
FROM THE EDITOR 

This issue is devoted entirely to selected papers presented at the 
International Conference (SAE2005) on Challenges in Statistics Production 
for Domains and Small Areas. The Conference was held at the University of 
Jyväskylä, Finland, from 27-31 August 2005, and also served as the final 
conference of the EURAREA project conducted from 2001 to 2004. The 
EURAREA project, funded by the EU, was intended both to research technical 
aspects of small area estimation (SAE) from survey data, and to provide Eurostat 
and European NSIs with broad recommendations for statistical policy on SAE. 

It worth to remind that Statistics in Transition has already published five 
issues connected with SAE: in 1994 one issue (vol. 1, Number 6, 1994) from the 
Warsaw International Conference held in 1992, and in 2000 two issues (Vol. 4, 
Number 4, 2000, and vol. 4, Number 5, June 2000) from the Riga International 
Conference held in 1999. An additional issues were published in 2001 (vol. 5, 
Number 2, June 2001), and in 2004 (vol. 6, Number 5, April 2004). 

We decided to publish also some papers presented at the SAE2005 
Conference, and prepared for publication according to reviewers’ 
recommendations, in two “Special Issues”. As a guest editor for these two 
“special issues” agreed to serve Prof. Risto Lehtonen, University of Jyväskylä, 
Finland. I would like to express my highest gratitude and thanks for his efficient 
work. 

This first “Special Issue” presents fifteen papers under common title 
Challenges in Statistics Production for Domains and Small Areas. The papers 
have been organized under three headlines: Current Trends (4 papers), 
Applications (4 papers), and Theory and Methods (7 papers). 

The papers have been reviewed by the following referees: Timo Alanko, Ray 
Chambers, Kari Djerf, Stefano Falorsi, Dan Hedlin, Montserrat Herrador, Seppo 
Laaksonen, Nick Longford, Domingo Morales, Mikko Myrskylä, Kari Nissinen, 
Kaja Sõstra, Imbi Traat, Ari Veijanen, Li-Chun Zhang and the Guest Editor. I 
would like to thank all of them very much for their efforts in improving quality of 
the papers.  

Other papers from the SAE2005 Conference will be published in the March 
2006 “Special Issue”. 

There are also in this issue two reports, and Obituary.  

• Report from the SAE2005 Conference — Challenges in Statistics 
Production for Domains and Small Areas, Jyväskylä, Finland, 28—31 
August 2005 (prepared by R. Lehtonen). 
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• The Third Conference on Towards Quality of Life Improvement (QOL 
2005), Wroclaw, Poland, September 15—16, 2005 (prepared by  
Z. Rusnak and C. Kozera) 

The editor announces with the deepest sorrow that Dr. M.P. Singh, an 
Associate Editor of our journal, has died in 2005. Dr. M. P. Singh served as an 
Associate Editor of our journal since 1993. He contributed to develop our journal 
significantly. Obituary of Dr. M.P. Singh is given in this issue. 
 

                                                                              Jan Kordos 
                                                                              The Editor 
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FROM THE GUEST EDITOR 

We have included in this Special Issue of Statistics in Transition a total of 15 
papers that have their origin in the SAE2005 Conference, which was held in 
August 2005 at the University of Jyväskylä, Finland (one can find a more 
extensive description of the Conference in the Reports section of this issue). The 
papers have been organized under three headlines: Current Trends, Applications, 
and Theory and Methods. This division of papers is somewhat subjective (and 
reflects views of Guest Editor) but features, at least loosely, the variety of papers 
presented in the SAE2005 Conference. 

In the first paper, Jon Rao summarizes some recent developments in 
inferential issues in small area estimation. He concentrates on model-based 
indirect estimation of small area means based on area level and unit level small 
area models, and associated mean squared error. Mike Hidiroglou and Paul Smith 
focus on the special problems of small area estimation in business surveys; they 
also summarize a plan of action in one of the major NSI:s in Europe. A somewhat 
different view on small area estimation is given by Steven Haslett and Geoff 
Jones, who discuss small area estimation methodology developed at the World 
Bank under an approach of “poverty mapping”. This section is closed by the 
paper of Patrick Heady and Martin Ralphs. They summarize main findings of the 
EURAREA project, a major effort in the development and application of small 
area estimation methods in the European context. This paper also serves as a 
bridge to papers appearing in the next section. 

In the first paper of the Applications section, Jorge Saralegui, Montserrat 
Herrador, Domingo Morales and Agustín Pérez describe experiences of the use of 
methods elaborated in the EURAREA project, applied for small area estimation of 
unemployment figures for local areas in Spain. Enrico Fabrizi, Maria Rosaria 
Ferrante and Silvia Pacei employ multivariate hierarchical Bayes models for the 
estimation of poverty figures for local areas in Italy. Further, Alessandra Petrucci, 
Monica Pratesi and Nicola Salvati introduce GIS and spatial EBLUP methods for 
the estimation of statistics for small areas, and apply the methods for a number of 
case studies. Varying area boundaries (relating to the famous “MAUP” problem) 
constitute a challenge for small area estimation in many countries. For this setting, 
Fernando Moura, Philip Clarke and Danny Pfeffermann introduce a synthetic 
estimator and investigate the estimator in the estimation of income statistics. 

The Theory and Methods section opens with the paper by Hukum Chandra 
and Ray Chambers, who describe a calibrated empirical best linear unbiased 
prediction (C-EBLUP) to small area estimation, and discuss MSE estimation of 
the proposed estimator. Risto Lehtonen, Carl-Erik Särndal and Ari Veijanen 
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introduce a GREG estimator of class frequencies for domains that uses a logistic 
mixed model as an assisting model, and report a comparison of this estimator with 
model-dependent estimators. Danny Pfeffermann and Michail Sverchkov discuss 
the implications of informative sampling on the estimation of small area means. 
They also investigate methods to account for the informativeness of the sampling 
design. Further, Ayoub Saei, Li-Chun Zhang and Ray Chambers describe two 
models that generalize structure preserving estimation (SPREE) in order to 
improve small area estimates for cross-classifications.  

In the next paper of this section Cristina Rueda and José Menéndez propose 
an approach to small area estimation that uses the methodology of constrained 
statistical inference to improve the precision of direct estimates of domain means. 
Further, Nikos Tzavidis and Ray Chambers use M-quantile models to small area 
estimation and propose a bias correction to the M-quantile small area mean 
estimates. In the final paper of this section, Nick Longford discusses several 
timely topics that are relevant for small area research and application, including 
for example the construction and specification of the model, measuring model 
uncertainty, composite estimation versus estimation based on mixed models, and 
reporting bias. 

It is expected that a number of additional papers having their origin in the 
SAE2005 Conference will be published in the March 2006 issue of Statistics in 
Transition. 

Several persons (in addition to the Editor and Guest Editor) have served as 
reviewers of papers published in this Special Issue of the journal: Timo Alanko, 
Ray Chambers, Kari Djerf, Stefano Falorsi, Dan Hedlin, Montserrat Herrador, 
Seppo Laaksonen, Nick Longford, Domingo Morales, Mikko Myrskylä, Kari 
Nissinen, Kaja Sõstra, Imbi Traat, Ari Veijanen, and Li-Chun Zhang. I want to 
express my sincere thanks to all these people for an excellent collaboration. Last 
but not the least, I address thanks to Jan Kordos, the Editor of Statistics in 
Transition, for the option to publish SAE2005 Conference papers in the journal. 

 
Risto Lehtonen 
The Guest Editor 
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INFERENTIAL ISSUES IN SMALL AREA  
ESTIMATION: SOME NEW DEVELOPMENTS 

J. N. K. Rao1 

ABSTRACT 

In the case of domains planned at the design stage, the expected sample 
size in the domain may be sufficiently large to accommodate area-specific 
direct estimators of adequate precision. Efficient direct domain estimation for 
planned domains is studied; in particular, the use of “optimal” linear 
regression domain estimator. In practice, many domains of interest are 
unplanned at the design stage, and the domain sample size can be very small 
or even zero in many domains (small areas). For such unplanned domains, 
direct estimators are either unfeasible or provide unacceptably large 
coefficient of variation (CV). It becomes necessary to employ indirect 
estimators that make use of sampled observations from other domains related 
to the domain of interest through linking models and thus increase the 
“effective” sample size in the domain.  We give a brief account of some new 
developments on model-based indirect estimation of small area means based 
on area level and unit level small area models, and associated mean squared 
error. Developments in confidence interval estimation under a basic area level 
model are also presented.  

Key words: Area level models, Confidence intervals, Direct estimation, 
Empirical best estimators, Linking models, Mean squared error, Planned 
domains, Unit level models. 

1. Introduction 

Direct domain (or sub-population) estimators make use of the values, iy , of 
the variable of interest, y , only for the units i  in the sample s  that belong to the 
domain. If the domain is a planned domain specified at the design stage, then the 
expected sample size in the domain may be sufficiently large to accommodate 
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direct estimators of adequate precision. In the latter case, our interest is to find 
efficient estimators that are approximately design-unbiased when the overall 
sample size, n , is large. But in practice many domains of interest are unplanned 
at the design stage, and the domain sample sizes can be very small or even zero in 
many domains (small areas). For example, data from the Current Population 
Survey (CPS) are used to estimate county counts of poor school-age children in 
the United States, but the CPS sample sizes are zero in many counties (National 
Research Council, 2000). For unplanned domains with zero or small sample sizes, 
direct estimators are either not feasible or provide unacceptably large coefficient 
of variation (CV). Therefore, it becomes necessary to employ indirect estimators 
that make use of the sampled −y values from other domains that are related to 
the domain of interest through implicit or explicit linking models and thus 
increase the “effective” sample size in the domain. Indirect estimators are 
asymptotically design-biased when the overall sample size is large, unlike direct 
estimators, but such estimators can provide significantly smaller CV for small 
areas, provided the linking models are valid. Indirect estimators based on explicit 
linking models have received much attention in recent years (see Rao’s (2003) 
book). 

This paper gives a brief account of some new research on indirect estimation 
based on explicit models, particularly on mean squared error (MSE) estimation 
and confidence intervals for small areas. Section 2 considers “optimal” direct 
estimators. Sections 3 and 4 present results on model-based indirect estimators 
and the estimation of MSE of the estimators, under area level and unit level small 
area models, respectively. Section 5 gives some new results on confidence 
interval estimation. Hierarchical Bayes (HB) estimation, assuming prior 
distributions on the model parameters, is not considered here; see Rao (2003) for 
developments in HB estimation before 2003.  

2. Direct Estimation 

Generalized regression estimators (GREG), based on the known total X  of 
an auxiliary vector variable x , are widely used in practice to estimate the 
population total ∑ ∈

=
Uk kyY , where U denotes the finite population. We use 

operator notation to denote Y as )(yY and GREG estimator as 

ksk kGRGR yswyYY )()(ˆˆ ∑ ∈
== , where )()( sgdsw kkk =  is the GREG weight 

with kd  denoting the design weight and )(sgk the estimation weight 
( −g weight) that depends on kx  for sk ∈ and the known population total X , 
see Rao (2003, Chapter 2). The GREG estimator is asymptotically design 
unbiased and consistent when the overall sample size is large.  
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Let iU  denote a domain with total ∑ ∈
=

iUk ki yY . Hartley (1959) used the 

operator notation to express iY  as ∑ ∈
=

Uk iki yyY )( , where kik yy =  if iUk ∈  

and 0=iky otherwise. It now follows that the GREG estimator of domain total 

iY  is simply given by )(ˆˆ
, iGRGRi yYY = and hence asymptotically design-unbiased. 

However, its variance can be unacceptably large if the expected domain sample 
size, )( inE , is small. For example, under simple random sampling, the variance 
is of the order )/(1)(/1 ii nPnE = , where iP  is the proportion of the population 
units in the domain. It follows that )( inE can be small even if n  is large; for 
example, 5=inP  if 100=n  and .05.0=iP  

Montanari (1987), Rao (1994) and others proposed an alternative estimator 
of the total Y , called the “optimal” regression estimator. That estimator is 
asymptotically more efficient than the GREG estimator. It may be expressed as 

ksk kopt yswyY )(~)(ˆ ∑ ∈
= , where )(~)(~ sgdsw kkk = ; see Rao (1994) and 

Montanari (1998) for the formula for )(~ sgk in the case of single stage designs. 
The latter formula simplifies considerably for stratified random sampling (Rao, 
1994). Andersson and Thorburn (2005) have empirically shown that GREG 
estimator can perform very poorly in terms of efficiency when the assisting (or 
working) linear regression model for GREG fails, especially for large n , unlike 
the optimal regression estimator.  

It now follows that the optimal regression estimator of domain total iY  is 

simply given by )(ˆˆ
, ioptopti yYY = . This estimator is identical to a new estimator, 

based on instrumental variables, proposed by Estevao and Sarndal (2004). If the 
expected domain sample size is sufficiently large, then the direct estimator optiY ,

ˆ  
may be used, at least under stratified random sampling. The optimal estimator  
can be modified to a sample size dependent estimator if the realized domain 
sample size is much smaller than the expected domain sample size (Rao, 2003, 
Chapter 4).  

