Distribution density of r.v. X is therefore a Gaussian mixture density 
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where θ = (pi, Mi, Ri, i = 1, 2,..., q) is an unknown multidimensional parameter. 
Probabilities pi = P{ν = i} are a priori probabilities for r.v. X to belong to ith 
class. 

We will consider the general classification problem of estimating 
a posteriori probabilities π(i, x) = P{ν = i | X = x} from the sample 

 of i.i.d. random variables with distribution density (1). 
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The EM algorithm. If number of classes q is known, then the maximum 

likelihood estimate θ*  is an efficient estimate of θ. The most common method for 
calculating the MLE for Gaussian mixtures is called the EM (Expectation 
Maximisation) algorithm. Let πN = {π(i, X), i =1, 2,…, q, X ∈ XN} be any given 
a posteriori probabilities for sample data points XN. For given πN, the parameter 
θ = (pi, Mi, Ri, i = 1, 2,..., q) is obtained using the following equalities: 
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For given θ probabilities πN is calculated using formula (2). The EM 

algorithm is an iterative procedure, which starts either from a given parameter, θ 
or given probabilities πN applying in turn formulae (3) and (2). The EM algorithm 
usually ends after some predefined number of iterations. Parameter θ in the EM 
algorithm converges to MLE if starting parameter  is sufficiently close to θ0θ *. 

Note that starting parameter  can be obtained from starting values of 
aposteriori probabilities.  

0θ

For mixture distributions the EM algorithm was proposed independently by  
several authors. By now the properties of the EM algorithm have been studied 
well enough.  

In case when the data is multidimensional there is a problem of adequate 
data clusterisation and difficult interpretation of results. One of the ways to avoid 
these problems is projecting data into the lower dimensional spaces. In this paper 
projection method is described. 

Discriminate space. Let V = cov(X, X) be the covariance matrix of r.v. X and 
suppose for simplicity EX = 0. Define the scalar product of arbitrary vectors 
u, h ∈ Rd as (u, h) = uTV–1h and denote by uL the projection of arbitrary vector u ∈ 
Rd to a linear subspace L ⊂ Rd. Discriminate space H is defined as a linear 
subspace H ⊂ Rd with the property P{ν = i |X = x} = P{ν = i |XH = xH}, 
i =1, 2,..., q,  x ∈ Rd, and the minimal dimension. It is known that for Gaussian 
mixture densities (1) with equal covariance matrices we have dim H ≤ q -1. 

Let k = dim H and vectors u1, u2,…, uk be a basis in the discriminant space 
H. Denote U = (V–1u1, V–1u2,…,V–1uk)T. Then π(i, x) = P{ν= i |UX = Ux}, 
i =1, 2,..., q, x ∈ Rd. This means that projected sample {UX1, UX2,…, UXN} is a 
sufficient statistics for estimating a posteriori probabilities. The distribution 
density of r.v. UX is a Gaussian mixture density 
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where , i = 1, 2,…, q, are k-dimensional Gaussian distribution 
densities with means  and covariance matrices , 

 is the multidimensional parameter. 
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Projection pursuit algorithm. One of methods to find a discriminate space is 
the projection pursuit (PP) algorithm. It is a step-by-step procedure to find the 
basic vectors of discriminate space. Friedman and Tukey (1974) introduced a 
projection pursuit method. Properties of the projection pursuit method have also 
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been well established  (see, e.g. Friedman, 1987; Rudzkis, Radavičius, 1995). The 
description below is based on Rudzkis and Radavičius (1997). 

Let F be the set of one-dimensional Gaussian mixture distribution functions, 
ρ = ρ(G, Ψ), G, Ψ ∈ F, be some functional satisfying the following conditions: 
ρ(G, Ψ) = 0 and ρ(G, Ψ) > 0, if G ≠ Ψ. For arbitrary non-zero u ∈ Rd define a 
projection index Q(u) = ρ(Fu, Φ) , where Fu is the distribution function of the 
standardised r.v. uTX, Φ is the standard Gaussian distribution function. 

Let orthonormal vectors u1, u2,…, uk can be found step-by-step as follows: 
set U0 = {0}, for i = 1, 2,…, d, calculate ui = argmax{Q(u), u ∈ U ,  i−

⊥
1 u  = 1}, 

Ui = span{u1, u2,…, ui} and stop when Q(ui) = 0. We set k = min{i: Q(ui+1) = 0} 
(by definition Q(ud+1) = 0). The corresponding empirical distribution function, 
instead of unknown function Fu, was used for u1, u2,…, uk in statistical estimation. 
In this paper the discriminant space was estimated using the following functional 
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Results 

We will overview household clusterisation results by consumption of food 
products: both by grouping primary data and after projecting them to two-
dimensional space. In this paper we assume, that we have k-dimension random 
sample. 

The cluster analysis was conducted using statistical data for 2027 randomly 
selected households, interviewed by Statistics Lithuania in the 2nd quarter of 1999. 
The received clusterisation was carried out in two ways: 1) primary data were 
clustered using the already mentioned clusterisation programme for a two-
dimensional space, which is based on the application of the EM algorithm; 2) 
primary data were projected by the PP method into a two-dimensional 
discriminate space and their projections were later clustered. 

Carrying out the clusteristion programme in the former case, 4 clusters were 
obtained using automatic clusterisation regime. The 1st cluster covered about 63 
per cent of households. Per capita consumption of food products in such 
households were lower than the total average. It should be also mentioned that 
consumption of fruit (P5) was twice bigger than the average, and consumption of 
other non-alcoholic beverage (P10) was three times less than the average. The 2nd 
cluster covered about 19 per cent of households. Their peculiarity is also a smaller 
consumption of food products, but the demand for fruit (P5) and non-alcoholic 
beverages (P10) stands out, consumption of which was twice higher than the 
average. The 1st and 2nd clusters differ in consumption of the latter food products. 
The 3rd cluster covers approximately 15 per cent of households, which consume 
less than average coffee and tea (P9), however, consumption of other products is 
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higher than the average. Besides, consumption of bread and cereals (P1), sugar, 
jam and the like (P7) as well as salt, spices and other products (P8) stands out and 
is several times higher than the total average. The 4th cluster covers about 11 per 
cent of households. They consumed less salt, spices and other product (P8), while 
the consumption of the remaining products exceeded the average. It is 
characteristic of such households to consume big amounts of fruit (P5), coffee and 
the like (P9) as well as other non-alcoholic beverages (P10), consumption of 
which exceeds the total average several times. More detailed amounts of food 
products consumed per capita per month are given in table 1. 

Table 1. Average clusters obtained without applying projections 

 N P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

General 2027 9,51 6,12 1,31 1,67 2,52 16,76 3,27 1,05 0,21 2,11 

1 cluster 1282 8,68 5,30 1,18 1,57 1,30 15,94 2,32 0,84 0,17 0,68 

2 cluster 392 7,17 5,53 0,84 1,12 4,13 12,27 2,86 0,72 0,18 4,96 

3 cluster 92 18,92 6,66 1,60 2,28 2,84 24,30 12,78 2,92 0,16 2,18 

4 cluster 220 12,28 10,71 2,07 2,25 5,79 21,55 4,35 0,99 0,52 5,10 

In the above table N stands for the number of households, P1 – for bread and 
cereals, P2 – for meat and meat products, P3 for fish and fish products, P4 for oils 
and fat, P5 for fruit, P6 for vegetables, P7 for sugar, jam, honey, chocolate and 
confectionery products, P8 for salt, spices and other products, P9 for coffee, tea, 
and cocoa and P10 for other non-alcoholic beverages. The same programme was 
used to differentiate clusters 3 and 4. However, estimating the Spearman’s rank 
correlation coefficient among food consumption indicators of households (i.e. 
numbers of clusters) and indicators characterising individual households, it was 
observed that 4 clusters reflected primary data best of all (table 4), i.e., the 
Spearman rank correlation coefficient was the highest for them. 

Clustering the second way, i.e. projecting primary data at the beginning into 
a two-dimensional space, and later on conducting clusterisation by applying the 
programme of multi-dimensional data clusterisation by automatic clusterisation 
regime also resulted in 4 clusters. The first cluster covered about 48 per cent of 
households, consumption of food products of which is analogous to clusterisation 
in the first way. The second cluster covered approximately 29 per cent of 
households. Their consumption of meat and meat products (P2), fruit (P5), coffee 
and the like (P9) was  slightly higher than the average. Consumption of all other 
products was slightly lower than the total average consumption. The 3rd cluster 
covers about 10 per cent of households. One should note a moderately higher 
consumption of coffee and the like (P9) as well as considerably higher 
consumption of fruit (P5) and non-alcoholic beverages (P10). Consumption of all 
other products was slightly lower than the average. Consumption of all food 
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products several times exceeded the average consumption. The number of such 
households equalled approximately 12 per cent. More detailed information of 
food products consumed per capita per month  is given in table 2. 

Table 2. Average clusters obtained applying projections 

 N P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

General 2027 9,51 6,12 1,31 1,67 2,52 16,76 3,27 1,05 0,21 2,11 

1 cluster 982 8,71 5,02 1,17 1,60 0,86 16,74 2,34 0,82 0,17 0,26 

2 cluster 584 8,74 6,18 1,21 1,47 3,05 13,33 2,99 0,79 0,23 2,05 

3 cluster 206 7,12 5,81 1,04 1,14 5,27 10,07 2,53 0,56 0,25 5,94 

4 cluster 252 16,24 10,44 2,30 2,83 5,47 29,98 7,86 2,65 0,30 6,22 

Whereas the distance between the differentiated clusters is not big, 
clusterisation into a smaller number of clusters (two and three) was carried out. In 
terms of economic relations the most substantial results were received when the 
households were clustered into two clusters using the PP method (table 5). In the 
latter case consumption of food products by households belonging to different 
clusters differs greatly. Households in the 1st cluster (48 per cent) consume more 
all types of food products than the average. Consumption of fruit (P5), sugar and 
the like (P7) and non-alcoholic beverages (P10) can be classified separately. The 
2nd cluster covered approximately 51 per cent of households. Their average 
consumption was lower, that of fruit (P5), sugar and the like (P7) and non-
alcoholic beverages (P10) in particular.  

Table 3. Average clusters obtained applying projections 

 N P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

General 2027 9,51 6,12 1,31 1,67 2,52 16,76 3,27 1,05 0,21 2,11 

1 cluster 978 10,26 7,20 1,43 1,76 4,03 17,01 4,18 1,23 0,25 3,88 

2 cluster 1032 8,61 5,02 1,15 1,56 0,96 15,85 2,24 0,76 0,17 0,32 

Further we can discuss relationship of the numbers of household clusters 
with various indicators characterising households. According to Swedish 
scientists it is possible to estimate differences among households by the level of 
consumption of different commodities and services. Therefore, the hypothesis 
was checked: “Is there a relationship between indicators of household food 
consumption (number of clusters) and expenditure deciles?”. Concurrently 
comparisons of equal spread of different deciles by the mentioned clusters were 
made. The Spearman rank correlation coefficient among the number of household 
clusters and indicators characterising individual households was estimated. 
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Table 4. Comparisons of average clusters obtained without applying projections 
and deciles 

 2 cluster 3 cluster 4 cluster 
 χ2 df p χ2 df p χ2 df p 

Pearson χ2 343,11 9 0,00 397,14 18 0,00 530,59 27 0,00 

M-L χ2 333,50 9 0,00 389,02 18 0,00 553,77 27 0,00 
 

Spearman R 0,3785 t=18,19 0,00 0,3913 t=18,94 0,00 0,4720 t=23,85 0,00 

Let’s check the hypothesis that household expenditure and consumption of 
selected food products are independent random quantities, i.e. households of each 
cluster break down into deciles unevenly. The survey uses the Pearson and 
maximum probability criteria. The tables display the survey results. The letter p 
notes marginal significance level with which the hypothesis is accepted. One can 
see that all used criteria confirm the conclusion about the expressed dependency 
between the income level and consumption of food products. 