3. Area Level Models 

A basic area level linking model is of the form iiii vzYg +′== βθ )(  with 

iv  independent identically distributed (IID), where iz  is a −p vector of area-
specific covariates (census and administrative data, for example) and )( iYg is a 
suitable function of the small area total iY that leads to a good model fit. The 
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linking model is typically combined with the matching sampling model 

iii e+=θθ̂ , where )ˆ(ˆ
ii Yg=θ  is a direct estimator of iθ  and iie θ|  are 

independent ),0( iN ψ with known sampling variances iψ . Note that we are 
assuming independent sampling errors ie  across areas. If all the areas are 
sampled, then areas are similar to strata, but in practice not all areas may be 
sampled. In the latter case, we assume that the combined area level model 

iiii evz ++′= βθ̂  holds for the non-sampled areas; that is, assuming no sample 
selection bias (Pfeffermann and Sverchkov, 2003). This model is called the Fay-
Herriot (FH) model (Fay and Herriot, 1979).  

Under the basic area level model, the best estimator of iθ , in the sense of 

minimizing the MSE, is given by βγθγσβθθθ iiiivii
B

i zE ′−+== )1(ˆ),,ˆ|(~ 2 , 

where )/( 22
ivvi ψσσγ += . This estimator is also the best linear unbiased 

prediction (BLUP) estimator without the normality assumption. It depends on the 
unknown model parameters ),( 2

vσβ . Replacing the model parameters by suitable 

estimators )ˆ,ˆ( 2
vσβ  leads to the empirical best (EB) or the empirical BLUP 

(EBLUP) estimator 
                               βγθγθ ˆ)ˆ1(ˆˆˆ

iiii
EB
i z′−+=                                             (1) 

where iγ̂  is iγ evaluated at  ββ ˆ=  and 22 ˆ vv σσ = . The weight iγ̂  is a measure 
of between area variability relative to the total variability associated with area i . 
The estimator (1) is unbiased for iθ  under the combined model, that is, 

0)ˆ( =− i
EB
iE θθ . But the resulting estimator )ˆ(1 EB

ig θ−  of iY  is biased, even 

asymptotically for large number of sampled areas, m . The EB estimator EB
iŶ  is 

obtained by evaluating ],,ˆ|)([ 21
viigE σβθθ−  at ββ ˆ=  and 22 ˆ vv σσ = , and it is 

asymptotically unbiased for iY . Numerical integration or simulation may be 
needed to calculate the EB estimator.   

Slud and Maiti (2004) studied the bias of )ˆ(1 EBg θ−  and obtained a bias-
corrected estimator. In the special case of )exp()(1

iig θθ =−  it reduces to  

                               ]2/)ˆ1(ˆˆexp[ˆ 2
iv

EB
i

SM
iY γσθ −+=  .                             (2) 

The basic areas level model with )log( ii Y=θ  and the bias-corrected 
estimator (2) were used in the estimation of poor school age-age children at the 
county level in the United States (called the SAIPE project); see National 
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Research Council (2000). Note that (2) is not the best estimator of the total iY , 

unlike EB
iŶ . 

For the non-sampled areas with known covariates iz , we use the synthetic 

estimator βθ ˆˆ
i

S
i z′=  which is equal to )( iE θ evaluated at .β̂β =  Similarly, the 

synthetic estimator of iY  is )]([ 1
igE θ−  evaluated at ββ ˆ=  and 22 ˆ vv σσ = . 

Turning to the estimation of model parameters, an estimator of β , for fixed 
2
vσ , is the weighted least squares estimator, ),(~ 2

vσβ  with weights .)( 12 −+ iv ψσ  

Methods of estimating 2
vσ  include maximum likelihood (ML), residual ML 

(REML), a simple method of moments (PR) of Prasad and Rao (1990) and the 
original Fay-Herriot (FH) method. The FH method solves the following moment 
equation for :2

vσ  

 pmza ivvi

m

i
iv −=+′−= ∑

=

)/()](~ˆ[)( 222

1

2 ψσσβθσ .               (3) 

The estimator β̂  is given by )ˆ(~ 2
vσβ for a given estimator .ˆ 2

vσ  The FH and 
PR methods do not require normality, although ML and REML estimators are 
also consistent without the normality assumption for large m  (Jiang, 1996). 

The mean squared error (MSE) of EB
iθ̂ , ii

EB
i

EB
i MEMSE ≡−= 2)ˆ()ˆ( θθθ  

may be decomposed as iii MMM 21 +=  with 2
1 )~( i

B
ii EM θθ −=  and 

2
2 )~ˆ( B

i
EB
ii EM θθ −=  under normality. Further, iivii gM ψγσ == )( 2

11  is of 
order )1(O and iM 2  is the contribution to MSE due to estimating the model 

parameters and it is of order ).( 1−mO  By Taylor linearization, 
)()( 2

3
2

22 vivii ggM σσ +≈ , where the term )( 2
2 vig σ  is due to estimating β  and 

)( 2
3 vig σ  is due to estimating 2

vσ  and the neglected terms are of order )( 2−mO ; 
see Rao (2003, Chapter 7). Comparing the leading term iiψγ  to iψ , the sampling 

variance of the direct estimator iθ̂ , it follows that the EB estimator EB
iθ̂  can lead 

to large gains in efficiency when iγ  is small, provided the assumed model is a 
good fit to the data. 

Past work focussed on estimating the MSE of EB
iθ̂  rather than on the MSE 

of estimators of the total iY . This is appropriate when ii YYg =)( . Under the 
latter the assumption, Prasad and Rao (1990) obtained approximately unbiased 
estimators of iM1 and iM 2 as )ˆ()ˆ(ˆ 2

3
2

11 vivii ggM σσ += and 
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)ˆ()ˆ(ˆ 2
3

2
22 vivii ggM σσ += using the PR method of estimating 2

vσ . Hence, the 

estimator of iM  is given by iii MMM 21
ˆˆˆ += , and its bias is of order )( 2−mO . 

Datta and Lahiri (2000) studied MSE estimation under ML and REML, and Datta, 
Rao and Smith (2005) under the FH method. Simulation results of Datta, Rao and 
Smith (2005) indicated that the FH-based MSE estimator performs better in terms 
of bias and coefficient of variation (CV), especially for areas with small iψ  when 
the variation in the sampling variances across areas is large. Pfeffermann and 
Glickman (2004) studied parametric and non-parametric bootstrap methods of 
estimating iM  and examined the robustness of the MSE estimators to non-
normality of the model error terms iv  and ie . It may be pointed out that Lahiri 

and Rao (1995) showed that the MSE estimator using the PR estimator of 2
vσ  is 

robust to non-normality of iv , provided ie  is normal. Pfeffermann and Glickman 
(2004) showed that all the MSE estimators have appreciable biases when the 
sampling error, ie , is non-normal, except for the parametric bootstrap method that 
generates the bootstrap samples from the correct distributions. Butar and Lahiri 
(2003) and Pfeffermann and Glickman (2004) proposed a bootstap method for the 
normal case. It uses a bias-corrected estimator of iM1  and a bootstrap estimator 

of iM 2 , by generating a large number, ,B  of independent random variables b
iv~  

from )1,0(N  and b
ie~  from )1,0(N Bb ,...,1, = . The bootstrap variables 

}~{ b
iv and }~{ b

ie are used to generate bootstrap direct estimators 
b

ii
b

ivi
b
i evz ~~ˆˆˆ ψσβθ ++′= , and the corresponding estimators of 2, vσβ  and iθ  

are then computed from each bootstrap sample .b  Similarly, b
iv~  and b

ie~  can be 
generated from any specified non-normal distributions. 

Turning to the estimation of MSE of estimators of the total iY , Slud and 

Maiti (2004) obtained an approximation to )ˆ( SM
iYMSE and an approximately 

unbiased estimator of MSE in the normal case, using Taylor linearization similar 
to Prasad and Rao (1990) but more complex. The jackknife method of Jiang, 
Lahiri and Wan (2002) may be used to get an approximately unbiased estimator 
of i

EB
i MYMSE ≡)ˆ( , although it would require repeated Monte Carlo or 

numerical integration to evaluate the terms in the jackknife formula (Rao, 2003, 
p.184). Decomposing iM  as before into two components iM1  and iM 2 as 
before, the jackknife method uses a bias-corrected estimator of iM1  and a 
jackknife estimator of iM 2 , similar to the PG bootstrap method. For the special 
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case of  ii YYg =)( , Chen and Lahiri (2005) proposed weighted jackknife MSE 
estimators that performed well in simulations under extreme variations in the 
ratios iv ψσ /2 ; for their pattern )(c , the ratios ranged from 0.01 to 0.5 . The 
weighted jackknife method uses the weights iii hk −= 1  that depend on the 

weighted leverage values iii

m

i
iiiii zzzzh 1

1

1 )/( −

=

− ′′= ∑ ψψ  so that areas with larger 

values of iih will receive smaller weights ik , unlike the usual non-weighted 
jackknife with constant weights .1=ik  Note that the weighted and the non-
weighted jackknife MSE estimators are both approximately unbiased for large m . 

The sampling model iii e+=θθ̂ with 0)|( =iieE θ  may not be realistic if 
(.)g  is a non-linear function because )|( ii YeE can differ significantly from zero 

for small sample sizes within areas, assuming iii YYYE =)|ˆ( . A more realistic 
sampling model is given by  

iii fYY +=ˆ  with 0)|( =ii YfE , but this model is not matched with the 
linking model in the sense that the two models cannot be combined to produce a 
linear mixed mode. You and Rao (2002) studied HB estimation under the 
mismatched models, assuming prior distributions on the model parameters. Hall 
and Maiti (2005b) obtained the EB estimator  EB

iŶ  of the total iY  under the 
mismatched models for specified distributions of  iv  and if , not necessarily 
normal, using ML estimators of model parameters. They also developed a 
bootstrap estimator of )ˆ( EB

iYMSE  and then corrected its bias (of order )( 1−mO ) 
using a double bootstrap approach to bias correction. The resulting MSE 
estimator is approximately unbiased in the sense that its bias is of order )( 2−mO  
for large m . The double bootstrap approach of Hall and Maiti (2005b) looks 
promising, and it can handle a variety of models, including disease mapping 
models with Poisson counts (Rao, 2003, Chapter 9).  

A variety of extensions of the basic area level model, iiii evz ++′= βθ̂ , 
have been proposed in the literature, including models with correlated sampling 
errors ie , spatially correlated model errors iv , and time series and cross-sectional 
models (Rao, 2003, Chapter 8). Petrucci and Salvati (2003a) studied spatially 
correlated area level models and derived EB estimator of iθ  and Taylor 
linearization MSE estimator along the lines of Prasad and Rao (1990) and applied 
their results to data collected on the Rathbun Lake watershed in Iowa. However, 
MSE estimation warrants a more detailed theoretical study because of the spatial 
correlations.  Mukhopadhyay, Maiti and Fuller (2005) studied the estimation of 
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cover and crop management factor (C-factor) for counties from the U.S. National 
Resources Inventory survey, employing area level models. The data set contained 
significant portion of imputed values. The imputation classes used for imputation 
of missing data cut across counties, thus inducing correlations between the 
sampling errors, ie , in the basic area level model. EB estimators and Taylor 
linearization MSE estimators were obtained under the extended area level model 
with correlated sampling errors. As in the case of spatial correlations, MSE 
estimation warrants a more detailed theoretical study because of the correlated 
sampling errors.  

4. Unit Level Models 

Let ),...,( 1 ′= pijijij xxx  be unit level auxiliary variables related to the unit 

level −y variables ijy , where j  denotes a unit within an area i . A basic unit 
level model is  given by a nested error linear regression model 

ijiijij evxy ++′= β , where ),0(~ 2
viidi Nv σ  is independent of 

),0(~ 2
eiidij Ne σ . Various extensions of the basic unit level model have been 

proposed (see Rao, 2003, Chapters 8 and 9), but we focus here on the basic 
model. We assume that the model holds for the sample of units, is , of size in  
from area i ; that is, sample selection bias within areas is absent. If the areas are 
also sampled, then we assume the absence of selection bias for sampled areas as 
well. Pfeffermann and Sverchkov (2003) studied unit level models under sample 
selection bias.  

The mean iY  of area i may be approximated by iii vX +′= βμ , assuming 

that the number of population units iN  in area i  is large, where iX  is the known 
population mean of the ijx  in area .i  Under the basic unit level model, the EB 

estimator of iμ  is given by  

                 βγβγμ ˆ)ˆ1(]ˆ)([ˆˆ iiiiii
EB
i XxXy ′−+′−+= ,                       (4) 

where ),(),/ˆˆ/(ˆˆ 222
iiievvi xynσσσγ += are the sample means for area i  and 

)ˆ.ˆ,ˆ( 22
ev σσβ  denote the estimators of model parameters ( ),,( 22

ev σσβ . Battese, 
Harter and Fuller (1988) used the method of fitting-of-constants to estimate the 
model parameters in which case (4) is also the EBLUP estimator without 
normality assumption. The estimator is a weighted combination of the sample 
regression estimator β̂)( ′−+ iii xXy  and the regression synthetic estimator 

β̂iX ′ . 
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An approximately unbiased MSE estimator of EB
iμ̂ , under normality of the 

error terms iv  and ije  is of the form 

)ˆ,ˆ(2)ˆ,ˆ()ˆ,ˆ(ˆ 22
3

22
2

22
1 evievievii gggM σσσσσσ ++= , see Rao (2003, Chapter 7). 

Hall and Maiti (2005a) relaxed the normality assumption and obtained an 
approximately unbiased MSE estimator using a double-bootstrap method that 
matches the estimated second and fourth moments of the error terms iv  and ije . 
The first phase bootstrap samples are used to obtain an estimator of MSE, and its 
bias is then corrected using the second phase bootstrap samples. The double 
bootstrap method of Hall and Maiti (2005a) looks promising.  

A drawback of the EB estimator (4) is that it is purely model-based and does 
not take account of the survey weights ijw . As a result, it is not design-consistent 

as the small area sample size in  increases, unless iij ww = ; that is, the sample 
design is self-weighting within areas. On the other hand, the EB estimator under 
the FH area level model is design-consistent in the above sense. It is desirable to 
ensure design-consistency under the unit level model as well because in  could be 
moderately large for some of the areas under consideration; for example, 
California when the states in the USA are regarded as small areas. Also, it is 
desirable to ensure that the estimators of area totals automatically add up to the 
direct survey regression estimator of a large area total. You and Rao (2002) 
developed a pseudo-EBLUP estimator that satisfies both desirable properties. This 
estimator is obtained by first aggregating the unit level model to a weighted area 
level model of the form iwiiwiw evxy ++′= β , where ij ijiw ywy ∑= ~  with 

∑=
j ijijij www /~ and similarly iwiw ex ,  are defined. The BLUP estimator of iμ  

from the area level model is then obtained for given ),,( 22
ev σσβ , and β  is 

estimated for given ),( 22
ev σσ  from a weighted estimating function. Finally, 

2
vσ and 2

eσ  are estimated from the original area level model ignoring the weights. 

It is also possible to use design-weighted estimators of 2
vσ and 2

eσ . 
You and Rao (2002) ignored a covariance term in the formula for the MSE 

of the pseudo-EBLUP estimator of iμ . That term is non-zero for general survey 
weights ijw  , and reduces to zero when the weights are equal within areas, that is, 

iij ww =  for each i . Torabi and Rao (2005) obtained an approximation to the 
covariance term, using a general method of Jiang and Lahiri (2005). However, an 
empirical study indicated that the resulting approximately unbiased MSE 
estimator is close to the You-Rao MSE estimator under significant variation in the 
weights for each .i  



522                                                                         J.N.K.Rao: Inferential issues in small… 

 

 

Ghosh and Maiti (2004) used natural exponential family quadratic variance 
function models and survey weights to develop pseudo-EBLUP estimators of 
small area means and associated MSE estimators that are approximately unbiased. 
The basic data consist of direct survey weighted estimators iwy , area-specific 
covariates and certain summary measures involving the weights ijw . The pseudo-
EBLUP estimator of a small area mean and its MSE estimator depend only on the 
basic data. The proposed method is applicable for binary responses ijy  and 

Poisson counts ijy . Ghosh and Maiti (2004) applied their method to SAIPE data 
to estimate the proportion of poor school age children at the county level. 

5. Confidence Intervals 

We focus on the basic area level matched model, and present some recent 
results on confidence intervals for the small area parameter iθ , under normality of 
the errors iv  and ie . Datta and Smith (2003) studied the asymptotic coverage 

probability of normal theory confidence intervals i
EB
i Mz ˆˆ

2/αθ ± , where iM̂  is 

the approximately unbiased MSE estimator and az  is the −a  level quantile of a 
)1,0(N variable Z , that is .)( azZP a =>  The coverage probability deviates 

from the nominal α−1  by terms of order 1−m  for large m . Smith (2001) 
obtained a correction to iM̂  that ensures higher order accuracy for the associated 
normal theory interval in the sense that the deviation of coverage probability from 
nominal α−1  is of lower order than 1−m . But the (positive) correction term 
involves 2ˆ/ vi σψ  which inflates the length of the interval considerably when 2ˆ vσ  
is small relative to iψ .  

Chatterjee and Lahiri (2002) proposed a parametric bootstrap confidence 
interval for iθ  based on a bootstrap histogram. Let ** ˆˆ

ivii vz σβθ +′= , where *
iv  

is generated from )1,0(N  and let ** |ˆ
ii θθ  be generated from ),( *

iiN ψθ . Further, 

let )ˆ,ˆ,ˆ( *** βσθ v
EB

i  be the bootstrap analogue of )ˆ,ˆ,ˆ( βσθ v
EB
i computed from the 

bootstrap data },...,1);,ˆ{( * mizii =θ . Find the point 2/αa  such that  
 
                                αψγθθ α −=±∈ 1}})ˆ(ˆ{[ 2/1*

2/
***

ii
EB

ii aP , 

where *P denotes the bootstrap distribution and )ˆ/(ˆˆ 2*2**
ivvi ψσσγ +=  is the 

bootstrap analogue of iγ̂ . Now using the point 2/αa , a −− )1( α level bootstrap 
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confidence interval for iθ  is taken as 2/1
2/ )ˆ(ˆ

ii
EB
i a ψγθ α± , where iii M 1

ˆˆ =ψγ is 

the naïve MSE estimator that ignores the variability of the estimators β̂  and 2ˆ vσ . 
Chatterjee and Lahiri (2002) showed that the deviation of coverage probability, 
associated with the bootstrap interval, from the nominal α−1  is of lower order 
than 1−m . In practice, a large number of bootstrap samples are drawn 
independently to approximate *P by a bootstrap histogram.  

Hall and Maiti (2005b) proposed different parametric bootstrap confidence 
intervals. We describe the method for the basic area level matched model under 
normality. If the parameters are known, then without using the direct estimators 

iθ̂  one can compute −− )1( α level confidence intervals on iθ  as vi zz σβ α 2/±′ . 

Since the model parameters are unknown, we replace them by their estimators β̂  
and vσ̂  in the confidence interval. The coverage probability of the estimated 

interval vi zz σβ α ˆˆ
2/±′  deviates from the nominal α−1  by terms of order .1−m  

To achieve greater coverage probability accuracy, the parametric bootstrap is used 
to find points 2/αb  and 2/1 α−b  such that 2/)ˆˆ( *

2/
*** ασβθ α =+′≤ vii bzP  and 

2/1)ˆˆ( *
2/1

*** ασβθ α −=+′≤ − vii bzP . The resulting −− )1( α level bootstrap 

interval for iθ  is )ˆˆ,ˆˆ( 2/12/ vivi bzbz σβσβ αα −+′+′  and the deviation of associated 

coverage probability from the nominal level α−1  is of order lower than 1−m . 
However, the proposed interval does not make use of the area-specific direct 
estimator iθ̂  unlike the Chatterjee-Lahiri interval. The Hall-Maiti method readily 
extends to more complex models, including miss-matched area level models.  

6. Concluding Remarks 

In this paper, I have provided some recent results on direct domain 
estimators, and model-based small area estimators. I have focused on basic area 
level and basic unit level models to simplify the presentation. Both MSE 
estimation and confidence interval construction are covered. Das, Jiang and Rao 
(2004) derived approximately unbiased MSE estimators for EBLUP estimators 
under general ANOVA linear mixed models and provided rigorous proofs. 
Models with measurement errors in the auxiliary variables are currently being 
studied as well as robust estimation of small area means under nested error 
models when the random effects contain outliers. Swamy et al. (2004) studied the 
problems of omitted co-variables, measurement errors and unknown functional 
forms of linking models and proposed solutions to improve specifications of 
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incorrectly specified models and obtained EBLUP estimators and associated 
approximately unbiased MSE estimators.  
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DEVELOPING SMALL AREA ESTIMATES 
FOR BUSINESS SURVEYS AT THE ONS 

M.A. Hidiroglou and P.A. Smith1 

ABSTRACT 

The Office for National Statistics (ONS) is beginning a program of 
development for regional and small area estimates from its business surveys. It 
already has a well-developed programme for estimating for small areas from 
household surveys. This paper identifies and discusses the problems in 
developing small area statistics for business surveys. It covers register 
developments, general sampling principles, and outlines estimation methods 
for small areas suitable for business survey use.  

Key words: small area estimation, business surveys, direct estimation, 
indirect estimation, frame, data collection units, recasting. 

1. Introduction 

The Office for National Statistics has a well-developed programme for 
estimating for small areas from household survey data and administrative data 
using model-based estimation methods Heady et al. (2000). This programme has 
evolved since 1999, when estimates for average household income were 
published experimentally, and has been driven by information requirements for 
social and labour market statistics. For business surveys, in contrast, the 
estimation is focused on national estimates and industrial breakdowns. There are 
still numerous outputs at regional levels (domains), and particularly labour market 
statistics from business surveys include such estimates. These are derived almost 
entirely by direct estimation (using an estimator based on the sample data within 
the subpopulation for which estimates are being made only), and although 
regional estimates are often important, requirements for small area estimates 
normally have only a small influence on the survey design. 

A recent review (Allsopp 2004) of statistics for monetary and wider 
economic policymaking in the UK called for the development of improved 
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regional economic statistics, and questioned whether official statistics in the UK 
adequately reflected the changing structure of the economy. The need for regional 
estimates has substantially increased attention on area-based economic statistics at 
all levels. ONS is currently modernizing its systems, and in developing new 
systems we have had to consider how to develop methods and procedures which 
will make it easier to produce economic statistics on area-based domains. 

This paper identifies and discusses the problems in developing regional and 
small area statistics for business surveys.  In section 2, we discuss changes to the 
business register to enable and support small area estimation. In section 3, 
sampling design aspects are introduced. In section 4, we suggest a number of 
estimators for small area estimation. We conclude the paper in section 5 with a 
brief discussion of problems associated with the production of small area 
estimates for business surveys. 

2. Business Register 

The ONS’s business register, the Inter-Departmental Business Register 
(IDBR) (Smith, Pont & Jones 2003) is derived mainly from two administrative 
data sources – registration for Value Added Tax (VAT) and for Pay-As-You-Earn 
income tax (PAYE). The former is required for businesses with turnover above a 
certain threshold (with some exceptions in particular industries), and the latter for 
businesses with employees. VAT units and PAYE units do not always coincide, 
but both are organizational units which may cover activity or employment in a 
number of locations. Collecting, aggregating and analyzing data mapped directly 
to the infinite variety of real world business structures would be an impossible 
task. Accordingly, statistical models are developed, in which every business, from 
multi-national conglomerate to corner grocery store, can be represented in a 
standardized form. The standard unit on the IDBR produced from matching the 
VAT and PAYE sources is called the enterprise (corresponding with the 
definition in the EU Business Registers regulation, Council Regulation EEC 
696/93). The reporting unit (RU) is normally the enterprise, but in certain cases it 
is a subdivision of the enterprise into homogeneous subsets based on activity or 
geography, used to improve collection and analysis. RUs are used for sampling, 
data collection and analysis purposes, creating tensions that often lead to them 
being a sub-optimal choice for one or more of these roles.  

UK economic statistics outputs are therefore based on the classification of 
the RU. For any sort of area-based estimation, however, we need to localise 
activity, and information on the location of units is maintained on the IDBR in 
another type of unit, the local unit (LU). LUs are not available from an 
administrative source, and so ONS runs an annual survey to collect information 
on the location, industrial classification and employment of these units. The 
register information on LUs is used to break out RU responses between locations, 
to provide basic data from which to make regional estimates. 
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In order to respond to Allsopp’s recommendations and to facilitate 
estimation for regions and small areas, a number of changes to the business 
register are being included as part of its modernization. Two principles are (i) the 
need to collect more data at the LU level; and (ii) differentiating between units for 
sampling and units for collecting data.  

A more flexible model for the units on the new business register has been 
developed, which includes a sampling unit (SU) — to allow consistency of units 
for sample selection — and a data collection unit (DCU) — a unit linked to the 
reporting unit but possibly larger or smaller, which actually supplies data. 
Sampling units will be defined by the coverage required for a particular survey. 
So for example, a monthly survey of retailing may take the sampling units to be 
any enterprises with an associated LU or LUs classified to the retail sector. 

Once a SU has been selected, data will be collected from its constituent 
DCUs and recast to values for their associated LUs (see section 4.1), to facilitate 
estimation by either industry or geography. The DCU will be based on the 
following three attributes (see Figure 1): coverage definition, collection 
instrument, and contact information. Coverage definition defines the relationship 
between the data collection unit and the target unit (e.g.: local unit or LU) for 
which the data are required. The collection instrument is the means of obtaining 
the data, e.g. questionnaire, telephone interview, administrative record, etc. The 
contact instrument describes how the respondent is contacted: respondent name, 
address, and telephone number within the business operating structure. The key 
feature of the DCUs is that they are used to collect data for all the LUs that they 
cover.  Data collected by DCUs will be split between their associated LUs 
(“recast”), so that estimation at any level of industry and geography will be 
possible. It is therefore desirable to have DCUs that are linked to as few LUs as 
possible, so as to minimize the error caused by disaggregating the DCU data. 

It is therefore desirable to have DCUs that are linked to as few LUs as 
possible, so as to minimize the error caused by disaggregating the DCU data. 
While operating with this as an underlying principle, DCUs will also be defined 
in accordance with the ability of a business to supply information, to maximize 
response and minimize the compliance cost (the cost to the business of 
completing the questionnaire). This will require a large increase in profiling 
(mapping the businesses’ structures onto the units model), and could lead to 
different collection units for different types of variables. Fig. 1 shows a 
diagrammatic representation of the DCU part of the units’ model.  