Figure 1 shows that the first cluster cover more or less poor households. It 
counts 62 per cent of households below, i.e. in deciles from 1 to 5. If households 
are to be separated by place of residence, rural households account for 42 per cent 
of the 1st cluster. This cluster covers households, which bought less food products 
than the average, what is peculiar of rural households. 70 per cent of total rural 
households appeared in this cluster and they buy least meat and meat products, 
fruit and non-alcoholic beverages. It should also be noted that 65 per cent of total 
households with children under 18 years of age also fall in the 1st cluster. A 
conclusion can be drawn that the 1st cluster comprises poorly living households.  

The 2nd cluster contains 52 per cent of households from the largest 5 
Lithuanian cities and the household expenditure of the majority is higher (72 per 
cent of household’s fall per higher deciles than 5). This cluster is dominated by 
households, income of which is from the employment. 60 per cent of heads of the 
total households in this cluster have obtained high or higher education (figure 2).  
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Figure 1. Clusters received by using automatic clusterisation regime  
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They are basically households with 3-4 members (65 per cent of total 

households in this cluster) and heads of which are between 30 to 49 years of age 
(57 per cent of total households in this cluster). In addition to that, this cluster 
covers households that least of all consume bread and cereals, fish and fish 
products, fat, vegetables, salt and spices. However, it is interesting to observe that 
consumption of fruit and non-alcoholic beverages is considerably higher than the 
average. The 2nd cluster comprises small households with educated members.  

Small (1-2 member’s) rural households comprise 72 per cent of the 3rd 
cluster. It is characteristic of this cluster to have the household head with low 
level of education (41 per cent with only primary education) and  usually being an 
elderly person (76 per cent of household heads are 50 years and over). Such 
households buy much bread and cereals, vegetables, salt and sugar. We consider 
that the 3rd cluster households produce various canned products. 
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Figure 2. Distribution of households in the 2nd cluster by education  
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Figure 3. Distribution of households in the 3rd cluster by place of residence 
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The 4th cluster covers the wealthiest households (both rural and urban). 91 

per cent of households in this cluster is in higher deciles that 5. Household 
members are usually city residents (73 per cent) (Figure 4). Besides, households 
without children prevail in this cluster (Figure 5) and education of the head of a 
household is general secondary or high (52 per cent). Households in this cluster 
consume much meat and meat products, fruit, coffee and tea. Thus, the 4th cluster 
comprises well-off households.  
Figure 4. Distribution of households in the 4th cluster by place of residence 
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Figure 5. Distribution of households in the 4th cluster by household type 
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It can be noted that clusters of households obtained with no use of 
projections are not sufficiently pure. Having conducted projections of k-
dimensional primary data into a smaller measurement space and followed by 
clusterisation we avoid certain random deviations. 

Let’s analyse how households are distributed when primary data are 
projected into the two-dimensional space followed by clusterisation (Figure 6). 
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Figure 6. Clusters received by using projections 
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Table 5. Comparison of clusters received by use of projection and deciles 

 2 cluster 3 cluster 4 cluster 
 χ2 df p χ2 df p χ2 df p 

Pearson χ2 432,67 9 0,00 559,87 18 0,00 634,09 27 0,00 

M-L χ2 475,73 9 0,00 588,31 18 0,00 655,75 27 0,00 
 

Spearman R -0,4594 t=-23.18 0,00 0,0311 t=1,40 p=0,16 0,0651 t=2,93 0,00 

Having carried out projections, the variance of consumed products has 
decreased and we have obtained purer clusters. 

At first, let us analyse the case when 4 clusters were obtained. Diagram 6 
shows that the majority in the 1st cluster consists of poorer households, i.e. 67 per 
cent of households fell per lower deciles. If households are differentiated by a 
place of residence, one can observe that rural households account for 47 per cent 
of the 1st cluster. One can state that the household structure in the 1st cluster has 
remained similar to the 1st cluster obtained with use of projections. However, 
when comparing the 1st cluster obtained without use of projections, with the 1st 
cluster obtained with use of projections by household composition, one can 
observe that the number of households with children under 18 years of age (from 
65 per cent to 48 per cent) has decreased. This is the poorest cluster. 
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Figure 7. Distribution of households in the 2nd cluster by place of residence 

5 major cities

Other towns

Rural area

 
The 2nd cluster shows prevalence of urban households (70 per cent). These 

are mainly hired employees (66 per cent of this cluster households), 3-4 members 
per household (54 per cent), receiving higher income (60 per cent fell per higher 
deciles) and persons with general secondary or higher education (57 per cent). 
This cluster does not contain households in which heads of households are with 
higher education. Thus, the 2nd cluster is comprised of households living over the 
country’s average, nevertheless quite sparingly. 

The 3rd cluster covers population of 5 major cities (63 per cent of 
households). They are basically well off households as 81 per cent of households 
fall into higher deciles. In addition, they would be of average age (57 per cent of 
heads of households are between 30 and 49 years), hired employees (76 per cent) 
and having obtained high and higher education (67 per cent). 

The 4th cluster covers wealthy rural and urban households (82 per cent of 
households belong to higher deciles). They are basically of elderly age (64 per 
cent of household heads are 50 years and over) and without children (81 per cent). 

The basic difference between households in the 3rd and the 4th clusters is the 
age of the head of household: the 4th cluster consists of small households of 
elderly age persons.  
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Figure 8. Distribution of households in the 3rd cluster by place of residence 
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Figure 9. Distribution of households in the 3rd cluster by education 
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Figure 10. Distribution of households in the 4th cluster by type of household 
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As seen from clustering by the second way, i.e. at the beginning projecting 
primary data into two-dimensional space and following with clusterisation into 4 
clusters as a result, poorer and wealthier households became very distinct. The 1st 
cluster comprises mainly poorer households, while the 2nd, 3rd and 4th - wealthier 
ones. Clusters 3 and 4 have also been distinct by age of the head of household: 
households of average age prevail in the 3rd cluster, while households of elderly 
age persons dominate in the 4th one.  

It has been mentioned that in terms of economic relations the most 
representative results were obtained using the PP method when households were 
clustered into two clusters. The results are shown in figure 11. 

As seen from figure 11 wealthier (74 per cent of households are in the higher 
deciles), urban households (70 per cent of households in this cluster) are included 
into the 1st cluster, whereas the 2nd cluster comprises poorer households (74 per 
cent of households in this cluster). 

The obtained results indicate that the clusterisation method can be applied 
for the analysis of the living standard in households. One can derive that with the 
living standard rising, the 1st cluster should contract. This should be checked 
when analysing statistical data of the forthcoming years. Projection of multi-
dimensional statistical data into a smaller measurement space allows to ‘purify’ 
clusters and this facilitates interpretation of the results. Taking only two clusters 
we obtain rough breakdown of households into wealthier and poorer ones. When 
increasing the number of clusters we can distinguish household groups by factors 
characterising them.  

dimensional statistical data into a smaller measurement space allows to ‘purify’ 
clusters and this facilitates interpretation of the results. Taking only two clusters 
we obtain rough breakdown of households into wealthier and poorer ones. When 
increasing the number of clusters we can distinguish household groups by factors 
characterising them.  
  
Figure 11. Clusters received by using projections Figure 11. Clusters received by using projections 
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AN EMPIRICAL STUDY OF MODIFIED RATIO 
ESTIMATOR IN TWO-PHASE SAMPLING  

IN PRESENCE OF COEFFICIENT OF VARIATION  
OF THE AUXILIARY VARIABLE 
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ABSTARCT 

In the present work, we have proposed a two-phase ratio type estimator 
by using the known coefficient of variation of the auxiliary variable. Empirical 
comparisons have been done with the and (two-phase ratio estimator). It has 
been found that the proposed estimator is always better than and its range of 
application has increased while comparing with (sample mean estimator). 

Key words: Two-phase ratio estimator, preliminary sample, Bias, Mean 
Squared Error. 

AMS (1990) Subject Classification: 62 D 05. 

1. Introduction 

The ratio method of estimation is generally used when the study variable Y 
is positively correlated with an auxiliary variable X whose population mean is 
known in advance. In case the population mean of the auxiliary variable X is not 
known we adopt two-phase (or double) sampling scheme which consists of taking 
a large preliminary sample for the measurement on the variable X alone. The 
purpose of this sample is to furnish a good estimator of the population mean of X. 
A number of estimators for the population mean of X based on the preliminary 
sample have been considered by a number of researchers. In many situations the 
coefficient of variation of the auxiliary variable X is known. In such a situation, in 
the present work, we have considered the estimation of the population mean of 
the study variable Y by making use of Searls(1964) type estimator based on the 
first phase sample in estimating the unknown population mean of X. The 
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proposed estimator has been compared empirically with the usual sample mean 
and the two-phase ratio estimator. 

2. Proposed estimator 

We consider a finite population U = (1, 2, …, N) of size N, Y and X are the 
study and auxiliary character respectively. Y and X are positively correlated. yi > 
0 and xi > 0 are the values of Y and X for the i-th unit in the population. 

When 
N

X
  X

N

1i
i∑

== , the population mean of the auxiliary character is known, we 

estimate the population mean 
N

Y
  Y

N

1i
i∑

== , of the variable Y, by the ratio 

estimator, defined as  

X 
x
y  yr =                              (1) 

where 
n

y
  y

n

1i
i∑

==  and 
n

x
  x

n

1i
i∑

==  are the sample means of Y and X of size n 

taken from the population by simple random sampling without replacement 
(SRSWOR) scheme. But in a situation, when X  is not known, we estimate Y  by 
the two-phase ratio estimator, defined as  

y rd = 
x
y

 
′

x                             (2) 

where 
′

x = 
n

x
n

1i
i

′

∑
′

=  is the sample mean of X based on the preliminary sample of 

size n (>n) in the first phase. ′

When Cx = 
X
Sx , the coefficient of variation of the auxiliary character X, is 

known, using the technique of Searls (1964) we estimate X  by an estimator x * = 

k 
′

x . The constant k is obtained so that MSE( x *) = E( x * - X )2 is minimum, 
which results in  

k = ( )2
x2 C f1

1
+

                                (3) 
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with 

    f2 = ⎟
⎠
⎞

⎜
⎝
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′ N
1

 - 
n
1

. 