The LU information on the new register will continue to be maintained 
from a survey source, but ONS plans to estimate employment directly from this 
survey, to be named the Business Register & Employment Survey (BRES), since 
it needs to obtain employment information for LUs to maintain the register 
structures. 
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Figure 1. Data Collection Unit 

3. Sample Design  

Most business surveys are designed for the accuracy of national estimates, 
for use in economic policymaking and national accounts, with regional and small 
area estimation at best a secondary consideration. A summary of the design issues 
for a classical business survey can be found in Cox et al. (1995). Designing a 
business survey that facilitates small area estimation for detailed levels of industry 
and geography requires more detailed consideration of a number of factors. We 
will focus on general-purpose surveys (such as annual structural surveys) – some 
modifications may be needed for more specialised surveys such as commodity 
surveys, or surveys of rare characteristics. 

First, the way in which strata are defined needs to be considered. Sampling 
units (SUs) will either be simple or complex – simple if they are strictly linked to 
a single LU, otherwise complex.  Simple SUs can be uniquely classified to a 
single industry, geography and size and hence fit comfortably into strata defined 
by these characteristics. On the other hand, complex SUs can span several 
geographies and/or industries. The industry and geography associated with a 
complex SU are derived from the LU characteristics based on dominance rules, 
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and the size of the SU will be the sum of the associated LU size measures. These 
SU characteristics could be used for stratification, and that is the current approach 
in ONS (see Smith, Pont & Jones 2003 for more details). It is more desirable, 
however, to include complex SUs with certainty since the data from the 
associated LUs are needed for estimation, which implies take-all stratum for 
complex SUs. ONS plans to use this approach (if further evaluation is favourable) 
when the main annual business survey is modernised. In some surveys fully 
enumerating these units may not be possible, but it still seems sensible to separate 
sampling for simple and complex units. The final decision depends on sample 
design efficiency, and the costs and compliance costs associated with surveying 
different types of SUs. 

Table 1. Number of domains for combinations of region (NUTS) and Industry 
(SIC 2003) at different levels of detail. 

 IND 1: (17) IND 2: (60) IND 3: (222) IND 4: (503) 
NUTS1:   (13) 221 780 2,886 6,539
NUTS2:   (37) 629 2,220 8,214 18,611
NUTS3:  (133) 2,261 7,980 29,526 66,899
NUTS4:  (443) 7,531 26,580 98,346 222,829

Second, one needs to define the major domains of interest (industrial and 
geographical), as well as the parameters to be estimated (usually totals in business 
surveys). The target will be to have reasonable sample sizes in these major 
domains so that direct estimation (see section 4) can be used. The number of these 
major domains needs to be limited to make a sample design practical. Table 1 
shows the number of possible cross-classifications of geography (Nomenclature 
of Units for Territorial Statistics (NUTS)) by industry (Standard Industrial 
Classification 2003 (SIC)) for various levels of detail. Many of the domains so 
formed will be empty in the population, especially towards the bottom right cells. 
In general. Small area techniques will be useful where domains are so small that 
direct estimates are poor quality, and will cease to be useful when the variability 
in the model relating the sample data and auxiliary information is such that the 
model no longer fits well (for example when the small area becomes very small). 

The choice of the number of strata depends on a balance between having 
strata coincide with major domains of interest, which improves efficiency 
(Hidiroglou and Patak 2004), and over-stratification. If there are too few strata, 
more reliance on models is required to produce small area estimates. On the other 
hand, if there are many strata, the design becomes more inefficient (especially 
nationally) as the sample is spread more evenly across strata (since each stratum 
requires a strictly positive sample). This in turn increases response burden on 
smaller businesses.  

Thirdly, allocation to the strata is not straightforward when a survey collects 
several variables. That is why most organisations usually choose to allocate to 
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optimise one or a very few “typical” variables, and assume that other, related 
variables will be reasonably well estimated. Multivariate allocation procedures 
have been suggested (e.g. Rahim and Jocelyn 1994, Khan and Ahsan 2003 and 
Holmberg 2003) but are not widely used. Allocation to optimise small area or 
regional estimates is also a multivariate problem, and might be amenable to such 
methods, although the combination of many variables and many domains is likely 
to be problematic. 

The main guideline for sample design to facilitate small area estimation is to 
have sufficiently large sample sizes in major domains for first, direct estimation, 
and second, model fitting for indirect estimation. This means adding either an 
additional constraint in allocation to guarantee this, or a review stage to ensure 
that the design objectives have been met. The quality of the resulting data will 
depend on the sample size allocated to such major domains, which in turn requires 
an adequate total sample size. 

4. Estimation 

The problem of small area estimation for business surveys consists in 
properly recasting DCU data associated with complex structures to their 
associated LUs, and then using direct or indirect (small area) procedures to 
estimate for the non-sample units for domains of interest. These domains could be 
at a lower level than the industry by geography classification that the SU was 
sampled at or that the DCU data were reported at. We briefly describe the 
disaggregation process for complex units in section 4.1. Possible small area 
estimation procedures for the remaining units that could include both take-some 
complex units and take-some simple units are discussed in section 4.2. 

4.1. Disaggregating Complex Units 

For complex SUs there is auxiliary information (x) on the business register 
for each constituent LU, and hence for the SU by summation. The auxiliary 
information typically includes indicators for industrial classification and 
geography as well as size variables. The values of the survey variables y are only 
collected at the DCU level. The problem is to estimate y at the LU level. A model 
needs to be constructed, based on the auxiliary data, to predict the y -values. A 
range of models is possible, and two contrasting ones are currently used in 
business surveys at the ONS. Developing recasting as part of the modernisation of 
business surveys will lead us to reconsider these models. 

For estimating employment from short-period surveys at ONS, recasting is 
directly proportional to x, which has the advantages of simplicity and stability. 
For the Annual Business Inquiry (ABI), the main structural survey, a more 
complex procedure is used, based on fitting a regression model, with a parameter 
for each different region. Only simple units, and complex units with less than 100 
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employees or one or two LUs are used in the model fitting (that is, the most 
complex businesses are excluded from the model fitting). Using these units is 
close to fitting a model for the LUs, but can be done with available, directly 
collected (DCU) information. It is assumed that relationships obtained from the 
subset can be applied to the LUs that belong to complex SUs. The similarity of 
the units used for model fitting and for prediction gives us some confidence that 
we are not extrapolating beyond the capabilities of the model. 

The estimation of the y values at the LU level is a three-step process. As 
there can be a mixture of zero and non-zero y-values at the DCU level, this 
implies that such a mixture can also be present at the LU level. The first step 
therefore consists in predicting the probability, p̂ , that the y-value associated 
with an LU is non-zero using a logistic regression on x. The value of  acts as a 
modifier for the predicted value from the second step, which consists in modelling 
the relationship between the non-zero y-values and x using a log-linear regression 
model and using this to predict a value ŷ  for each LU (these first two steps 
correspond to the types of estimators suggested in Karlberg 2000). The third step 
is to apportion the value from the DCU to LUs proportional to ypˆˆ . Since the 
predicted values for the LUs are a result of a non-linear transformation 
(exponential), it is necessary to correct them to have an unbiased predictor; 
Chambers and Dorfman (2003) have provided such a procedure. No such 
correction is currently used, however, as it is assumed to have a negligible effect. 

4.2. Small Area Estimation 

Small area estimation will be carried out using the LU data (say *y ), which 
is either collected or synthesized in the manner outlined in section 4.1. The LUs 
will be linked to SUs that have been selected with certainty (take-all units), or 
with probability (take-some units) and will therefore need to inherit the 
appropriate design weight in design-based procedures. If there are missing data at 
the DCU level, they can either be imputed, in which case the weight will be 
unaffected (although the effect of imputation on variance estimation (Little & 
Rubin 1987) should not be forgotten), or a non-response weighting  step will need 
to be introduced (see for example Särndal and Lundström 2005).  Estimation for 
non-sampled LUs can utilize either direct or indirect estimation. The choice 
between them depends on the size of the achieved sample and the variability of 
the data – these will typically be closely linked to the size of the domain (small 
area).  

The universe of SUs, denoted as 1U , is split into a number of population 
strata. A stratified sample 1s of SUs is selected from the universe 1U  using a 
probabilistic selection procedure. The larger SUs are selected (take-all strata) with 
certainty and the remaining SUs are selected with given inclusion probabilities 
within the take-some strata. The associated universe of LUs will be denoted as 
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2U , and the sample of LUs linked to the sample of SUs as 2s . An arbitrary 
partition of 2U  into domains of interest for the LUs is denoted as 2,dU  (d = 1, …, 

D). The associated parameter of interest will be the domain total
2

* *
k kd

k U
Y y

∈

= ∑ , 

where * *
2  if kd k dy y k U= ∈  and 0 otherwise. Here *

ky  denotes the variable of 
interest that is either synthesized (if obtained via the procedure in section 4.1) or 
collected at the LU level: the associated auxiliary variables are denoted as kx . The 
portion of the sample that falls in domain 2dU  (of size 2dN ) will be denoted as 

2ds  (with size 2dn ). 
Direct estimation procedures range from the simple expansion estimator 

(that uses no auxiliary data) given by 
2

*
,ÊXP d k kd

k s

Y w y
∈

= ∑  where kw  is the survey 

design weight associated with the SU to which the k-th LU is linked, to 
calibration estimators that constrain the weighted-up auxiliary data to add up to 
known population totals. Deville and Särndal (1992) provide a methodology for 
calibration that encompasses the well-known estimation procedures. It should be 
noted that the calibration procedures are generally suitable only for units in take-
some strata; units in take-all strata should be intensively followed-up to obtain a 
response, and imputed if their data are still missing. Direct procedures are design 
consistent when auxiliary data are included (Rao 2003 p.15). The closer that a 
domain of interest is to the original strata, the more efficient the direct estimation 
becomes (Hidiroglou and Patak 2004). In the case of stratified simple random 
sampling, desirable properties of direct estimators are that they are nearly 
conditionally unbiased for given sample realizations within each stratum, and that 
their associated conditional confidence intervals follow the nominal coverage rate 
closely. Two such estimators are 

( ) ⎥⎦
⎤

⎢⎣
⎡ ′

−+= 22,
ˆˆ 222 ByNY s

d
U
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s
dddREG xx     (4.1) 

and  

( ) ⎥⎦
⎤

⎢⎣
⎡ ′

−+= d
s
d

U
d

s
dddREG ByNY 22,

~~
222 xx      (4.2) 

where 2U
dx  is the domain population mean of the LUs for x; 2s

dy  and 2s
dx  are the 

weighted sample mean for y and x within domain 2dU ; B̂ is the weighted 
regression of y on x across all LUs in the sample; and d

%B  is the weighted 
regression of y on x across all LUs that belong to the sample units in domain dU , 
that is ds . Battese, Harter and Fuller (1988) termed (4.1) the regression estimator. 
Estimator (4.2) is more efficient than (4.1) if there are sufficient observations in 
the domains. Both estimators have the same two disadvantages. First, they do not 
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add up to the corresponding estimated population total. That is REG

D

d
dREG YY ˆˆ

1
, ≠∑

=

 

and REG

D

d
dREG YY ~~

1
, ≠∑

=

 for non-overlapping and exhaustive domains dU : here 

R̂EGY and REGY% are the corresponding estimated population totals obtained by using 

22 UU d =  in (4.1) and (4.2). This implies that they must be adjusted if 
consistency with population totals is required. Second, their associated regression 
weights are domain dependent; if there are many partitions, this means a 
potentially large computational burden for weights and variances and other 
challenges for storing the weights and associating the correct weights with 
estimation in the correct domains. 

An alternative procedure is to use an estimator that has the desirable additive 
properties and requires a single set of weights. The GREG estimator given in 
Särndal, Swenson, and Wretman (1992) is an example. It is given by 

( ) ddEXPdGREG YY BXX ˆˆˆˆ
,,

′
−+=                      (4.3) 

where
2

k
k U∈

= ∑X x , 
2

ˆ
k k

k s

w
∈

= ∑X x , and ˆ
dB  is the weighted regression of *

,dky  

on x across all LUs within the whole sample 2s . This estimator guarantees 
additivity, has a smaller computational burden, and the single weight has a large 
advantage of simplicity. However, the estimator is inefficient and conditionally 
biased for fixed sample sizes within strata (Hidiroglou and Patak 2004). 
Chambers (2005) proposes a regression procedure that satisfies additivity of small 
area estimates. 

Indirect estimation procedures (sometimes known as small area techniques) 
need to be used if the realized sample size within the domain of interest is 
relatively small or zero. Parameters that are part of the indirect estimation 
procedures are estimated by minimizing the (design based) mean squared error of 
the resulting estimator. These estimators are invariably design biased (depending 
on the fit between the variable of interest y and the auxiliary variables x). A very 
complete description of these procedures is provided in Rao (2003). Such indirect 
estimators are classified into two broad types: (i) aggregate small area models that 
relate such direct estimates for small areas as can be constructed to area specific 
covariates; and (ii) unit level models that relate the value of the unit values of a 
study variable to unit-specific covariates. Indirect estimators are normally based 
on linear mixed models that incorporate the auxiliary data x as well as random 
effects accounting for between area variations, and this means that there is 
shrinkage to the mean (Rao, 2003, p.68). The extent of the regression to the mean 
and the mean squared error (MSE) of the resulting small area estimators will 
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decrease as the correlation between the auxiliary data and the variables of interest 
increases. Such estimators will invariably be design biased, and the objective is to 
minimize the design MSE. There is a range of outstanding research issues here — 
including how to incorporate design weights in the mixed models, and the model 
efficacy with few, very large units and many relatively small ones. 