 
Thus, our proposed estimator is defined as 
 

Trd = 
x
y x *                                                     (4) 

3. Bias and mean squared error of  Trd

Following Sukhatme et-al (1984), the bias B(.) and mean squared error M(.) 
of the proposed estimator Trd, to the first order of approximation, can be derived 
as 
 

B(Trd) = Y ( )[ ]1)-(k  C C  - C fk yyx
2
x3 +xρ      (5) 

and 
 

M(Trd) = 
2

Y  
( ){ } ( )[ ]xyyx

2
x3

22
y1xy

2
x3

2 C C  - C f 1)-k(k 2  1)-(k  C f  C C 2 - Cfk ρρ +++yx     (6) 

where 

f1 = ⎟
⎠
⎞

⎜
⎝
⎛

N
1 - 

n
1 , f3 = ⎟

⎠
⎞

⎜
⎝
⎛

′n
1 - 

n
1  = f1 – f2 , 

yxρ is the coefficient of correlation between X and Y, and Cy is the coefficient of 
variation of Y. 

4. Empirical comparison  

The exact expression of variance of the sample mean estimator y , and the 

mean squared errors of the ratio estimator ry  and the two-phase ratio estimator 

rdy , to the first order of approximation, are given as 

V( y ) = 
2

Y f1                             (7) 2
yC
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M( ry ) = 
2

Y f1 [ ]xyyx
2
x

2
y C C  2 - C  C ρ+      (8) 

 

 M( rdy ) = 
2

Y  ( )[ ]xyyx
2
x3

2
y1 C C  2 -C f  C f ρ+                                    (9) 

In this section, we compare the efficiency of the proposed estimator Trd with 
the sample mean estimator y  and the two phase ratio estimator y rd. From the 

equations (7) and (9) it can be calculated that y rd is better than y   under the 
condition  

Vyx  > 
2
1                             (10) 

where  Vyx =  ρ yx 

x

y

C
C

. 

In order to compare the efficiency of Trd with y and rdy , we demonstrate the 
numerical illustrations in Tables 1-3 (given at the end). We have taken n=7, 

=10 and N=34 so that fn' 1=0.1134, f2=0.0706 and f3=0.0429. Further ρ yx = 
0.4(0.2)0.8,  

Cy = 0.2(0.3)2.0 and Cx = 0.2(0.3)2.0. Let us define E1 = 
⎭
⎬
⎫

⎩
⎨
⎧

)M(T
)yV(

rd

x 100 and  

E2 = 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

)M(T
)yV(

rd

rd x 100 which are the percentage relative efficiencies of the 

proposed estimator Trd with respect to y  and y rd respectively. From the tables 1-

3, it can be observed that Trd is better than y rd for all combinations of ρ yx , Cy and 

Cx. It can also be observed that efficiency of Trd over y rd is increasing with the 
increase in Cx for fixed values of Cy, while efficiency is decreasing and 
sometimes increasing with the increase in Cy for fixed value of Cx. Further, it can 
also be noticed that with the increase in ρ yx, the efficiency of Trd is increasing 

with respect to y  for fixed values of Cy and Cx. The interesting point which can 
be noticed is that the proposed estimator Trd is more efficient than the sample 
mean y  even in some cases where Vyx is less than half. It is always better than y  
for Vyx is more than half. This property indicate that the range of application of 
Trd has increased (enhanced) over y  with respect to y rd. 
Table 1. Efficiency of Trd with respect to y  and rdy  

( yxρ = 0.40) 
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CyCx

  0.20   0.50   0.80   1.10   1.40   1.70   2.00 
Vyx    0.40     1.00     1.60     2.20     2.80     3.40     4.00 
E1 - 107.00 106.05 105.00 104.25 103.70 103.29 

 
0.20 

E2 100.52 100.54 100.55 100.55 100.55 100.56 100.56 
Vyx     0.16     0.40     0.64     0.88     1.12     1.36     1.60 
E1 - - 107.75 109.86 109.95 109.57 109.09 

 
0.50 

E2 103.62 103.27 103.30 103.35 103.38 103.41 103.43 
Vyx     0.10     0.25     0.40     0.55     0.70     0.85     1.00 
E1 - - 100.85 110.70 114.21 115.41 115.71 

 
0.80 

E2 110.03 108.77 108.47 108.49 108.57 108.65 108.72 
Vyx     0.07     0.18     0.29     0.40     0.51     0.62     0.73 
E1 - - - 108.09 116.76 120.89 122.87 

 
1.10 

E2 120.07 117.72 116.56 116.25 116.26 116.37 116.49 
Vyx     0.06     0.14     0.23     0.31     0.40     0.49     0.57 
E1 - - - 103.62 117.92 125.90 130.40 

 
1.40 

E2 134.30 130.74 128.27 127.17 126.83 126.82 126.95 
Vyx     0.05     0.12     0.19     0.26     0.33     0.40     0.47 
E1 - - - - 118.35 130.60 138.22 

 
1.70 

E2 153.56 148.55 144.39 141.96 140.85 140.46 140.43 
Vyx     0.04     0.10     0.16     0.22     0.28     0.34     0.40 
E1 - - - - 118.79 135.28 146.40 

 
2.00 

E2 179.02 172.14 165.84 161.53 159.09 157.91 157.46 

Note:   Dashes in the table indicate that Trd is not better than y  for the corresponding value of Vyx 

 
 
 
 
 
 
 
 
Table 2. Efficiency of Trd with respect to y  and rdy  

( yxρ = 0.60) 

Cx Cy
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  0.20   0.50   0.80   1.10   1.40   1.70   2.00 
Vyx     0.60     1.50     2.40     3.30     4.20     5.10     6.00 
E1 108.68 111.34 110.44 108.10 106.63 105.63 104.91 

 
0.20 

E2 100.47 100.51 100.53 100.54 100.55 100.55 100.55 
Vyx     0.24     0.60     0.96     1.32     1.68     2.04     2.40 
E1 - 111.34 119.27 118.34 116.51 114.88 113.54 

 
0.50 

E2 103.32 102.92 103.07 103.19 103.26 103.31 103.35 
Vyx     0.15     0.38     0.60     0.83     1.05     1.28     1.50 
E1 - - 116.35 123.88 124.98 124.33 123.25 

 
0.80 

E2 109.54 107.73 107.56 107.79 108.02 108.21 108.35 
Vyx     0.11     0.27     0.44     0.60     0.76     0.93     1.09 
E1 - - 104.94 123.78 130.84 133.10 133.45 

 
1.10 

E2 119.39 115.91 114.48 114.43 114.75 115.11  115.43 
Vyx     0.09     0.21     0.34     0.47     0.60     0.73     0.86 
E1 - - - 119.44 133.77 140.54 143.56 

 
1.40 

E2 133.38 128.11 124.71 123.62 123.66 124.08 124.58 
Vyx     0.07     0.18     0.28     0.39     0.49     0.60     0.71 
E1 - - - 113.28 134.38 146.47 153.14 

 
1.70 

E2 152.31 144.96 139.08 136.13 135.26 135.40 135.93 
Vyx     0.06     0.15     0.24     0.33     0.42     0.51     0.60 
E1 - - - 107.28 133.76 151.14 162.05 

 
2.00 

E2 177.31 167.33 158.42 152.83 150.26 149.56 149.80 

Note:   Dashes in the table indicate that Trd is not better than y  for the corresponding value of Vyx 

 
 
 
 
 
 
 
Table 3. Efficiency of Trd with respect to y  and rdy  

( yxρ = 0.80) 

CyCx

   0.20   0.50   0.80   1.10   1.40   1.70   2.00 
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Vyx     0.80     2.00     3.20     4.40     5.60     6.80     8.00 
E1 129.82 122.75 115.21 111.38 109.12 107.64 106.58 

 
0.20 

E2 100.39 100.49 100.52 100.53 100.54 100.54 100.55 
Vyx     0.32     0.80     1.28     1.76     2.24     2.72     3.20 
E1 - 132.49 133.53 128.22 123.90 120.72 118.35 

 
0.50 

E2 102.90 102.46 102.79 103.00 103.13 103.21 103.26 
Vyx     0.20     0.50     0.80     1.10     1.40     1.70     2.00 
E1 - 106.24 137.47 140.61 138.00 134.74 131.83 

 
0.80 

E2 108.94 106.24 106.31 106.89 107.36 107.69 107.93 
Vyx     0.15     0.36     0.58     0.80     1.02     1.24     1.45 
E1 - - 126.33 144.81 148.78 148.06 146.03 

 
1.10 

E2 118.60 113.39 111.56 111.99 112.82 113.57 114.17 
Vyx     0.11     0.29     0.46     0.63     0.80     0.97     1.14 
E1 - - 108.98 104.98 154.54 159.04 159.69 

 
1.40 

E2 132.34 124.67 119.79 118.79 119.51 120.62 121.68 
Vyx     0.09     0.24     0.38     0.52     0.66     0.80     0.94 
E1 - - - 132.54 155.42 166.73 171.69 

 
1.70 

E2 150.94 140.51 132.03 128.32 127.92 128.94 130.34 
Vyx     0.08     0.20     0.32     0.44     0.56     0.68     0.80 
E1 - - - 123.11 153.05 171.22 181.43 

 
2.00 

E2 175.48 161.64 149.03 141.56 138.89 138.99 140.31 

Note:   Dashes in the table indicate that Trd is not better than y  for the corresponding value of Vyx 

Conclusions 

From the above discussions, we can conclude that the range of application of 
Trd is wider as in the comparison with rdy . Therefore, the use of the proposed 

estimator Trd is advisable over rdy in two-phase sampling when the coefficient of 
variation of the auxiliary variable X is known. In case it is not known, its past 
values can be utilized because of its stability over time. In such a situation sample 
estimate of Cx can also be utilized for the estimation purpose. 
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STRATIFICATION OF POPULATION  
AFTER SAMPLE SELECTION 

Janusz Wywiał1

ABSTRACT 

In survey sampling conditional methods are usually connected with post-
stratification estimators for domains and with inference on the basis of 
regression models or contingency tables. These problems were considered by 
e.g. Rao (1985), Tillé (1998), Williams (1962). The problem of stratification 
of a population on the basis of values of a variable under study observed in a 
sample was considered by e.g. Dalenius (1957). 

We deal with the problem of appropriate division of a simple sample into 
subsamples. This partition leads to clustering of a population into 
subpopulations. Each of these subpopulations includes one and only one 
previously created subsample. Linear combinations of statistics from the 
subsamples are used for estimation of a population mean. The subsample 
means and the regression estimators from the subsamples are considered to be 
these statistics. The coefficients of this linear combination are proportionate to 
the sizes of the subpopulations. The construction of the estimators depends on 
the methods of clustering the sample into subsamples and the population into 
subpopulations. Bias and variances of a certain estimator have been derived 
but the precision of others should be studied by means of some simulation 
methods. The example of such a simulation study is presented. Moreover, 
some generalisations of proposed estimators have been suggested.  

Key words: stratification after sample selection, conditional estimation, 
clustering, regression estimator, sample median, auxiliary variable 

 
 

1. The conditional sample average 

1.1. Basic definitions and notation 
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Let us assume that the values of an auxiliary variable are known in a fixed 
and finite population of size N. A k-th value of the auxiliary variable is denoted 
by xk, k=1,...,N. The simple sample s of the size n is drawn without replacement 
from a population U. An i-th value of a variable under study is denoted by yi, 
i=1,...,N. Moreover, let us assume that the elements of the population U={1,...,N} 
are ordered in such a way that xi<xj for each i<j=1,...,N.  

Let us divide each sample s={ii,...,ik,ik+1,...,in}, where ij < ih if i < H, into two 
following subsamples s1(k)={i1,...,im} and s2(k)={im+1,...,in}, where k=im and 
k=1,2,...,H<N. The integer k=im is a function of observations { }

n1 ii x,...,x  of 

auxiliary variable in the sample s. Hence, s1(k)∩s2(k)=∅ and s1(k)∪s2(k)=s. The 
sizes of the subsamples s1(k) and s2(k) are denoted by n1(k) and n2(k), 
respectively. Let ={i: x)k(U1 i ≤ xk} and ={i: x)k(U2 i > xk}, k =1, ..., H. Hence, 

∩  = ∅ and ∪ =U, k = 1, ..., H. The sizes of the 
subpopulations  and  are denoted by  and , 
respectively. Similarly, the fractions of the elements in these subpopulations are 

denoted by: 

)k(U1 )k(U2 )k(U1 )k(U2

)k(U1 )k(U2 )k(N1 )k(N2

N
)k(Nw 1

)k(s1
=  and 

N
)k(Nw 2

)k(s2
= . 

Let us consider the following conditional estimator of the population mean 
y : 

 )K(S)K(S)K(S)K(SK/S 2211
ywywy~ +=                (1) 

where: 

  ∑
∈

=
)k(Si

i
h

)k(S
h

h
y

)k(n
1y , h = 1, 2                        (2) 

Let s, s1(k) and s2(k) be outcomes of random samples S, S1(K) and S2(K), 
respectively. Let the sampling design of the sample s be denoted by P(S=s) or 
simply by P(s) for s ∈ Ω, where Ω is the sampling space. The sampling design 
P(s) can be rewritten as follows:  

P(s)=P(s1(k), s2(k), K=k)=P(s1(k), s2(k)| K=k)P(K=k)=P(s| K=k)P(K=k) 

This let us write the expected value of the estimator in the following way:  

  ( ) ( )( ) == Ky~EEy~E K/SK/SKK/S  

  ( ) ( )∑
=

====
N

1k
k/Sk/S kKPkKyE  
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  ( ) (∑
=

==
N

1k
k/Sk/S kKPyE )      (3) 

where: 

  ( ) ( ) ( )( ) ( ) ( )( )kSkSk/SkSkSk/Sk/Sk/S 2211
ywEywEyE +=         (4) 

The conditional expected value ES/K(.) and the conditional variance  are 
determined on the basis of the conditional sampling design P(s|X=x). The 
variance is as follows: 

( ).D2
K/S

  ( ) ( )( ) ( )( )K/S
2

K/SKK/SK/S
2
KK/S

2 y~DEy~EDyD +=         (5) 

If ( ) yy~E k/Sk/S =  for each k=1,...,H the conditional statistic k/Sy~  is the unbiased 
estimator of the population average y  and  

( )( ) 0y~ED K/SK/S
2
K = .                (6)  

The statistic K/Sy~  can be rewritten in the following way: 

  ∑ ∑
= ∈ π

=
2

1h )K(Si h

i
K/S

h
)K(

y
N
1y~                (7) 

where: 

)K(N
)K(n)K(

h

h
h =π , h=1,2 

The conditional statistic X/Sy~  represents the expression: 

( )( )
∑ ∑
= ∈ π

=
2

1h kSi h

i
k/S

h
k

y
N
1y~  

Hence, the statistic K/Sy~  takes the form of the well known Horvitz-Thompson 
estimator. 

Tillé (1998) showed that a necessary condition for the existence of a 
conditionally unbiased estimator of y  is that 0)k(i >π  for each i-th element of a 
population and for each value of a statistic K which is a function of an auxiliary 
variable. 

We are going to show some particular forms of the estimator K/Sy~ . Each of 
them can be obtained through determining a function which provides the value k 
(of the random variable K) which makes the border between the subsamples s1(k) 
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and s2(k). This function can depend on auxiliary variable. Particularly, the value k 
of random variable K can be the number of value xk of the order statistic X(r), 
r=1,...,n, of the auxiliary variable but in the case when the possible outcomes of 
this variable are distinct, so when xi<xj for each i<j=1,...,N. In the more general 
case when the outcomes are not distinct the values of the random variable X(r) 
should be considered.  

1.2. Randomly divided sample 

Let us assume that all values of an auxiliary variable are distinct, so: 
x1<x2<...xN. Let m = 1, ..., n-1 be a number of observations of the auxiliary 
variable  that are less than or equal to the value xk in sample s. Then, m=n1(k) is 
the size of the sub-sample s1(k). The size n2(k) of the sub-sample s2(k) is equal to 
n–m. Let us introduce the following notation: 

( ) ( ) ( )
∑∑
∈=

==
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i
h

ks

N

1i
i

h

h
x

kn
1x,x

N
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( )( ) ( ) ( ) ( )( )
( )

( )( )ksi
ksi

ksi
h
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N

1i
iixy h

h

hh
yyxx
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1v,yyxx

1N
1v −−

−
=−−

−
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∈=

 

 ∑∑
∈∈

==
si

is
si

is x
n
1x,x

n
1y  

The non-decreasing sequence { }
n1 ii x,...,x  is observed in the particular 

simple sample s. Let the value xk be chosen randomly from the elements of the 
sequence { }

1n1 ii x,...,x
−

. Hence, the probability of selecting the k-th value of the 

auxiliary variable from the sequence { }
1n1 ii x,...,x
−

 is equal to 
1n

1
−

. Hence, the 

number of divisions of each sample s of the size n into two subsamples s1(k) and 
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s2(k) is equal to n – 1. The number of all possible divisions of all possible simple 

samples s is equal to =c⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

n
N

)1n( -1. 

The number of all such samples s that s = s1(k) ∪ s2(k) and s1(k) is of the 

fixed size m is equal to  if k ≥ n–1 and k ≤ N – m. Under the 

same condition the number of all the samples s ∈ Ω that s

⎟⎟
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This expression leads to the following inequalities: N-k ≥ n-m, k ≤ N – n+1 ≤ N – 
n + m. Hence, if n-1 ≤ k ≤ N – n+1, then 

  )k(cA)kK(P 11 ==                   (9) 

Let us note that 

            (10) ⎟⎟
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So, 

)mM,kK|)k(s(P)mM,kK|)k(s(P)mM,kK|)k(s),k(s(P 2121 =======   (13) 

Using the well known Couchy’s formula (see e.g. Flachsmeyer (1977) or 
Lipski and Marek (1986)) we have: 
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Similarly, we can derive that if 1 ≤ k ≤ n-2, then 
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 If N – n + 2 ≤ N – 1, 
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Finally, expressions (9), (14) and (16) lead to the following one:  
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If N = 4 and n = 3: 
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If N = 5 and n = 3: 

  P1(K=1)= 0.3,  P1(K=2)=0.3,  P1(K=3)=0.25,   P1(K=4)=0.15 

We can verify this result on the basis of table 1. 

If n = 2: 

  ( ) ( )
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On the basis of the expression (1) the conditional estimator )1(
K/Sy~  takes the 

following particular form: 
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Table 1. 
k  s = {u, z, e} 1 2 3 4 Total 

1, 2, 3 1 1 0 0 2 
1, 2, 4 1 1 0 0 2 
1, 2, 5 1 1 0 0 2 
1, 3, 4 1 0 1 0 2 
1, 3, 5 1 0 1 0 2 
1, 4, 5  1 0 0 1 2 
2, 3, 4 0 1 1 0 2 
2, 3, 5 0 1 1 0 2 
2, 4, 5 0 1 0 1 2 
3, 4, 5 0 0 1 1 2 
Total 6 6 5 3 20 

 

Expressions (1) – (6) and (12) – (18) let us derive 
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where P1(K=k,M=m) is given by the expression (10).  

Let us introduce the following notation: 
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Hence: 
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This and the result of the derivation (21) lead to the following expression: 
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This means that the statistic )1(
K/Sy~  is a conditionally as well as unconditionally 

unbiased estimator of the mean y . This conclusion and the expression (6) leads to 
the following: 
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The expression (13) let us prove that 
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This leads to the following derivation:  
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where: 
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The parameter )k(Uh
y  is defined by the expression (22). 

The result (24) can be rewritten in the following way:  
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It is easy to prove that the unbiased estimator of the conditional variance 
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1.3.  The conditional weighted mean from the sample divided by median into 
sub-samples 

Let us assume that the simple sample s is drawn without replacement and it 
is of the size n = 2m or n = 2m+1, where m ≥ 1 and n < N. Moreover, let s = {i1, 
..., in} and  and i

ej ii xx < j < ie if and only if j < e. The sample s is divided into 

two subsamples s1 = {i1, ..., im} and s2 = {im+1, ..., in}. Let us assume that im = k if 
n = 2m and im+1=k if n = 2m+1. Hence, xk is a value of the sample median of the 
auxiliary variable. The number k identifies the position of the sample median in 
the population.  

Wilks (1962), p. 243, considered the distribution of the order statistic in the 
simple sample drawn without replacement from a finite population. The 
probability distribution of the random variable K is a particular case of this 
distribution. If m ≥ 1 and n = 2m < N: 

 mN,...,mk,

m2
N

m
kN

1m
1k

)kK(P2 −=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

==      (30) 

  
1m2

)1N(m)K(E
+
+

=  

  
)1m()1m2(2

)1m)(m2N)(1N(m)K(D 2
2

++

+−+
=  

If m ≥ 1 and n = 2m+1 < N: 
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Particularly if m=1 and n=2, the distribution is reduced to one determined by 
equation (19). If m=1 and n=3 then 
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  1N,...,2k,
N)1N)(2N(
)kN)(1k(6)kK(P2 −=

−−
−−

==  

For instance, if N=5, m=1 and n=2 then P2(K=1)=0.4, P2(K=2)=0.3, P2(K=3)=0.2, 
P2(K=4)=0.1. If N=5, m=1 and n=3 then P2(K=2)=0.3, P2(K=3)=0.4, 
P2(K=4)=0.3. If N=5, m=2 and n=4: P2(K=2)=0.6, P2(K=3)=0.4. For N=6, m=2 
and n=4: P2(K=2)=0.4, P2(K=3)=0.4, P2(K=4)=0.2. 

The sampling design of the sample s can be shown in the following way:  
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Let us consider the following conditional estimator of the population average y : 
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where: m∗=m – 1 if n = 2m and m∗=m if n =2m+1. 

The expected value of this statistic is derived in the following way: 
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In conclusion, the statistic )2(
K/Sy~  is the conditionally and unconditionally unbiased 

estimator of a population mean. 