5. Discussion 

Now that we have set out some thoughts and guidelines we should consider 
what makes small area estimation for business surveys different from the standard 
small area approach. Rivière (2002) has already highlighted the characteristics 
that make business surveys special, but many of these are exacerbated in small 
areas — for example we might expect relatively many domains to be dominated 
by a large LU with a few small LUs. In this case the quality of the estimates will 
depend almost entirely on how well the information for the large LU is gathered 
or estimated. If there is no direct collection, the quality is likely to be poor. If 
there is direct collection, there will be many more issues relating to confidentiality 
and it is unlikely that there will be a good trade-off between disclosure risk and 
utility. This is an outstanding challenge. 

Small area estimation for business surveys will be hampered by the problems 
associated with regular estimation for such surveys. It is important to limit these 
problems as much as possible, as such problems are accentuated for small area 
estimation. They include dealing with frame errors, which may give rise to 
coverage errors, and classification errors (especially size, industry and 
geography). The quality of small area estimates is dependent on the currency of 
the data on the frame. Outliers are also a major challenge — how to dampen their 
effect in business surveys is still an open research problem, and in small area 
estimation their potential to distort estimates is substantially increased.   

In terms of sampling for small area estimation, the impacts of large and 
small businesses are very different. The larger businesses contribute a large 
proportion of the variable of interest (over relatively many domains), and it is 
important both to obtain their data as close as possible to the LUs (DCUs allow 
for that), and to have good recasting methods, to keep the estimation errors for 
these businesses as small as possible. For smaller businesses, where there is less 
possibility of collecting sufficient data, it is most important to have auxiliary data 
well correlated with the variables of interest. They may differ from survey data in 
terms of concepts, timeliness and coverage differences, although this is not 
problematic if the correlation remains high. Administrative data can be prone to 
errors which are statistically important (especially in variables which are not key 
for the administration purpose) and may need to be edited before use.  

A considerable amount of modelling, for both the apportionment and small 
area estimation steps, will be required for surveys that have wide industrial 
coverage, such as the annual surveys at the ONS. The modelling entails the 
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determination of homogeneous groupings accounting for industry, geography and 
size, and there will be advantages if the groupings are robust and do not change 
substantially from period to period. The recasting in use in the ONS’s Annual 
Business Inquiry (described in section 4.1) is prone to change between years, and 
sometimes needs to be manually amended to give plausible estimates. 

Sample rotation will impact on estimates over time. Domains will vary with 
richness of the sample realization within each domain, and there could be 
discrepancies between survey occasions that need to be smoothed. Robust small 
area procedures combining time series and cross-sectional data such as the ones 
suggested by Pfeffermann and Burck (1990) could alleviate such discrepancies. 

The whole area of user expectations for small areas is difficult. ONS already 
stresses that small area estimates from household surveys should not be compared 
uncritically, because of their high relative s. There are also tensions as we begin 
to produce time series of small area estimates, because the comparisons between 
times are also prone to large rs. And for the smallest areas it becomes very 
obvious if the estimate is in error, because it is possible to observe directly the 
activity taking place. 

In this paper, we have provided a number of steps that aid in the production 
of small area estimates for business surveys. These include the separation of 
sampling units and data collection units on the business register, a sample design 
that allocates the sampling units at levels that are close to primary domains of 
interest, as well as the associated direct or indirect estimation procedures. In 
conclusion there are many challenges to be met in producing small area estimates 
from business surveys. There are some simple steps which can be taken, 
particularly in register design and sampling, to provide support for the process. 

REFERENCES 

ALLSOPP, C. (2004). Review of statistics for economic policymaking. HMSO: 
London. 

BATTESE, G.E., HARTER, R.M. AND FULLER, W.A. (1988). An error-
components model for prediction of county crop areas using survey and 
satellite data. Journal of the American Statistical Association, 83, 28—36. 

CHAMBERS, R.L. (2005). Calibrated weighting for small area estimation (S3RI 
Methodology Working Papers, M05/04). Southampton Statistical Sciences 
Research Institute: Southampton, UK 

CHAMBERS, R.L. AND DORFMAN, A.H. (2003). Transformed variables in 
survey sampling (S3RI Methodology Working Paper M03/21). Southampton 
Statistical Sciences Research Institute: Southampton, UK. 

COX, B.G., BINDER, D.A., CHINNAPPA, N., CHRISTIANSON, A., 



538                                                  M.A.Hidiroglou, P.A.Smith: Developing Small Area… 

 

 

COLLEDGE, M.J. AND KOTT, P.S. (eds.) (1995). Business Survey 
Methods. Wiley: New York. 

DEVILLE, J.C. AND SÄRNDAL, C.-E. (1992). Calibration estimators in survey 
sampling. Journal of the American Statistical Association, 87, 376—382. 

HEADY, P., CLARKE, P., BROWN, G. D'AMORE, A. AND MITCHELL, B. 
(2000). Small area estimates derived from surveys: ONS central research and 
development programme. Statistics in Transition, 4, 635—648.  

HOLMBERG, A. (2003). Using auxiliary information to choose between 
alternative sampling designs in a survey with several key variables. 
Proceedings of Statistics Canada Symposium 2003: Challenges in Survey 
Taking for the Next Decade.  

KARLBERG, F. (2000). Survey estimation for highly skewed populations in the 
presence of zeroes. Journal of Official Statistics, 16, 229—241. 

HIDIROGLOU, M.A. AND PATAK, Z. (2004). Domain estimation using linear 
regression. Survey Methodology, 30, 67—78. 

KHAN, M.G.M. AND AHSAN M.J. (2003). A note on optimum allocation in 
multivariate stratified sampling. South Pacific Journal of Natural Science, 
21, 91—95.  

LITTLE, R.J.A. AND RUBIN, D.B. (1987). Statistical analysis with missing 
data. Wiley: New York.  

PFEFFERMANN, D. AND BURCK, L. (1990). Robust small area estimation 
combining time series and cross-sectional data. Survey Methodology, 16, 
217—238. 

RAHIM, M.A. AND JOCELYN, W. (1994). Sample allocation in multivariate 
stratified design: an alternative to convex programming. Proceedings of the 
Survey Research Methods Section of the American Statistical Association, 
1994, 689—692.  

RAO, J.N.K. (2003). Small area estimation. Wiley: Hoboken, New Jersey. 

RIVIÈRE, P. (2002). What makes business statistics special? International 
Statistical Review, 70, 145—159. 

SÄRNDAL, C.-E. AND LUNDSTRÖM, S. (2005). Estimation in Surveys with 
Nonresponse. Wiley: Chichester. 

SÄRNDAL C.-E., SWENSSON, B. AND WRETMAN, J. (1992). Model assisted 
survey sampling. Springer: New York. 

SMITH, P., PONT, M. AND JONES, T. (2003). Developments in business survey 
methodology in the Office for National Statistics, 1994-2000 (with 
discussion). Journal of the Royal Statistical Society Series D, 52, 257—295. 



STATISTICS IN TRANSITION, December 2005                                                             

 

539 

 

 



540                                                  M.A.Hidiroglou, P.A.Smith: Developing Small Area… 

 

 

 



TATISTICS IN TRANSITION, December 2005   
Vol. 7, No. 3, pp. 541—555 

SMALL AREA ESTIMATION USING SURVEYS AND 
CENSUSES:  

SOME PRACTICAL AND STATISTICAL ISSUES1 

Stephen Haslett and Geoffrey Jones2 

ABSTRACT 

The general structure of much published material on small area 
estimation is mathematical, focusing on its links to generalized linear mixed 
models and the required extensions. This material is central, but the 
mathematical formulation can obscure the importance of practical issues such 
as the need to check ‘matching variables’ from different data sources, the use 
of census subsamples, ‘multiple’ versus ‘single’ models fitted to survey data 
and methods of fitting, the choice of regression variables (including 
Geographical Information System — GIS — variables) within models, and 
(where the method is predictive) the relative importance of survey data model 
fit and sources of variation within models. There is also the question of 
practical limitations on how fine a partition can be achieved. This paper 
focuses on small area models where a model fitted to survey data is then used 
(via matching variables in both survey and census) to predict a variable not 
available in the census. The examples discussed relate to small area estimation 
of poverty in Bangladesh, the Philippines, and Nepal. The variables of interest 
are average per capita household expenditure (from which poverty incidence, 
gap and severity are derived) and child stunting and underweight. The focus is 
on one type of small area model applied to poverty estimation. Nevertheless, 
the statistical and practical issues raised have wider, general relevance to small 
area estimation using a combination of survey and census data. 

Key words: small area estimation, census, sample survey, poverty, 
developing countries. 
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1. Introduction 

The statistical technique of small-area estimation (Ghosh and Rao, 1994; 
Rao, 1999; Rao, 2003; Longford, 2005) provides a way of improving survey 
estimates at small levels of aggregation, by combining the survey data with 
information derived from other sources, typically a population census. A variant 
of this methodology has been developed by a research team at the World Bank 
specifically for the small-area estimation of poverty measures (Elbers, Lanjouw 
and Lanjouw, 2001, 2003). The ELL method has been implemented in several 
countries including Thailand (Healy et al, 2003), Cambodia (Fujii, 2004), South 
Africa (Alderman et al., 2002) and Brazil (Elbers et al. 2001), Bangladesh (Jones 
and Haslett, 2004), the Philippines (Haslett and Jones, 2005) and Nepal (Jones 
and Haslett, 2005). The methodology is described in detail in the next section. 
Outputs, in the form of estimates at local level together with their standard errors, 
can be combined with GIS data to produce a “poverty map” for the whole 
country, giving a graphical summary of which areas are suffering relatively high 
deprivation. The main purpose of producing such maps is to aid the planning of 
social intervention programmes. 

2. Small area estimation 

2.1. Small area estimation of poverty 

We begin with a target variable, denoted Y, for which we require estimates 
over a range of small subpopulations, usually corresponding to small geographical 
areas. (In poverty estimation, Y may be log-transformed per capita expenditure for 
poverty measures, log kilocalorie intake per adult equivalent for under-
nourishment, and standardized height-for-age or weight-for-age for the 
malnutrition indicators, stunting and underweight.) Direct estimates of Y for each 
subpopulation are available from sample survey data, in which Y is measured 
directly on the sampled units (households or eligible children). Because the 
sample sizes within the subpopulations will typically be very small, these direct 
estimates will have large standard errors so will not be reliable. Indeed, some 
subpopulations may not be sampled at all in the survey. Auxiliary information, 
denoted X, can be used under some circumstances to improve the estimates, 
giving lower standard errors. 

In the situations examined in this paper, X represents additional variables 
that have either been measured for the whole population by a census, or are area 
based averages (eg from a GIS database); census based variables and survey 
variables are both assumed available at respondent level, although this assumption 
is not critical to the discussion in Section 4.  

A relationship between Y and X of the form uXY += β  is estimated using 
the survey data, for which both the target variable and the auxiliary variables are 
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available. Here β represents the estimated regression coefficients giving the effect 
of the X variables on Y, and u is a random error term representing that part of Y 
that cannot be explained using the auxiliary information. If we assume that this 
relationship holds in the population as a whole, we can use it to predict Y even for 
those units for which we have measured X but not Y. Small-area estimates based 
on these predicted Y values will often have smaller standard errors than the direct 
estimates, even allowing for the uncertainty in the predicted values, because they 
are based on much larger samples. Thus the idea is to “borrow strength” from the 
much more detailed coverage of the census data to supplement the direct 
measurements of the survey. 

2.2. Clustering 

The units on which measurements have been made are often not 
independent, but are grouped naturally into clusters of similar units. Households 
tend to cluster together into villages or other small geographic or administrative 
units, which are themselves relatively homogenous. Put simply, households that 
are close together tend to be more similar than households far apart. When such 
structure exists in the population, the regression model above can be more 
explicitly written as 

ij ij i ijY X c eβ= + +                                                    (2.1) 

where Yij represents the measurement on the jth unit in the ith cluster or primary 
sampling unit (psu), ci the model error term held in common by the ith cluster, 
and eij the household-level model error within the cluster. The relative importance 
of the two sources of model error can be measured by their respective variances 

2
cσ  and 2

eσ . Ghosh and Rao (1994) give an overview of how to obtain small-area 
estimates, together with standard errors, for this model. 

We note that the auxiliary variables Xij may be useful primarily in explaining 
household-level variation or cluster-level variation, and the more variation that is 
explained at a particular level the smaller the respective error variance, 2

cσ  or 2
eσ  

The estimate for a particular small area (usually a collection of psu’s) will 
typically be the average of the predicted Ys in that area from the census data. 
There are more households than clusters so that variation at cluster level has the 
greater effect on the census-based small area estimates than variation at household 
level, even given that observations within clusters are correlated. It is 
consequently important to choose a model for which the unexplained cluster-level 
variance 2

cσ  is comparatively small. Two useful diagnostics at the model-fitting 
stage, in which the relationship between Y and X is estimated for the survey data, 
are therefore R2 (or adjusted R2) measuring how much of the variability in Y is 
explained by X, and the ratio 2

cσ  / ( 2
cσ + 2

eσ ) measuring how much of the 
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unexplained variation often due to missing (or unmatchable) regressor variables is 
at the cluster level. Note that although 2

cσ  and 2
eσ  are parameters they are 

different for different models with different regressors. GIS data and means, 
preferably at a cluster level, can also be useful in lowering this ratio, although 
formally this introduces an errors-in-variables component to the model. 