The property (32) let us prove that  
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( ) ( )( ) == Ky~DEy~D )2(
K/S

2
K/SK

)2(
K/S

2       

( ) ( ) =
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −

= − )K(S
2

K/S

2

)1K(S
2

K/S

2

K 21
yD

N
K10yD

N
1KE  

      =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−−

⎟
⎠
⎞

⎜
⎝
⎛ −+

−
−−

⎟
⎠
⎞

⎜
⎝
⎛ −

= − )K(U

2

)1K(U

2

K 21
v

m)KN(
mKN

N
K1v

m)1K(
1mK

N
1KE     

⎟
⎠
⎞

⎜
⎝
⎛ −−−

+
−−−

= − )K(U2)1K(U2K 21
v

mN
)mKN)(KN(v

mN
)1mK)(1K(E  

( ) ( )( ))K(U)1K(UK2
)2(
K/S

2
21

v)mKN)(kN(v)1mK(1KE
mN

1y~D −−−+−−−= −   

(36) 

The unbiased estimator of the variance ( ))2(
k/S

2 y~D  is shown by the equation: 
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where: m∗=m – 1 if n = 2m and m∗ = m if n = 2m+1.  

1.4. Conditional weighted regression estimators from the sample divided by  
       median into subsamples 

Let us keep all the assumptions leading to the distribution P2 derived in the 
previous paragraph. Instead of the estimator )2(

X/Sy~  we define the following one 
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where: 
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L=K–1 if h=1 or L=K if h=2. m∗ = m – 1 if n = 2m and h = 1 or m∗ =m if n=2m 
and h=2 or m∗=m if n = 2m+1. The statistic )3(

K/Sy~  is the asymptotically unbiased 
estimator of the population mean because it is the function of the regression 
estimators which are asymptotically unbiased estimators of mean values. 
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Similarly to the previous paragraph, we can derive the following approximate 
expression for the variance of the statistic )3(

X/Sy~ . 
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To estimate the variance of the statistic )3(
k/Sy~ , we can use the following statistic:  
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1.5. The conditional weighted sample mean obtained through stratifying  
      the sample on the basis of an auxiliary variable 

Similarly like in the previous paragraph, we assume that the sample s = {i1, 
..., in} and 

n21
iii

x...xx << . The sub-samples (strata) are: s1(k) = {i1, ..., im} and 

s2(k)={im+1, ..., in}, where im = k. Additionally, we assume that n > 4. 

Let us define the two following criteria of dividing samples into sub-
samples: 
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The function q1 is proportionate to the intra-subsample spread of the variable 
under study. The criterion q2(m, k) considered by Wywiał (2000) is proportional 
to the estimator of the variance of stratified sample mean1. Let m and k = im be 
parameters such that q1(m, k) = minimum and s = s1 (k) ∪ s2 (k). Similarly, let 

( )k̂,m̂q 2  = minimum and . )k̂(s)k̂(ss 21 ∪=
On the basis of such a partition of the sample, we can define the following 

estimators: 
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Without additional assumption we cannot state if these estimators are unbiased 
and consistent. We can expect that the method of dividing the sample s into sub-
samples should lead to small mean square errors of the estimators. This problem 
will be studied by means of simulation methods. 

2. Example of simulation study of the estimation efficiency 

The distribution of 30 observations (x;y) of a two-dimensional variable is 
shown by the figure 1. The basic parameters of this variables in the population 
consisting of 30 elements are as follows: the average of an auxiliary variable 
x =68.6824, the mean of the variable under study y =93.6536, the variances of 
auxiliary variable and the variable under study vx=(89.1094)2, vy=(17.6015)2, 
respectively and finally the correlation coefficient between these variables 
r=0.9940.  

Let the population average be estimated by means of the estimators )2(
K/Sy~  

and  defined in the paragraphs 1.3 and 1.5, respectively. The simple sample 

drawn without replacement has 5 elements. The sample space consists of  

samples. On the basis of all these possible samples, the conditional (and 
unconditional) expected values and variances of both estimators have been 
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30

                                                           
1 See the idea of minimisation of the sample estiamtor of variance considered e.g. by Lehman 

(1991). 
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calculated. The variance of the simple sample mean is ( S
2 yD )=51.6356. The 

statistic )2(
K/Sy~  is the unbiased estimator of the population mean but 

6536.93y0761.96y~ )5(
K̂/S =≠= . The absolute value of the bias is 2.59% of the 

population mean y . The variances of the estimators are: ( ))2(
K/S

2 y~D =42.9823 

and ( ))5(
K̂/S

2 y~D =36.4320. 
The relative efficiency is defined by the expression: 

( ) ( S
2)h( )K/S

2
h yD/y~D%)100(e = . In our case: e2=83.24% and e5=70.56%. 

Hence, the precision of each conditional estimator )2(
K/Sy~  and  is better 

than the precision of the simple sample mean. 

)5(
K̂/Sy~

 
Figure 1. The scatter plot for variables 
x and y in the population. 
 
 

 
Figure 2. The probability distribution of the 
variable K in the case of the estimator 

)2(
K/Sy~  

 
As it was defined, the outcome k of the random variable K is the number of 

the population element dividing the sample into two subsamples. The probability 

distributions of the random variable K in the case of the estimators )2(
K/Sy~  and 

 are presented by the figures 2 and 3, respectively.  )5(
K̂/Sy~
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Figure 3. The probability distribution of the 

variable K in the cse the estimator  )5(
K̂/Sy~

 
Figure 4. The conditional expected values 

of the estimator . )5(
K̂/Sy~

 
Figure 5. The conditional variances of the 

estimator )2(
K/Sy~ . 

 
Figure 6. The conditional variances of the 

estimator . )5(
K̂/Sy~

 

The conditional values of the estimator  are showed by figure 4. The 

conditional variances of the estimators 

)5(
K̂/Sy~

)2(
K/Sy~  and  are represented by 

figures 5 and 6, respectively.  

)5(
K̂/Sy~

A larger simulation study of all estimators defined in the previous 
parameters is being prepared.  

3. Some generalisations 

The above considered conditional method of estimation can be generalised 
in several directions. Wywial (2000a) considered the more than two subsamples. 

Similarly like in the previous paragraphs let us assume that the elements of 
the population U = {1, ..., N} are ordered in such a way that xi < xj for each i < j = 
1, ..., N. The simple sample s of the size n is drawn without replacement from a 
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fixed and finite population U. Let us divide each sample s={i1,..,in}, where ij < ih 
if i < h, into H following sub-samples of size rh-rh-1: { }

1r111 i,...,i)k(s = , 
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Let K1,...,KH-1 be r1-th,...,rH-1-th order statistics, respectively, in the simple 
sample drawn without replacement from a finite population. The kh=  is a 
possible value of the r

hr
i

h-th order statistic Kh, h=1,...,H-1. Wilks (1962), p. 252, 
showed that:  
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where k0=0, kH=N and r0=0.  

 Let us note (see Fisz (1967)) that the ri-th order statistic Ki is the sample 
quantile of order λi∈(0;1), if [ ] 1nr ii +λ= .  

We can show that the unbiased estimator of the population mean  
takes the following form:  
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where K=[K1...KH-1] and { }hhhhh* K)K(S)K(S −= , for h=1,...,H-1 
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The expected value of this statistic is derived in the following way: 

 ( ) ( )( ) == K/SK/SKK/S y~EEy~E  

= ( ) ( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −− −

−

=

−

=

− ∑∑ Hhh* SK/S
1H

1H

1h
hK

1H

1h
)K(SK/S

1hh
K yE

N
K1y

N
1yE

N
1KKE =  

= ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −++⎟

⎠
⎞

⎜
⎝
⎛ −− −

−

=

−

=

− ∑∑ Hh* U
1H

1H

1h
hK

1H

1h
U

1hh
K y

N
K

1y
N
1y

N
1KK

E = ( ) yyEK =  

where:  , for h=1,...,H-1 { hhh* KUU −= }

 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

−
=

−=
−−

=

∑

∑

∈−

∈−

H

H

h*

h*

Ui
i

1H
U

Ui
i

1hh
U

y
KN
1y

1H,....,1h,y
1KK

1y
     (53) 

Hence: 

  
( )

( )⎪⎩

⎪
⎨
⎧

=

=

yy~E

yy~E

K/S

k/Sk/S         (54) 

The derivation of the variance is as follows:  
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Similarly like in paragraph 1.3 we can show that:  

P(S1,S2,...,SH-1|K=k)=P(S1|K=k) P(S2|K=k)...P(SH-1|K=k) 

This result let us prove that ( ) 0y,yCov
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The unbiased estimator of the variance ( )k/S
2 y~D  is shown by the equation: 

( ) =k/S
2
S y~d

( ) +
−−−

+−−
⎟
⎠

⎞
⎜
⎝

⎛ −−∑
−

= −−

−−−
1H

1h
)k(S

1hh1hh

1hh1hh
2

1hh
hh*

v
)1rr(kk

rrkk
N

1kk  

= ( )( ) HS
1H1H

1H1H
2

1H v
rnkN
rnkN

N
k1

−−

−−−

+−
+−−

⎟
⎠
⎞

⎜
⎝
⎛ −+                         (56) 

where: 

  
( )

( )
⎪
⎪
⎩

⎪
⎪
⎨

⎧

−
−−

=

−=−
−−

=

∑

∑

∈−

∈−

H

HH

hh*

hh*hh*

Si

2
Si

1H
S

)k(Si

2
)k(Si

1hh
)k(S

yy
1rn

1v

1H,...,1h,yy
2rr

1v
 

The statistic, determined by expression (51), was  derived by Wywiał 
(2000a) in the case when rh-rh-1=constance for all h-1,...,H. Particularly, if H=2, 
the statistic K1 can be determined as the sample quantile of order λ and 

. Moreover, if H=2 and r[ ] 1nr1 +λ= 1=m, where n=2m or n=2m+1, the statistic 
K1 is the sample median and the estimator determined by the expression (51) is 
reduced to the statistic defined by the expression (33).  