Another important aspect of clustering is its effect on the parameter 
estimation in the model. The survey data used for this estimation cannot be 
regarded as a simple random sample, because they have been obtained from a 
complex survey design involving stratification and cluster sampling. The original 
ELL method fitted regression models to survey data using generalized least 
squares. The methods implemented in packages with the capacity to routinely 
analyse sample survey data (such as Stata, Sudaan, WesVar) provide more robust 
and often larger estimates of standard errors for regression parameters which give 
efficient and consistent estimates for the regression coefficient vector β and its 
variance Vβ . For discussion of the theory behind fitting of regression models to 
survey data see for example Skinner et al., 1989; Chambers and Skinner, 2003; 
Lehtonen and Pahkinen, 2004. 

2.3. The ELL method 

The ELL methodology was designed specifically for the small-area 
estimation of poverty measures based on per capita household expenditure. Here 
the target variable Y is log-transformed expenditure, the logarithm being used to 
make more symmetrical the highly right-skewed distribution of untransformed 
expenditure. It is assumed that measurements on Y are available for a sample of 
respondents from a survey. 

The first step is to identify a set of auxiliary variables X that are in the survey 
and are also available for the whole population. It is important that these are 
checked thoroughly to ensure they are defined and measured in a consistent way 
in both data sources (or can be made so, eg by collapsing categories). The model 
(2.1) is then estimated for the survey data, by incorporating aspects of the survey 
design for example through use of the “expansion factors” or inverse sampling 
probabilities. The residuals ijû  from this analysis are used to define cluster-level 

residuals ˆ ˆi ic u ⋅= , the dot denoting averaging over j, and household-level 

residuals ˆ ˆ ˆij i ije c u= − .  
It is assumed that the cluster-level effects ci all come from the same 

distribution, but that the household-level effects eij may be heteroscedastic. This is 
modelled by allowing the variance 2

eσ  to depend on a subset Z of the auxiliary 
variables: 

2( )eg Z rσ α= +                                   (2.2) 
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where g(.) is an appropriately chosen link function, α represents the effect of Z on 
the variance and r is a random error term. Fujii (2004) uses a version of the more 
general ELL model involving a logistic-type link function, fitted using the 
squared household-level residuals. Fujii’s model is 2 2ˆ ˆln[ /( )]ij ij ij ije A e Z rα− = + . 

From this model the fitted variances 2
,ˆ ijeσ  can be calculated and used to produce 

standardized household-level residuals ijeijij ee ,
* ˆ/ˆˆ σ= that are needed later for the 

bootstrap (see Section 2.4 below)  These residuals can then be mean-corrected to 
sum to zero, either across the whole survey data set or separately within each 
cluster. 

In standard applications of small-area estimation, the estimated model (2.1) 
is applied to the known X values in the population to produce predicted Y values, 
which are then averaged over each small area to produce a point estimate, the 
standard error of which is inferred from appropriate asymptotic theory. In the case 
of poverty mapping, our interest is not always directly in Y but in several non-
linear functions of Y for which the ELL method obtains estimates and standard 
errors by using the bootstrap procedure below. 

These nonlinear functions relate to the cost-of-basic-needs (CBN) approach, 
in which poverty lines are calculated to represent the level of per capita 
expenditure required to meet the basic needs of the members of a household, 
including an allowance for non-food consumption. Because prices vary among 
geographical areas, poverty lines are often calculated separately for different 
regions. Poverty incidence (perhaps more properly called poverty prevalence) is 
defined as the proportion of individuals living in an area who are in households 
with an average per capita expenditure below the poverty line. Poverty gap is the 
average distance below the poverty line, being zero for those individuals above 
the line. It thus represents the resources needed to bring all poor individuals up to 
a basic level. Poverty severity measures the average squared distance below the 
line, thereby giving more weight to the very poor. These three measures can be 
placed in a mathematical framework, the so-called FGT measures (Foster, Greer 
and Thorbeck, 1984): 
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(2.3) 

where N is the population size of the area, Ei is the expenditure of the ith 
individual, z is the poverty line and I(Ei < z) is an indicator function (equal to 1 
when expenditure is below the poverty line, and 0 otherwise). Poverty incidence, 
gap and severity correspond to α = 0, 1 and 2 respectively. 



546                                                                  S.Haslett, G.Jones: Small Area Estimation… 

 

 

2.4. Bootstrapping 

Bootstrapping (Efron and Tibshirani, 1993) is used to simulate the 
distribution of the poverty estimators. In the case of poverty mapping, we 
construct not just one predicted value 

β̂ˆ
ijij XY =  

(where β̂  represents the estimated coefficients from fitting the model) but a large 
number of alternative predicted values 

b b b b
ij ij i ijY X c eβ= + +  ,   Bb Κ,1=  

in such a way as to take account of their variability. The statistical analysis of the 
chosen model for Y yields information on how to appropriately insert variability 
into the calculation of the predicted values. We know for example that β̂  is an 
unbiased estimator of β with variance Vβ , so we draw each bβ  independently 

from a multivariate normal distribution with mean β̂  and variance matrix ˆV̂
β . 

The cluster-level effects b
ih  are taken from the empirical distribution of hi, ie 

drawn randomly with replacement from the set of cluster-level residuals iĥ . To 
take account of unequal variances (heteroscedasticity) in the household-level 
residuals, we first draw αb from a multivariate normal distribution with mean α̂  
and variance matrix Vα, combine it with Zij to give a predicted variance and use 
this to adjust the household-level effect 

b
ije

b
ij

b
ij ee ,

* σ×=  where b
ije*  represents a 

random draw from the empirical distribution of *
ije , either for the whole data set 

or just within the cluster chosen for hi. Each complete set of bootstrap values b
ijY , 

for a fixed value of b, will yield a set of small-area estimates. In the case of 
poverty estimates we exponentiate each Y to give predicted expenditure Eij = 
exp(Yij), then apply equation (2.3). The mean and standard deviation of a 
particular small-area estimate, across all b values, then yields a point estimate and 
its standard error for that area. 

2.5. Interpretation of standard errors 

When two or more small-area estimates are being compared, for example 
when deciding on priority areas for receiving aid, the standard errors provide a 
guide for how accurate each individual estimate is and whether the observed 
differences in the estimates are indicative of real differences between the areas. 
They serve as a reminder to users of poverty maps that the information in them 
represents estimates, which may not always be very precise.  
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The size of the standard error depends on a number of factors. The poorer 
the model fit (2.1), in terms of small R2, large 2

cσ  or 2
eσ , the more variation in the 

target variable will be unexplained and the greater will be the standard errors of 
the small-area estimates. The population size, in terms of both the number of 
households and the number of clusters in the area, is also an important factor. 
Generally speaking, once the survey model has been fitted and applied to the 
census data, even if the census data is clustered, standard errors decrease in 
approximate proportion to the square root of the population size. Standard errors 
will be acceptably small at higher geographic levels but not at lower levels, and 
this accuracy limitation is usually the criterion determining the aggregation level 
for small area estimates. Nevertheless if we create a poverty map at a level for 
which the standard errors are generally acceptable, there may be some, smaller, 
areas for which the standard errors are larger than we would like.  

The sample size used for model fitting is also important. If the sample size is 
small these estimates will be very uncertain and the actual standard errors of the 
small-area estimates will be large. Model fitting is also affected by the number of 
explanatory variables included in the auxiliary information, X and Z. Increasing 
the apparent explanatory power of the model (ie increase the R2 from the survey 
data) by increasing the number of X variables, or by dividing the population into 
distinct subpopulations and fitting separate models in each, may seem to provide 
compensation but this can be illusionary. Even in the simplest of such situations 
where only subset intercepts differ, fitting separate models can considerably 
underestimate standard errors, because the standard error of each of these 
intercept terms remains large since all observations in the subset have the same 
intercept term. The increased uncertainty in the estimated coefficients may result 
in an overall loss of precision when the model is used to predict values for the 
census data, even if this is not reflected in the estimated standard errors which are 
conditional on the model being correct. We need to take care not to “over-fit” the 
model.  

There will be some uncertainty in the estimates, and indeed the standard 
errors, due to the bootstrapping methodology, which (although it incorporates the 
variability in the estimated regression coefficientsα̂ , β̂ ) uses a finite sample of 
bootstrap estimates to approximate the estimator’s distribution. This ‘bootstrap 
error’, generally small comparatively, can be decreased at the expense of 
computing time, by increasing the number of bootstrap simulations B. 

To summarise, the integrity of the estimates and standard errors depends on 
the fitted model being correct, so that it applies to the population in the same way 
that it applied to the sample. This relies critically on good matching between 
survey and census for each variable in the survey based model. It also relies on 
not overfitting models, especially to small survey datasets. Essentially, we must 
avoid, as much as possible, relationships which appear to hold in the sample but 
do not hold in the population.  
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3. Data Sources 

The Bangladesh Bureau of Statistics (BBS) has been conducting a Housing 
Expenditure Survey regularly since 1973, collecting household expenditure, 
consumption and socio-demographic characteristics. HIES2000 was conducted by 
BBS with technical and financial assistance from the World Bank using a two-
stage stratified random sample with a total sample size of 7440 households. Since 
1985 the Bangladesh Child Nutrition Survey (CNS) has been carried out regularly 
by BBS, with financial assistance from UNICEF, to collect anthropometrical 
measures, household demographics, environmental conditions, and child feeding 
and caring practices. CNS is conducted on all eligible children from households 
sampled in HIES, so all HIES variables can be considered part of the CNS data 
set. CNS2000 covered 4000 children aged 6-71 months. The fourth Bangladesh 
census was conducted by BBS on 23-27 January 2001. Both individual and 
household level information was collected, primarily on economic variables. The 
population on census night was declared to be 123.8 million. Data entry is 
ongoing and in the interim BBS has taken a 5% sub-sample. Approximately half 
the population of Bangladesh live in deprivation, while about half of all children 
under 6 years show some evidence of chronic malnutrition (World Bank, 2003). 

In the Philippines, the National Statistics Office (NSO) conducts a Family 
Income and Expenditure Survey every three years in two half-yearly phases, 
collecting information on household income, expenditure and consumption in 
addition to socio-demographic characteristics. The sample design for FIES2000 
used multi-stage stratified random sampling with a total sample size of 41,000 
households. Being part of the Integrated Survey of Households (NSCB, 2000) the 
variables from FIES2000 can be supplemented by those in the Labour Force 
Survey (LFS2000) because both used the same period and sampled the same 
households. The Philippine 2000 Census of Population and Housing was the 11th 
national census conducted by the NSO and the official population on census night 
was 76.5 million. All households completed a common questionnaire and an 
extended questionnaire was completed by a systematic cluster sample of about 
10%, with a sampling fraction depending on area size. The Philippines has an 
official poverty incidence of 27%, and while not one of the poorest countries 
there is wide spatial variation in poverty rates. 

The second Nepal Living Standards Survey (NLSS) was conducted by the 
Central Bureau of Statistics during 2003/04, with financial and technical 
assistance from the World Bank and the UK Department for International 
Development (DFID). Main results were published in two volumes in 2004 (CBS, 
2004). The NLSS follows the methodology of the World Bank’s Living Standard 
Measurement Survey and collects household and individual level data on socio-
demographic characteristics plus detailed information on expenditure and food 
consumption. A total of 3912 households were enumerated. The 2001 Nepal 
Demographic and Health Survey, the sixth in a series of demographic surveys, 
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was carried out by New ERA under the AEGIS of the Department of Health 
Services of the Ministry of Health of His Majesty’s Government of Nepal, with 
technical support from ORC Macro and financial support from USAID. 
Anthropometrical measures were taken on selected children (aged 0-60 months), 
in addition to information on household demographic characteristics, 
environmental conditions and child feeding and caring practices. DHS 2001 
sampled 8700 households. Households with no eligible children were eliminated. 
The final dataset used consisted of 5883 children. The DHS 2001 report (Ministry 
of Health, 2002) gave the national prevalence of stunting as 50.5%, and 
underweight 48.3%. The tenth decennial population census of Nepal was 
conducted by CBS on 10-26 June 2001 using both a Short Form for complete 
enumeration and a more detailed Long Form given to a subsample of 
approximately 20% of households. The enumerated population of Nepal on 
census night was 23,151,423 in 4,253,220 households, with 14.2% living in urban 
areas. Nepal is one of the least developed countries with per capita GDP US$ 236 
and ranking 143 out of 175 countries on the Human Development Index (UNDP, 
2003). 

Response rates in all these surveys and censuses are exceptionally high 
(>95%) except for those parts of countries which may be inaccessible for a range 
of reasons. 