The next possible generalisations are as follows. In the case of two auxiliary 
variables their sample medians let us divide the population into four non-empty 
and disjoint subpopulations. This let us generalise, in a straightforward way, the 
estimator considered in paragraphs 1.3 and 1.4. Secondly, instead of a one-
dimensional auxiliary variable and a variable under study, the multidimensional 
ones  may be considered because, usually, the vector of population means is 
estimated and the vector of auxiliary variables may be available. In this case the 
sample s can be divided into subsamples through minimisation of a criterion 
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function dependent on auxiliary variables or a variable under study. Next, the 
disjoint subpopulations are selected according to the criterion function in such a 
way that each subpopulation includes one and only one subsample obtained 
previously. Hence, we have the two-stage process of clustering. At the first stage, 
we obtain the subsamples and at the second stage - the subpopulations. The 
second stage of the clustering procedure can be named a conditional procedure 
because it provides populations including appropriate subsamples (see Wywial 
(1998), (2000), (2000a)). The criterion function can be defined as the sum of the 
intra-subsample (intra-subpopulation) variances of all auxiliary variables or the 
spectral radius1 of the intra-subsample (intra-subpopulation) matrix of the 
variance and covariance of auxiliary variables. Next we construct coefficients 
(dependent on subpopulation sizes) of linear combination of estimators (the 
subsample means or appropriate regression or ratio estimators from the 
subsamples).  
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REPORT 

THE NINETEENTH MULTIVARIATE STATISTICAL  
ANALYSIS 2000 

Lodz, Poland, 4-5 December 2000 

On the 4 and 5-th of December 2000 the nineteenth “Multivariate 
Statistical Analysis” MSA 2000 conference took place. It was organised by the 
Chair of Statistical Methods of the University of Lodz and Polish Statistical 
Association. Prof. Czesław Domański was the chairman of the Conference 
Committee. This year’s Conference, as the previous ones, was devoted to 
multivariate statistical analysis methods as well as to the applications of these 
methods in economic sciences – in particular, in the analysis of stock and 
insurance market. At five sessions a few dozens of participants presented the 
results of their scientific investigations presenting 23 communications. Prof. 
Lesław Gajek – the chairman of  the State Insurance Company, was the 
honourable guest of the Conference. He opened the Conference with the paper 
entitled “The Problems of Introducing the Polish Pension System Reform“.  

At the session devoted to theoretical problems, probability distributions and 
regression analysis Grażyna Trzpiot (Multivariate multivalued random variable) 
presented the integral of multifunction and some properties of multivariate 
multivalued random variables. The theory concerning multifunction integral is a 
generalisation of univariate random variables. Tadeusz Gerstenkorn (On some 
compositions of probability distributions) proved that the inflation distribution 
composed with some other distribution gives composite distribution with the same 
distortion. He illustrated this problem composing the Pascal inflation distribution 
with the Poisson distribution. Dariusz Parys (Multiple stepwise testing procedure 
in regression analysis) presented a procedure which holds multiple level of 
significance. This procedure does not require new distributions and tables of 
critical values and, at the same time, as a multiple procedure in the case of 
rejecting  null hypothesis, allows to detect correlation i.e. 
to state which of independent variables X are correlated with dependent variable 
Y. 

0),(:0 =YXCovH i

The following two sessions were devoted to broadly understood statistical 
inference and some of its applications. Radosław Kala and Mirosław Krzyśko 
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(invited paper – Preliminary test in discriminant analysis)  presented an overview 
of preliminary tests in discriminant analysis showing how one can estimate errors 
probabilities in different tests. Maria Jadamus-Hacura (Bayesian Tests for 
Heteroscedascity) considered two approaches to the problem: a test for 
heteroscedasticity based on examining bayesian residuals and a test for 
homoscedasticity in heteroscedastic model. She performed posterior analysis in 
heteroscedastic regression model for several classes of a priori distributions. 
Maciej Górkiewicz (Estimation of measurement error in presence of continuous 
covariants)  investigated some estimators of measurement error. By means of the 
Monte Carlo methods he proved the existence of positive correlation between the 
suggested estimators and classical standard error estimators. Agnieszka Rossa 
(Nonparametric estimator of survival curve in random censorship model of first 
kind)  proposed an unbiased estimator of survival function in the model of random 
independent censorship assuming that the censoring variable is observable. 
Mirosław Krzyśko (invited paper – Pairwise coupling classification) presented 
the strategy of dichotomous classification based on estimating K class 
probabilities for each couple of classes and further combining estimates. He 
investigated the nature of estimates and the efficiency of the procedure for real 
data sets. Czesław Domański (Power of randomness tests based on number of 
multiple runs) presented the results of investigating the power of some tests of 
independence of the elements incorporated into the sample for three and more 
kinds of elements, whose test functions are the numbers of runs of three, four..., 
ten kinds of elements. Wojciech Gamrot and Janusz Wywiał (Comparison of 
precision of selected strategies of two stage drawing with the use of computer 
simulations) presented the assessment and comparison of the variances of a 
population mean value estimators for selected strategies of a two stage drawing. 
They investigated the strategy proposed by M. P. Singh and S. K. Srivastava. 
Marcin Skibicki (Optimalization of sample size based on the spectral radius of 
the covariance matrix of mean estimator)  considered the problem of determining 
optimal sample size so that the greatest eigenvalue of the covariance matrix of the 
means of all variables estimator would be minimal with the cost of observation 
function being bounded. Dorota Pekasiewicz (Sequential ratio tests of fraction 
for nonsimple samples) considered the sequential ratio test for fraction. She 
investigated the following sample drawing patterns: individual dependent and 
layer drawing and aggregate two stage drawing. For these drawing patterns the 
statistics of sequential ratio test for fraction were determined. Jerzy 
Korzeniewski (Methods of Restoration of two dimensional images) discussed the 
bayesian methods of image analysis, Besag ICM algorithm, the methods of 
mathematical morphology image analysis and the methods of bayesian 
morphology. He compared the application of these methods with a proposed new 
algorithm. Wiesław Wagner and Wiesław Pasewicz (Probabilistic model of 
finishing tennis match) built a model of finishing tennis match assuming constant 
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probabilities of winning own service for each of the players. They gave formulae 
for finishing game, set and match.  

At the session devoted to the applications of statistical methods in natural 
sciences Bronisław Ceranka and Małgorzata Graczyk (invited paper- A 
relation between chemical balance weighing designs for v + 1 objects) gave 
conditions at which the existence of chemical balance weighing design with 
uncorrelated estimated weights for v objects implies the existence of such design 
for v+1 objects, what, in turn implies the existence of design for p<v+1 objects. 
Małgorzata Kobylińska and Wiesław Wagner (Numerical aspects of 
determining measures and contours of submersion for data in R2) calculated 
measures and contours of submersion of two dimensional sample in data from R2 
structure, showing the possibilities of applying such investigations. Małgorzata 
Kaczanowicz (Time dominance in classification of dynamic structure) showed 
how one can apply the methods of stochastic time dominance to classifying 
environment protection data. Anna Witaszczyk (Distributions of eigenvalues and 
eigenvectors of random matrices) presented the distributions of eigenvalues and 
eigenvectors of basic types of random matrices assuming that the matrices 
distributions are absolutely continuous with respect to the Haar measures on some 
groups of matrices and limit theorems for spectral functions, eigenvalues and 
eigenvectors of random matrices for their order tending to infinity.  

At the session devoted to the applications of statistical methods uneconomic 
sciences Alina Jędrzejczak (Structure of income distributions in Poland in 
period of economic transformation) presented statistical methods of analysing 
inequalities of income distribution based on fitting theoretical distributions model 
to empirical distributions. Anna Szymańska (Application of insurer ruin model 
to assess insurance company risk) discussed how the model of insurer ruin allows 
to assess the risk of insurance activity. She compared two methods of estimating 
ruin probability : Cramer-Lundberg method and Panjer method for different 
beginning assumptions concerning the amount of insurer reserves and the amount 
of safety supplement. Monika Bekier (Measuring financial risk with Value at 
Risk method) presented the methods of measuring financial risk which take into 
account disadvantageous deviations from expected prices (or return rates), 
extremely disadvantageous scenarios of shaping future financial risk. In particular 
she presented drawbacks and advantages of the Value at Risk method. Agata 
Szczukocka (Methods of analysing single loan agreement and credit portfolio) 
presented an overview of selected methods of assessing single loan agreement and 
credit portfolio. In particular she discussed discriminant analysis, probit model, 
logit model and models based on decision trees, nearest neighbourhood and 
neural nets.  

                                                                  Jerzy Korzeniewski 
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INFORMATION 

BASIC ECONOMIC TRENDS IN SELECTED COUNTRIES OF 
CENTRAL AND EASTERN EUROPE AND CIS COUNTRIES 

1. Gross Domestic Product  

In 2000 the dynamic of gross domestic product in the majority of countries 
of Central and Eastern Europe was higher than in 1999. The highest GDP growth, 
exceeding 6%, was noted in Estonia and Latvia. The dynamic of GDP in 
Hungary, Slovenia, Bulgaria and Poland was also relatively high. In the Czech 
Republic and Romania, after a decline in 1997 – 1999, the growth in gross 
domestic product noted in 2000 was smaller than in many other countries of the 
discussed group. 

Gross domestic product (constant prices) 

 1995 1996 1997 1998 1999 2000 
Country previous year=100 1994= 

=100 
CEFTA    

Bulgaria 102.8 89.8 93.0 103.5 102.5 105.0 95.6 
Czech Republic 106.0 104.8 99.0 97.8 99.2 103.1 110.0 
Hungary 101.4 101.4 104.6 104.9 104.2 105.2 123.6 
Poland 107.0 106.0 106.8 104.8 104.1 104.1 137.5 
Romania 107.1 104.0 93.9 95.2 97.7 101.6 98.9 
Slovakia 107.0 106.5 106.2 104.1 101.9 102.2 131.3 
Slovenia 104.2 103.5 104.6 103.8 105.2 104.8 129.1 

Baltic countries    
Estonia 104.3 103.9 110.6 104.7 98.9 106.5 132.2 
Latvia 99.2 103.3 108.6 103.9 101.1 106.6 124.6 
Lithuania 103.3 104.7 107.3 105.1 95.8 103.0 120.4 

CIS 94.7 96.8 101.0 96.4 102.9 107.3 98.6 
Armenia 106.9 105.9 103.3 107.2 103.1 106.0 137.0 
Azerbaijan 88.2 101.3 105.8 110.0 107.4 111.4 124.4 
Belarus 89.6 102.8 111.4 108.4 103.0 106.0 121.4 
Georgia 102.6 111.2 110.8 102.9 103.0 101.9 136.5 
Kazakhstan 91.8 100.5 101.7 98.1 101.7 109.6 102.7 
Kyrgyzstan 94.6 107.1 109.9 102.1 103.6 105.0 123.6 
Republic of Moldova 98.1 94.1 101.6 91.4 95.6 101.9 83.5 
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 1995 1996 1997 1998 1999 2000 
Country 1994= previous year=100 

=100 
Russian Federation 95.9 96.6 100.9 95.1 103.2 107.7 98.7 
Tajikistan 87.6 83.3 101.7 105.3 103.7 108.3 87.7 
Turkmenistan .. .. .. .. .. .. .. 
Ukraine 87.8 90.0 97.0 98.3 99.6 106.0 79.5 
Uzbekistan 99.1 101.7 105.2 104.4 104.4 104.0 120.2 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva. Statistical Bulletin 3/2001, GUS, Warsaw. www.cisstat.com.  
www.csb.lv.  

In CIS countries, economic results in 2000 were much higher than in 1999. 
Gross domestic product grew faster, in real terms, than in CEFTA group countries 
and the Baltic countries. This was largely due to the economic results obtained in 
Russia, but was also due to the relatively high GDP growth in Belarus and 
Ukraine as well as in several Asian CIS countries. 