4. Problems in Modelling when Combining Census and Survey Data 

4.1. Issue 1: Census – subsamples 

The Philippine and Nepal censuses, by design, contained some questions that 
were asked only of a subset of households. In Bangladesh the full set of census 
questions was asked of all households but the complete dataset was not available, 
so models were fitted to a 5% clustered subsample. The choice of sub-samples 
can be critical to small area estimation. For example, in Dhaka a proposed World 
Bank follow-up study was not possible since the very small areas proposed for sae 
had no 5% census data. More generally, ‘small areas’ missed in the census 
subsample or data available only for non-representative subareas within small 
areas, or more extensive missing data create problems. Even where the problem is 
less severe and only part of the census data is collected from some households, 
determining whether it is better to use all variables on a subsample of households 
or a subset of variables on all households involves difficult decisions. The 
preferred option, at least where census means can be calculated at a sufficiently 
local level, would seem to be to use questions asked of census subsamples in this 
form, since this allows all census households to be included in the predictions.  
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4.2. Issue 2: Surveys 

Few government statistical agencies, whether in the third world or the first, 
routinely standardise questions so that the same question is asked, using the same 
categories, in censuses and surveys. For poverty estimation at small area level it is 
common that  around 50% of the total data analysis and model fitting time 
involves checking matching, and this estimate would seem more generally 
relevant whenever models involving multiple (rather than simple) regression are 
used. Although matching can be checked using statistical testing of equal means 
and proportions within categories, this is a necessary but not a sufficient criterion. 
Care also is needed because many tests involving many variables mean testing 
criteria need to compensate for the many tests (so that significance levels used to 
test each variable need to be adjusted for the number of tests overall, in an 
analogous manner to multiple range tests). Consequently, match testing remains a 
time consuming and rather inexact science but can be critically important in 
practice, eg in Nepal the incidence rate for mothers who had children under five 
alive but who had lost a son / daughter was approximately 0.1 / 0.12 for census 
but 0.25 / 0.26 for DHS. This variable is prima facie important for predicting 
stunting and underweight in children, but if it were used directly at household or 
individual level in survey regression and then as a predictor for census data, the 
effect would be to bias poverty estimates downward. It was instead included as a 
census mean. 

4.3. Issue 3: Survey Regressions  

A central question raised and debated in the small area estimation of poverty 
literature is whether a single model should be fitted to the survey data or multiple 
models fitted to various subsets of the survey data. The proponents of multiple 
models claim that one model does not account for spatial changes in relationships, 
leading to large error variances especially at cluster-level (under-fitting). The 
single model proponents counter that multiple models are over-sensitive to spatial 
changes leading to spurious relationships and bias in predictions (over-fitting). 
This impasse can in part be resolved by considering these two viewpoints as the 
end points in a continuum — even multiple models can be put into a single model 
framework by incorporating all effects in all the many models along with their 
interactions by area (ie one set of interactions for each such multiple model). The 
optimum tends to belong somewhere along the spectrum not at the endpoints, 
although arguments for parsimony (and the standard error issues raised in Section 
2.5) suggest that a model (or average of models) close to a single model has the 
more desirable features. Model plausibility (eg whether regression coefficients are 
operating in the expected direction) also has a part to play, especially when 
discussing models with non-statisticians.  

Although most census variables are economic (rather than health related for 
example), matching usually produces a reasonable number of potential matching 
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variables. With thirty variables, some categorical with multiple categories, using 
only all the first order interactions gives more than a thousand potential 
parameters (ie explanatory variables). This situation is not uncommon, in poverty 
studies at least. Given this is also the order of magnitude of the (effective) sample 
size, fitting effects that appear statistically significant (based on F or Chow tests 
unadjusted for multiple testing), but are actually noise, is a significant risk, which 
can lead to spurious relationships and bias. See also Miller (2002). 

The large number of potential matching variables does not however mean 
that even unadjusted R2 for regressions need be high, but R2 on its own is also not 
a reliable indicator of how accurate small area predictions will be. For example, 
expenditure poverty R2 of greater than 0.5 are reasonably common, but for 
kilocalorie per adult equivalent R2 is often nearer 0.3, and for stunting and 
underweight R2 < 0.2 is not uncommon. This at least partially reflects the general 
lack of health related variables in census forms.  For stunting and underweight, 
interest is on the environmental not the genetic component, so total variation may 
not be the relevant denominator for R2. More generally there are also variables 
that contribute very significantly to R2 which are not useful for sae estimates 
except via reducing the cluster-level variation, eg in Nepal child age is very useful 
predictor for stunting in individual children but there is little variability in relative 
age cohort between small areas so that at small area level it is not a particularly 
useful predictor. 

Missing variables in regressions can be partially compensated for by models 
with random effects at small area, household and/or individual level as in 
equation (2.1). The ratio 2

cσ /( 2
cσ + 2

eσ ), when small, can also compensate for low 
R2 (which is why small area estimates for stunting and underweight are possible). 
The best sae models however have high R2, low 2

cσ /( 2
cσ + 2

eσ ) and contain some 
fixed area effects (eg urban/rural) if multiple models must be combined. Where 
such conditions for a ‘good model’ are not or cannot be met, small area estimates 
of acceptable accuracy are either for larger areas, or in the worst of cases  not 
available. 

One extension of the ELL methodology has been to use census means for 
areas (which may be small areas, or less or more aggregated) within the survey 
regression. Strictly speaking, this means the sae model has an errors-in-variables 
component and should be fitted as such, but where such averages are taken over 
relatively small and homogeneous area, least squares remains a plausible first 
approximation. Such census means are useful where survey and census data do 
not match well (since the only source of data for the regression and the predictor 
is then the census so no matching issue arises) or where there is a useful variable 
in the census not collected in the survey. How many such census means it is wise 
to fit, how to choose them, and how fine a level these means need to be available 
at to be useful remain issues, especially where there is a large pool of such 
variables to choose from. For example in Bangladesh, census means were 
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available only at small area (upazila) level because of the 5% census subsampling, 
but in Nepal small areas were ilaka and census means of around five wards within 
each ilaka were available. 

One saving grace for small area estimates is that, while there is benefit in 
using variables and combinations of variables in the sae model that make sense, 
and in fitting survey models using robust methods, a number of models with 
matching, similar explanatory variables, R2 and σc

2/(σc
2+ σe

2 ) values can produce 
very similar small area estimates and standard errors via the census. Of course, 
this ‘equivalence’ is not true of all models, only ‘good’ ones, ie those for which 
R2 is as high as possible, σc

2/(σc
2+ σe

2 ) as low as possible, and for which the sums 
of model predictions forming the small area estimates have acceptably small 
standard errors. 

4.4. Issue 4: Bootstrap - Census Data  

Standard errors for small area estimates are conditional on the regression 
model being correct and the standard errors of its model parameters being 
unbiased. Model averaging may be seen as a way of achieving this result, but 
model mixtures are not a panacea if none of the available models are suitable (eg  
all have low R2 and high σc

2/(σc
2+ σe

2 ) or model fitting has not been adequate). 
Note that model errors have diminishing effect as population size increases 

but including parameters (whether random or fixed) that are constant over wide 
geographical areas does not usually produce good models, because the estimates 
of such effects do not include respondent level variation within small areas and 
can consequently induce bias if not accurately estimated.  

4.5. Issue 5: Survey and census in different time periods 

Ideally the survey and census cover the same time period, so that variables 
are not only matched by period but also in meaning. The Nepal census was in 
2001 and the Living Standards Survey in 2003/4. During this interval, a 
household with female head changed meaning from a poverty indicator to an 
indicator that often there was a male overseas remitting income back to Nepal. 
The technical solution was to cross-classify female head of household by 
existence of remittance income, so that within the model the meaning of the four 
subcategories was now essentially unchanged. However the more general 
question of appropriate SAE methods for data from different periods and how to 
designate the time period to which estimates based on both survey and census 
then apply remains a currently active area of research.  
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5. Conclusions 

Given the issues raised in earlier sections, a sound modelling strategy for 
small area estimation using model (2.1) after completing variable matching would 
be: 
• Fit initial global model to entire survey data, using plausibility and significance 

as guides; 
• Identify a reduced subset of key variables; 
• Fit separate models in each domain looking for important interactions to 

include in the global model; 
• Add fine-level census means and GIS variables where available. 

At planning and analysis stage for surveys and censuses the following are 
highly recommended, especially to government statistical agencies: 
• Standardise questions to improve matching 
•  Include more non-economic information in censuses if small area estimates for 

example for health related data are planned 
•  Where possible, link timing of surveys and censuses to avoid the additional 

complication using survey and census data from different time periods. 
•  Make sae model estimates available, but also make raw data available for other 

bona fide modelling purposes.  

While the ELL methodology has been tested and found fundamentally 
sound, a number of these issues require further research before the methodology 
is accepted as the statistical standard for small area estimation of poverty. 
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EURAREA: AN OVERVIEW 
OF THE PROJECT AND ITS FINDINGS 

Patrick Heady and Martin Ralphs1 

ABSTRACT 

This paper provides a short introduction to the aims, methodology and 
results of the EURAREA project - and their implications for European official 
statistics. EURAREA produced empirical evaluations of commonly applied 
methods of small area estimation and of their suitability for resource 
allocation. It also explored the practical gains that could be derived from 
enhancements such as the inclusion of spatial and temporal autocorrelation 
structures, and from new ways of modelling cross-classified datasets - and 
investigated some issues concerning sample design and weighting in the 
context of SAE. The paper discusses possible reasons for the rather gradual 
uptake of SAE methods in European NSIs and ways in which the outputs of 
the project might help to promote their wider application. An important 
methodological finding, in the context of official statistics, is that it is 
technically feasible to simulate statistical procedures and explore their 
performance on large population databases. 

Key words: Small Area Estimation, Simulation, Official Statistics, 
Resource Allocation. 

1. A short introduction 

One of the purposes of this conference was to present the findings of the 
EURAREA project. The aim of this paper is to explain how EURAREA fits into 
the wider context of applied and theoretical research into Small Area Estimation 
(SAE) and also to consider the practical steps that follow from it. 

In this introduction we set the scene by describing briefly what EURAREA 
consisted of2. The first part of the project consisted of assessing the effectiveness 
of ‘standard’ small area estimation techniques. By ‘standard’ techniques we mean 
                                                           
1 Office for National Statistics, UK. 
2 Readers who are interested in a fuller description of the EURAREA project design should consult 

Heady and Hennell (2001). Full information on outcomes is given in EURAREA Consortium 
(2004). 
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the techniques of domain estimation (synthetic estimators, GREGs, and composite 
estimators) which entered into use in the United States and Canada in the 1980s, 
and have been the subject of steady theoretical refinement since. In this part of the 
project we focused on up-to-date, but relatively straight forward versions of these 
estimators.  

In the second part of the project, we enhanced the ‘standard’ techniques in 
four major ways which reflected recent theoretical developments and built on 
them in appropriate ways. The four major themes for this research were: 
a) Borrowing strength over time — using time series data. 
b) Borrowing strength over space (i.e. taking account of spatial correlation). 
c) Investigating the effect of complex sample designs and developing sample 

design criteria that are optimal for small area estimation. 
d) Providing improved estimates of cross-classifications (using a modified 

version of the SPREE approach). 

We used a simulation approach designed to assess performance of the 
methods in the European context in terms of the actual characteristics of European 
populations, the sample designs used in European government surveys and the 
area (geographical) units of interest to European governments and the European 
Union. The two criteria were: 
• To see how powerful the techniques are, given the objectives, data collection 

systems, and the actual data in the participating countries. 
• To see whether the internally generated measures of each estimator’s accuracy 

accurately predict its actual precision. 

This validation exercise used real, unit-level census data from six European 
countries. Assessment focused on three target variables: household composition, 
ILO-definition unemployment and income. The simulations included repeated 
drawing of clustered and unclustered samples and the application of the 
estimation techniques to each sample. Results were compared to the census data 
for the areas concerned.  (Further details of the simulation process are given in 
section four below). 

In the following sections, we will consider EURAREA’s contribution under 
three headings: 
• Empirical evaluation of SAE methods. 
• Making SAE “NSI-friendly”. 
• Creation of an environment for future empirical research. 

2. Empirical evaluations and their implications 

In the research proposal that we submitted to the European Commission we 
presented small area estimation as a promising methodology which so far had 
mostly been applied on the other side of the Atlantic. We proposed to investigate:  
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1. The potential effectiveness of these methods in the context of European 
official statistics. 

2. The scope for using recent theoretical innovations (such as methods 
involving spatial and temporal autocorrelation) to enhance their 
effectiveness. 

3. To make recommendations for their application. 

Thus, though the project provided some scope for theoretical innovation 
(some of which has been published in journals as well as in the EURAREA 
Report, for example Dehnel et al., 2004 and Zhang and Chambers, 2004), its main 
focus was on the application and evaluation of existing methods, and of methods 
that were already being developed elsewhere. And, fortunately, our evaluation of 
these methods has generally confirmed previously positive results. 

2.1. A summary of the conclusions from the EURAREA evaluation 
We here give a brief summary of the main conclusions from the evaluation. 

Some more specific findings are given in the following sections. Full details of 
the analyses undertaken and their quantitative findings are given in EURAREA 
Consortium (2004), Volume One. 

1. Model-based estimation methods substantially outperform design-based 
methods for very small areas (NUTS4 / 5), and achieve comparable or slightly 
better levels of precision for medium-sized areas. However, this finding does not 
always extend to the performance of confidence intervals calculated using model-
based methods. Though in some instances they performed well, in others 
coverage rates were substantially below face value. 

2. Model misspecification is a potential source of error. If models are fitted 
using unit-level covariate data alone, the fixed effect component of the estimators 
is liable to severe bias as a result of the ‘ecological’ effect. Additionally, 
misspecification of the distribution of random terms may underlie some of the 
problems with confidence intervals. 