In 1995 – 2000, among countries of Central and Eastern Europe, Poland, 
Slovakia, Slovenia and Estonia were characterised by the highest growth in gross 
domestic product. However, the dynamic of GDP weakened in Poland and Slovakia 
in the successive years of this period (excluding 2000). During this period a decline 
was noted in gross domestic product in Bulgaria and Romania, while in Bulgaria this 
resulted from the deep decline in GDP in 1996 – 1997, and in 1997 – 1999 in 
Romania. 

Among CIS countries, the largest GDP growth in 1995 – 2000 occurred in 
Armenia and Georgia. Ukraine, Russia and Tajikistan all noted a decline in GDP 
in the discussed period but noted a significance growth in 2000. After a decline in 
GDP in previous years, in 2000 gross domestic product in Moldova grew slightly 
(approximately 2%).  

2. Industrial production 

In 2000, a substantial acceleration in the dynamic of industrial production 
was observed in the majority of the countries of Central and Eastern Europe as 
well as CIS countries. Among CEFTA group countries the highest growth in 
production was noted in Hungary (approximately 19%). The dynamic of 
production was also relatively high in Slovakia, Romania and Poland. In other 
CEFTA group countries, after a drop in 1999, industrial production grew in 2000 
in the range of 2 – 6%, with the smallest growth noted in Bulgaria. Among Baltic 
countries, characterised by a drop in industrial production in 1999, the fastest 
growth in production in 2000 was noted in Estonia, the slowest in Latvia.  

In CIS countries, 2000 was the second consecutive year of a relatively high 
growth in industrial production. This was largely due to good production results 
in Russia, Ukraine and Belarus. The dynamic of industrial production in 
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Kazakhstan was significantly higher than CIS in 2000, while Tajikistan noted a 
level of growth similar to that of CIS. 

In 1995 – 2000, among countries of Central and Eastern Europe, Hungary 
and Poland noted the highest growth in industrial production. In Hungary this was 
mainly due to results of industry obtained in 1997 – 2000, and in Poland – in 
1995 – 1997. In the discussed period, industrial production declined in Bulgaria 
and Romania, as a result of it falling in these countries in 1997 – 1999, and in 
Slovakia, mainly due to the significant decline in production in 1997. In the Baltic 
countries, with a decline in industrial production noted in 1999 (the deepest in 
Lithuania), the largest growth in the last six years was noted in Estonia, but it 
declined somewhat in Latvia.   

Industrial production (constant prices) 

 1995 1996 1997 1998 1999 2000 
Country previous year=100 1994= 

=100 

CEFTA    
Bulgaria 104.4 105.1 90.1 91.9 87.8 102.3 81.5 
Czech Republic 108.8 102.0 104.5 101.6 96.9 105.1 120.0 
Hungary 104.6 103.4 111.1 112.5 110.4 118.3 176.6 
Poland 109.7 108.3 111.5 103.5 103.6 106.8 151.7 
Romania 109.4 106.3 92.8 86.2 92.1 108.2 92.7 
Slovakia 108.2 102.6 72.7 103.8 96.4 109.1 88.2 
Slovenia 102.0 101.0 101.0 103.7 99.5 106.2 114.0 

Baltic countries    
Estonia 101.9 102.9 114.6 104.2 98.3 109.0 134.2 
Latvia 93.7 101.4 106.1 102.0 91.2 103.2 96.8 
Lithuania 105.4 104.8 103.4 108.3 88.8 106.9 117.5 

CIS 94.0 96.0 103.0 98.0 107.0 109.8 106.9 
Armenia 101.5 101.4 101.0 97.9 105.2 106.4 113.8 
Azerbaijan 78.6 93.3 100.3 102.2 103.5 106.9 83.1 
Belarus 88.3 103.5 118.8 112.4 109.7 108.0 144.6 
Georgia 86.5 106.8 108.2 97.8 104.8 106.1 108.8 
Kazakhstan 91.8 100.3 104.0 97.6 102.2 114.6 109.6 
Kyrgyzstan 82.2 103.9 139.7 105.3 98.3 106.0 130.9 
Republic of Moldova 96.1 93.5 100.0 89.0 91.0 102.3 74.5 
Russian Federation 96.7 96.0 102.0 94.8 108.1 109.0 105.8 
Tajikistan 86.4 76.1 98.0 108.2 105.0 110.3 80.8 
Turkmenistan 91.0 120.0 78.0 102.0 .. .. 86.9a)

Ukraine 88.0 94.9 99.7 99.0 104.3 112.9 97.0 
Uzbekistan 100.1 102.6 104.1 103.6 106.1 106.4b) .. 

a) 1998. b) January – September. 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva. Statistical Bulletin 3/2001, GUS, Warsaw. Information about social-
economic situation of Poland 2000, CSO, Warsaw. www.cisstat.com . www.csb.lv.  
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In CIS countries, despite a relatively high dynamic observed in the majority 
of these countries in 1999 and 2000, the growth in industrial production in 1995 – 
2000 was smaller than in many countries of Central and Eastern Europe. Causes 
for this include the drop in production in Ukraine, Azerbaijan, Moldova, 
Tajikistan and a small growth in Russia, the result of the substantial drop in 
industrial production in this country in 1995 – 1998.        

3. Inflation 

Among CEFTA group countries, the highest consumer price index in 2000 
was noted in Romania. In previous years, a successive slowdown in the growth 
rate of consumer prices was observed in Poland, Slovenia and Hungary. Only in 
Hungary did this trend continue in 2000. In the remaining CEFTA group 
countries (excluding Romania), acceleration in the dynamic of prices was 
observed in 2000. The slowest growth in prices was noted in the Czech Republic, 
where prices were approximately 50% higher in 2000 than in 1994. The largest 
growth in this period occurred in Bulgaria (approximately 58-fold, as a result of 
very high inflation, particularly in 1997) and in Romania (approximately 16-fold).  

Consumer price indices 

 1995 1996 1997 1998 1999 2000 
Country previous year=100 1994= 

=100 

CEFTA    
Bulgaria 162.1 223.1 1182.6 122.2 100.4 110.0 58 times 
Czech Republic 109.1 108.8 108.5 110.7 102.1 103.9 151.3 
Hungary 128.2 123.6 118.3 114.3 110.0 109.8 258.8 
Poland 127.8 119.9 114.9 111.8 107.3 110.1 232.5 
Romania 132.3 138.8 254.8 159.1 145.8 145.7 16 times 
Slovakia 109.9 105.8 106.1 106.7 110.6 112.0 163.2 
Slovenia 113.5 109.9 108.4 107.9 106.1 108.9 168.6 

Baltic countries    
Estonia 128.9 123.1 111.1 110.6 103.5 103.8 209.5 
Latvia 125.0 117.6 108.4 104.7 102.4 102.6 175.2 
Lithuania 139.5 124.7 108.8 105.1 100.8 101.0 202.6 

CIS    
Armenia 276.0 118.7 113.9 108.7 100.7 99.2 405.1 
Azerbaijan 511.8 119.8 103.6 99.3 91.4 101.8 587.0 
Belarus 809.0 153.0 164.0 173.0 394.0 268.6 372  times 
Georgia .. 139.4 107.1 103.6 119.1 104.0 191.6a)

Kazakhstan 276.2 139.3 117.3 107.1 108.3 113.2 592.5 
Kyrgyzstan .. 131.9 123.4 110.5 135.9 118.7 290.2a)

Republic of Moldova 129.9 123.5 111.8 107.7 139.3 131.0 352.4 
Russian Federation 297.6 147.9 114.7 127.8 185.7 120.2b) .. 
Tajikistan 782.1 522.4 185.4 143.1 127.5 124.0 171  times 
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 1995 1996 1997 1998 1999 2000 
Country 1994= previous year=100 

=100 
Turkmenistan 1205.3 814.0 183.7 116.8 .. .. 211  timesc)

Ukraine 476.2 180.2 115.9 110.6 122.7 128.2 17 times 
Uzbekistan 217.3 156.3 173.2 117.7 129.0 .. 893.1d)

a) 1995=100. b) December to December. c) 1998. d) 1999. 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva. Statistical Bulletin 3/2001, GUS, Warsaw.  www.cisstat.com . 
www.csb.lv.  

In the Baltic countries, a slowdown in the rate of consumer price growth (to 
approximately 1-4% in 2000) has been noted for several years. However, as a 
result of their high dynamic particularly in 1995-1996, in 2000 prices were almost 
2-times higher than in 1994, with the largest growth noted in Estonia and the 
smallest in Latvia.  

Among CIS countries the largest growth in consumer prices, in comparison 
with 1994, was noted in 2000 in Belarus (an approximate 372-fold growth) and in 
Tajikistan (approximately 171-fold). Inflation in this period was also significant 
in Russia and Ukraine (prices grew more than 12-fold). In 2000, consumer prices 
fell only in Armenia (0.8%), while a small growth occurred in Azerbaijan (1.8%, 
after prices fell in 1998-1999). In the remaining CIS countries, the dynamic of 
prices was much higher, of which the highest growth in 2000 was noted in 
Belarus (almost 3-fold). Consumer prices in Ukraine were also characterised by 
high growth, higher than in 1999, and lower in Moldova, Russia and Tajikistan. 

4. Unemployment 

In the successive years of 1995 – 2000, unemployment in the majority of 
CEFTA group countries was higher than that noted in the Baltic countries and 
CIS countries (excluding Estonia, Russia and Armenia), in which the 
unemployment rate was on a low, single digit, level. Among CEFTA group 
countries, only the Czech Republic and Hungary noted relatively low 
unemployment. However, in the Czech Republic, the unemployment rate in 1998 
– 2000 was significantly higher than in previous year, while it systematically 
declined in Hungary. Poland and Bulgaria noted a substantial growth in 
unemployment in the last two years (to 15% and 17.9%, respectively, in 2000), 
while it declined slightly in Slovakia, but remained high at 17.9%.  

Among the Baltic countries the highest unemployment rate in 2000 was 
observed in Estonia (13.7%), where a clear growth trend has been noted since 
1998. A high unemployment rate was also noted in Lithuania (12.6%), with 
particular growth observed in the last two years. Since 1998 unemployment has 
fallen in Latvia to 7.8% in 2000.  

 

 

http://www.cisstat.com/
http://www.csb.lv/
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Registered unemployment rate 

1995 1996 1997 1998 1999 2000 Country 
in % 

CEFTA   
Bulgaria 11.1 12.5 13.7 12.2 16.0 17.9 
Czech Republic 2.9 3.5 5.2 7.5 9.4 8.8 
Hungary 10.4 10.5 10.4 9.1 9.6 8.9 
Poland 14.9 13.2 10.3 10.4 13.1 15.0 
Romania 9.5 6.6 8.8 10.3 11.5 10.5 
Slovakia 13.1 12.6 12.5 15.6 19.2 17.9 
Slovenia 14.5 14.4 14.8 14.6 13.0 12.0 

Baltic countries   
Estoniaa) 9.7 10.0 9.7 9.9 12.3 13.7 
Latvia 6.6 7.2 7.0 9.2 9.1 7.8 
Lithuania 7.3 6.2 6.7 6.9 10.0 12.6 

CIS 5.8 6.6 7.6 9.0 8.3 6.9 
Armenia 8.1 9.7 11.0 8.9 11.5 10.9 
Azerbaijan 1.1 1.1 1.3 1.4 1.2 1.2 
Belarus 2.7 4.0 2.8 2.3 2.0 2.1 
Georgia 3.4 3.2 8.0 4.2 5.6 .. 
Kazakhstan 2.1 4.1 3.9 3.7 3.9 3.7 
Kyrgyzstan 3.0 4.5 3.1 3.1 3.0 3.1 
Republic of Moldova 1.4 1.5 1.7 1.9 2.1 1.8 
Russian Federationa) 9.0 10.0 11.2 13.3 12.2 9.6 
Tajikistan 1.8 2.4 2.8 2.9 3.1 3.0 
Turkmenistan .. .. .. .. .. .. 
Ukraine 0.6 1.5 2.8 4.3 4.3 4.2 
Uzbekistan 0.3 0.3 0.3 0.4 0.5 0.6 

a) LFS. 

Source: Economic Survey of Europe 1/2001 UNECE, Geneva. Statistical Bulletin 3/2001, GUS, Warsaw. OLIS-
Net database of OECD. 

A gradual growth in unemployment (to 9.0%) was observed in CIS countries 
up to 1998, followed by a decline in 1999 and 2000 (to 6.9%). The highest 
unemployment rate in 2000 was noted in Russia (2.7 pt higher than in the CIS) 
and in Armenia (4.0 pt higher respectively). The lowest rate of unemployment 
occurred in Uzbekistan and Azerbaijan. In the majority of CIS countries, 
unemployment in 2000 was higher than in 1995. A growth in the unemployment 
rate occurred in this period, among others, in Armenia, Kazakhstan, Russia, 
Tajikistan and Ukraine, while Belarus noted a decline. 
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5. Foreign Trade 

Imports in per cent of exports  

Country 1995 1996 1997 1998 1999 2000 

CEFTA   
Bulgaria 105.5 103.8 99.8 118.2 137.7 134.9 
Czech Republic 118.8 125.9 120.5 109.2 107.0 111.3 
Hungary 120.2 115.5 111.2 111.7 112.0 114.2 
Poland 126.9 152.0 164.3 166.7 167.5 154.6 
Romania 129.3 141.4 133.8 142.6 122.3 125.9 
Slovakia 102.2 1026.0 121.6 121.9 110.7 107.5 
Slovenia 114.1 113.4 111.9 111.7 118.0 115.9 

Baltic countries   
Estonia 138.2 155.4 151.4 147.9 139.8 134.9 
Latvia 139.4 160.8 162.8 176.0 171.0 171.0 
Lithuania 134.9 135.9 146.2 156.1 160.9 142.0 

CIS   
Armenia 248.7 295.2 328.8 408.1 345.7 297.0 
Azerbaijan 104.9 152.3 101.7 177.7 111.5 67.2 
Belarus 115.8 122.8 119.0 120.9 112.9 114.9 
Georgia 250.0 345.2 393.3 458.0 252.9 220.0 
Kazakhstan 72.5 71.7 66.2 80.0 65.9 55.3 
Kyrgyzstan 127.6 165.9 117.4 163.8 132.2 109.9 
Republic of Moldova 112.7 134.8 133.9 162.0 124.0 164.6 
Russian Federation 58.5 54.5 61.8 60.6 42.8 32.9 
Tajikistan 108.1 86.8 100.5 119.1 96.2 86.5 
Turkmenistan 72.5 60.1 157.5 169.7 124.5 71.2 
Ukraine 117.9 122.2 120.3 116.1 102.3 95.8 
Uzbekistan 97.4 111.9 104.0 97.1 97.0 90.3 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva. 

In the successive years of 1995 – 2000, a surplus of imports over exports 
was observed in the majority of CEFTA group countries, Baltic countries and CIS 
countries. Exports exceeded imports only in Russia and Kazakhstan (in each of 
the discussed years), in Uzbekistan (in the last three years) as well as in 
Azerbaijan, Tajikistan, Turkmenistan and Ukraine in 2000. Among CEFTA group 
countries in 2000, imports exceed exports to the greatest degree in Poland and 
Bulgaria, and to the smaller degree in Slovakia. Latvia was characterised by the 
highest surplus of imports over exports in the Baltic countries and Armenia, 
Georgia and Moldova - in CIS countries. 
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Exports indices (in USD) 

 1995 1996 1997 1998 1999 2000 
Country previous year=100 1994= 

=100 

CEFTA    
Bulgaria 135.8 91.5 101.0 84.9 95.5 120.0 122.0 
Czech Republic 133.9 104.3 102.7 115.6 99.6 110.4 182.4 
Hungary 120.2 122.0 121.6 120.4 108.7 112.3 262.1 
Poland 132.8 106.8 105.4 109.6 97.1 115.5 183.8 
Romania 128.6 102.2 104.3 98.5 102.4 121.9 168.5 
Slovakia 127.9 102.8 109.3 111.2 95.4 115.8 176.5 
Slovenia 121.8 99.9 100.7 108.1 94.4 102.2 127.9 

Baltic countries    
Estonia 140.8 113.1 141.1 110.3 90.8 107.5 241.8 
Latvia 132.0 110.7 115.9 108.3 95.1 108.1 188.5 
Lithuania 133.2 124.0 115.1 96.1 80.9 128.1 189.3 

CIS 122.9 110.2 100.8 84.8 99.7 138.4 159.9 
Armenia 125.5 107.0 80.3 94.9 105.0 128.4 137.9 
Azerbaijan 97.6 99.1 123.8 77.6 153.0 187.8 266.9 
Belarus 191.4 117.7 129.2 96.8 83.6 124.9 294.3 
Georgia 98.7 129.2 120.6 80.4 123.3 138.7 211.5 
Kazakhstan 162.5 112.6 109.9 83.7 102.8 163.4 282.7 
Kyrgyzstan 120.3 123.5 119.6 85.1 88.3 111.2 148.5 
Republic of Moldova 132.0 106.6 110.1 72.2 73.1 102.2 83.5 
Russian Federation 119.5 108.8 99.7 83.8 101.6 139.5 153.9 
Tajikistan 152.2 102.8 96.9 80.0 115.4 113.1 158.3 
Turkmenistan 87.7 89.4 44.6 79.1 199.8 211.1 116.7 
Ukraine 127.8 109.7 98.8 88.8 91.7 125.8 141.9 
Uzbekistan 110.6 149.3 95.6 79.9 91.0 111.5 128.0 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva.  

Among CEFTA group countries, Hungary noted the most steady growth in 
exports in individual years of 1995 – 2000. In the remaining countries of the 
discussed group, after a high growth in exports in 1995, a significant weakening 
or decline in the dynamic of exports was observed (particularly in 1999 when 
only Hungary and Romania noted a growth in exports in relation to the previous 
year). An acceleration in the dynamic of exports was noted in all CEFTA group 
countries in 2000, while this dynamic was higher than the dynamic of imports in 
Bulgaria, Poland, Slovakia and Slovenia.  

In the Baltic countries, after a decline in foreign trade turnover in 1999, in 
2000 a significant growth was noted both in exports and imports. The most rapid 
growth rate in exports, significantly exceeding the dynamic of imports, occurred 
in Lithuania. In Latvia and Estonia the dynamic of exports was slower and closer 
to the growth in imports.  
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Imports indices (in USD) 

 1995 1996 1997 1998 1999 2000 
Country previous year=100 1994= 

=100 

CEFTA    
Bulgaria 132.0 90.0 97.2 100.5 111.3 117.6 151.9 
Czech Republic 145.0 110.5 98.3 104.8 97.5 114.9 185.0 
Hungary 106.3 117.3 117.0 121.1 109.0 114.5 220.5 
Poland 134.7 127.9 113.9 111.2 97.6 106.6 227.1 
Romania 144.6 111.3 98.6 104.9 87.8 125.6 183.5 
Slovakia 132.3 126.6 105.5 111.5 86.6 112.5 191.9 
Slovenia 130.0 99.3 99.4 108.0 99.7 100.3 138.6 

Baltic countries    
Estonia 153.1 127.2 137.5 107.8 85.8 103.7 256.8 
Latvia 146.6 127.6 117.4 117.1 92.4 108.1 257.0 
Lithuania 155.1 124.9 123.8 102.7 83.4 113.0 232.1 

CIS 126.0 109.3 108.5 86.0 76.8 113.5 112.0 
Armenia 171.1 127.0 104.2 101.1 88.9 110.3 224.5 
Azerbaijan 85.9 143.9 82.6 135.6 96.2 113.1 150.5 
Belarus 181.5 124.7 125.2 98.4 78.1 127.0 276.5 
Georgia 113.9 178.4 137.4 93.6 68.1 120.6 214.5 
Kazakhstan 106.9 111.4 101.4 101.1 84.7 137.2 141.9 
Kyrgyzstan 164.7 160.5 84.6 118.8 71.3 92.5 175.2 
Republic of Moldova 127.6 127.5 109.3 87.4 56.0 135.6 118.0 
Russian Federation 120.8 101.4 113.1 82.1 71.7 107.0 87.2 
Tajikistan 148.1 82.5 112.3 94.8 93.2 101.7 123.4 
Turkmenistan 92.9 74.1 117.0 85.2 146.6 120.8 121.5 
Ukraine 144.1 113.7 97.3 85.7 81.0 117.8 130.3 
Uzbekistan 105.6 171.5 88.8 74.7 90.9 103.7 113.2 

Source: CESTAT Statistical Bulletin 2000/4, CSU, KSH, GUS, INSSE, SURS, SUSR, Warsaw. Economic 
Survey of Europe 1/2001 UNECE, Geneva.  

In CIS countries a drop in foreign trade turnover was noted in 1998 and 
1999, while in 1999 the scale of the decline of imports was much deeper than that 
of exports (23.2% against 0.3%). This was the result of substantially smaller 
imports in all CIS countries (excluding Turkmenistan) than in 1998, against a 
high growth in exports in several of these countries (Azerbaijan, Georgia, 
Tajikistan, with a decline in Belarus, Kyrgyzstan, Moldova and Ukraine). In 
2000, a significant acceleration in the dynamic of turnover, particularly exports, 
was noted in CIS countries. A high growth in exports (approximately 40%), with 
a much slower growth in imports (7%) occurred in Russia. A substantial dynamic 
of exports also characterised Azerbaijan, Georgia, Kazakhstan, Turkmenistan and 
Ukraine. In 2000, the growth in exports in these countries was much higher than 
the growth in imports.  
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In 1995 – 2000, among countries of Central and Eastern Europe and CIS 
countries, the highest growth in exports, significantly exceeding the dynamic of 
imports, was observed in Hungary, Belarus, Azerbaijan and Kazakhstan. In the 
discussed period exports from Poland, the Czech Republic, the Baltic countries 
and Georgia also grew considerably, but the dynamic of imports to these countries 
was even greater. In relation to 1994, only Moldova noted a decline in exports 
and only Russia noted a decline in imports, as a result of a deep decline in foreign 
trade turnover in these countries in 1998 – 1999.   
 
     
                                                             M. Bieńkowska, E. Czumaj and K. Wróbel 
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