3. Making use of data from earlier time periods for the area concerned, via 
either the random or fixed part of the model, substantially enhances the precision 
of estimates for individual small areas. Interestingly, allowing for the spatial auto-
correlation of random area effects was less effective in our simulations. It is 
possible that greater improvements might be achieved with different spatial 
autocorrelation structures or distance metrics, but in general we saw a more 
pronounced gain from incorporating time series data.  

4. The enhanced log-linear methodology proved effective in estimating 
change-since-last-census for cross-classified data, with the use of a generalized 
linear structural mixed model achieving the best results in most cases. The 
associated confidence intervals tended to be underestimated for SPREE and 
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GLSM estimators, but were generally too conservative in the case of the GLSMM 
estimator in our experiments. 

5. The standard deviation of the set of estimated area means generated from 
a single sample tends to either underestimate (in the model-based case) or 
overestimate (in the design-based case) the standard deviation of the set of actual 
area means. In principle, model-based estimators can be adjusted to reduce this 
problem. Such adjustments are not possible with design-based estimators. 

6. Effective model-based estimation requires that sample data can be 
matched to area-level covariates with high explanatory power. If possible, 
unclustered sample designs are also favourable and increase the success of the 
estimation models.  

2.2. Our results in the European context 

Although these results support theoretical expectations and are in that sense 
unsurprising, they are interesting and new from the point of view of European 
statistical policy because they show the specific effect of these general findings 
for the choice of estimators for the kinds of subject matter and spatial unit that are 
important to European policy makers. 

Policy implication 1: Useful estimates for very small areas 

A key finding from EURAREA is that useful estimates can be made for very 
small areas (NUTS4/5) using small area estimation techniques and model-based 
approaches in particular. The typical gain achieved is illustrated below in Figures 
1 and 2. 

Here, we show Mean Squared Error (MSE) performance for key estimators 
expressed as a proportion of the MSE that would arise if the National Sample 
Mean was used as the estimator for each local area. Of course, the National 
Sample Mean is not actually a sensible small area estimator. But the results do tell 
us the amount of error that would be incurred by making the false assumption that 
all areas had the same mean value, which would be the natural default assumption 
in the absence of any form of small area estimation. They therefore provide a 
useful benchmark against which to assess the performance of the other 
techniques. 

In Figure 1, we see that at NUTS3 level all of the estimators perform 
substantially better than the national sample mean, but that model-based 
estimators are usually (except in the case of income) as good or better than their 
design-based counterparts. 
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Figure 1. MSE performance relative to the MSE of the National Sample Mean for 
three target variables in Sweden at NUTS3 (NSM = 1.0). 
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In Figure 2, the results are much more clear cut. Direct and GREG 

estimators actually perform worse than the national sample mean in the case of 
ILO Unemployment and are always less successful than their model-based 
counterparts. The composite estimator is usually the best performer. 

Figure 2. MSE performance relative to the MSE of the National Sample Mean for 
three target variables in Sweden at NUTS5 (NSM = 1.0). 
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Policy implication 2: Estimating the distribution of area values: problems of 
over-shrinkage 

The performance of estimators for particular areas is important when 
resource allocation occurs on an area-specific basis, but other policy applications 
require estimates that robustly reflect the distribution of area values across the 
country. This is important if a government wishes to assess the extent of 
geographic inequality or if applications for funding by some higher-level 
institution (such as the European Community) are dependent on the number of 
areas in a country which fall below some specified threshold. From this point of 
view, a reasonably good set of estimates might be one for which the empirical 
standard deviation of the true area values was close to the empirical standard 
deviation of the estimated area values. 

 
 
 
 
 
 
 

Figure 3. Comparing the true standard deviation of area means with that 
produced by different estimation strategies for Income at NUTS3 in 
Northwest England and North Wales. 
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In Figure 3, we compare the true standard deviation of area means for 
NUTS3 areas in the United Kingdom with the standard deviations of estimates of 
these means produced using the Direct, GREG, area synthetic and composite 
methods described above. The direct estimator tends to overestimate extremes in 
the distribution, and as a result the standard deviation of area values is over-
inflated. The area level synthetic estimator has the opposite effect, and tends to 
“shrink” the estimates towards the centre of the distribution. The result is 
understatement of extreme values, often referred to as “over-shrinkage” in this 
context, which is equally problematic when our goal is the description of the 
overall distribution.  

There are a number of proposed methods for dealing with over-shrinkage 
(for example see Spjøtvoll and Thomsen, 1987, Rao, 2003 and Zhang, 2004) and 
this is an area where further empirical work, perhaps using EURAREA datasets, 
could be valuable. 

Policy implication 3: EURAREA findings are consistent 

It is important to emphasise that the specific conclusions from the evaluation 
programme are very much the same for all the European countries in EURAREA 
despite widely different socio-economic systems and statistical infrastructure. 

2.3. Towards the practical implementation of SAE 

The findings of the project also point to the remaining work that needs to be 
done to make SAE operational in European national and EU contexts: 
• In all countries, the current design of major national surveys was adequate to 

support SAE methods that were close in effectiveness to the theoretical 
optimum; 

• The main adaptations that were needed were availability (at least within the 
NSI) of precisely geo-coded survey data; 

• The improved availability of powerful covariates would substantially 
increase the predictive power of SAE techniques; 

• The practical evaluation of alternative approaches to dealing with over-
shrinkage was an important area for applied research, particularly in the 
context of resource allocation within the EU. 
Although the methods considered in EURAREA are certainly not 

exhaustive, the results that have emerged are sufficient to show that, given the 
political and administrative will to implement them, small area estimation 
techniques already have the capability to play a major role in resource allocation 
problems. 
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3. Making SAE “NSI-friendly” 

Important as these findings are, there was more to EURAREA than that. 
Its wider significance is related to a paradox: the fact that, although 

European researchers have been prominent in the development and application of 
SAE and related methods — names such as Särndal, Holt, Goldstein, Pfeffermann 
and Kordos spring to mind — European statistical offices have been much slower 
to adopt these methods, and when they have done so, have often applied them in a 
rather hesitant and marginal way. This is particularly striking when one reflects 
that most of the key papers on which SAE applications are based are by now 
anything from 10 to 25 years old. One has to ask whether the statistical offices 
have simply been waiting for a thorough evaluative study, or whether there are 
deeper obstacles to the adoption of SAE methods.   

We would like to suggest that there are deeper obstacles, and that a second 
major contribution of the EURAREA project may be the extent to which it helps 
staff in NSIs to overcome these obstacles. These obstacles can be summed up as 
follows:  

1. The methods are felt to be intellectually inaccessible. The statistical theory 
that underpins them is quite complex, and the practitioner must grapple with an 
additional layer of theory to do with computational algorithms in order to 
implement them efficiently. This becomes increasingly critical as the volume of 
data increases. The situation is further complicated because the way in which the 
theory is presented and published means that it is mainly available at researcher 
rather than practitioner level. 

2. The methods are felt to be practically inaccessible, because software 
requirements, particularly in the case of more advanced models, do not usually fit 
with extant NSI statistical software systems (in particular the facilities offered by 
modules such as SAS Proc MIXED or SPSS are rather limited). 

NSIs could of course adopt “black-box” solutions: buying in a package that 
enabled one to specify estimators without fully mastering the underlying theory or 
the way in which it is implemented. In some ways this makes pragmatic sense, but 
there is a fundamental problem. NSIs are supposed to be authoritative 
organisations, taking responsibility for the figures they produce — and this role is 
hard to reconcile with a “black box” approach. 

The EURAREA team started to tackle this problem when we decided to 
program all our estimators ourselves. It was given in the contract that we would 
have to write some programs — for those estimators that were not yet 
implemented in standard packages. However, in the event we resolved, without a 
great deal of discussion, to program all our estimators ourselves. We believe that 
it was the wish to fully understand all aspects of the methods that was responsible 
for this collective decision. The result certainly proved educational for us: there is 
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no better way of testing your understanding of a piece of theory than trying to 
write an implementation program that actually works! 

Of course, if EURAREA is to have a lasting impact on NSI understandings 
and attitudes, the value of this education must be extended beyond the members 
of the EURAREA team itself. We have tried to provide for this in two ways: 
firstly by writing the programs in open code, so that colleagues can play around 
with them, and so partly replicate our own learning experiences. Secondly, we 
have tried to structure the EURAREA report in a way that will make the 
connection between theoretical and implementation issues transparent to readers: 
whenever possible linking texts on objectives, theory, implementation and actual 
effectiveness closely together. 

Before moving on, we hasten to say that the programming work done by the 
different EURAREA teams was far from being purely educational. Table 1 lists 
the set of program tools that were developed by the project team, together with 
the estimators they implement and the groups responsible for developing them. 
These programs both extend the range of estimators that can be implemented via 
SAS and greatly improve on the efficiency and speed of some existing programs. 

 
 

Table 1. EURAREA programs and functionality 

Program Implements Authors 
Standard Estimators 
(SAS v8) 

Direct, GREG, Unit-level 
synthetic, area-level 
synthetic, composite 
estimators 

SNTL Consulting 
Office for National 
Statistics UK 

EBLUP_TS 
(SAS v8) 

Composite estimator with 
area-level time effect 

University of 
Southampton UK Office 
for National Statistics 

EBLUPGREG 
(SAS v8 / SAS v9) 

Unit-level composite 
estimator with time or 
spatial effects 
GREG estimator 
Synthetic estimator 

Statistics Finland 
University of Jyväskylä 
University of 
Southampton 

EBLUP_SPACE 
(SAS v8) 

Unit-level composite 
estimator with spatial 
effects 

ISTAT, Italy 
University Roma III 
University of 
Southampton 

FISHERSCORMIX 
FISHERSCORMIX2 
(SAS v8 / C++) 

Synthetic estimator with 
sample weights 

INE, Spain 
University of Miguel 
Hernandez, Spain 

SPREE / GLSM / GLSMM 
(SAS v8) 

Cross-classification 
estimators for two and 
three way tables 

ISTAT, Italy 
Statistics Norway 
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4. Creation of an environment for future empirical research 

An equally important part of EURAREA was the research environment that 
made our evaluation study possible. The considerable investment in datasets and 
programming that we undertook may make it easier to pursue related research in 
future. 

The simulation strategy that we chose required a considerable investment in 
database construction and in the construction of programs to run the simulations 
and implement our chosen performance criteria. The basic simulation setup is 
illustrated in Figure 4, while the datasets developed for the project are listed in 
Table 2. 

 
 
 
 
 

Figure 4. The EURAREA simulation process.  Repeated samples are drawn from 
a population base and a range of estimation methods are applied to each 
sample. 
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Table 2. Summary information about project databases 

Country Simulation Universe Total Population Total Households NUTS 3 
Areas 

NUTS 4/5 
Areas 

Finland 100% of Finland 4.12 million (over 
16 years old) 

2.25 million 20 85 

Italy 25% of Italy   18 151 

Poland 5% of population 2.06 million 0.5 million 44 373 

Spain 5 Autonomous 
Communities 

(Regions) 

15.4 million (over 
16 years old) 

5.92 million 18 215 

Sweden 100% of Sweden 5.5 million (16-64 
years old) 

3.47 million 24 289 

United 
Kingdom 

25% of England and 
Wales 

13.9 million 4.9 million 13 2275 

One of the main findings of EURAREA is that it is technically feasible to 
simulate statistical procedures and explore their performance on large population 
databases. This model of experimental design can be taken forward and applied 
outside the EURAREA project, since the databases and simulation programs 
remain in existence and can be used to evaluate other statistical techniques. The 
experience of ONS in making wider use of its EURAREA data resources can 
serve as an example. Since the completion of the EURAREA research 
programme, the databases configured for the project have been used for a range of 
different application, and others are planned for the future: 
a) Evaluating further small area estimators. The small area estimation project 

team at ONS is evaluating a range of small area estimation methods using 
the EURAREA datasets, focussing in particular on optimal model selection 
and fitting, deriving consistent estimates for different geographical levels 
and estimation of change over time. 

b) Evaluating area-construction algorithms. ONS has adopted optimisation 
procedures in the construction of reporting geographies (known as “Super 
Output Areas”) for the 2001 census in order to produce area units of uniform 
population size and homogeneity in terms of key properties such as tenure 
mix. We have used the EURAREA population bases to compare the 
properties of these new, optimised geographical units with existing 
administrative hierarchies. We also plan to use EURAREA data to evaluate 
maintenance requirements for the new geography across the inter-censal 
period. 

c) Testing data-recasting methodology and associated confidence intervals.   
Changing geographical boundaries and consequent problems for temporal 
comparison between small areas are a particular problem in Britain.  ONS 
has been developing methods to move data between overlapping boundary 
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systems. Again, EURAREA datasets have been used to provide a basis for 
empirical comparison between different data recasting methods. 

The experience of working with these data and simulation systems also 
contributes to the research environment, by bringing certain issues into a clearer 
focus. Two examples will make the point. 
1. Under the hierarchical modelling approach which EURAREA shares with 

most work on model-based SAE, the areas appear as distinct units with no 
internal spatial differentiation, and linked at most by spatial auto-correlation 
of expected area values. Once you start working with databases with 
individual address data, and use the same databases to construct artificial 
boundaries within what would otherwise be continuous urban sprawl, it 
quickly becomes apparent that the usual hierarchical SAE set-up is by no 
means the only way of posing the estimation problem. 

2. A problem that members of the EURAREA team discussed amongst 
ourselves was the relation between our simulation exercise, based as it was 
on repeated sample selections from a set of given populations, and the 
theoretical under-pinning of model-based estimation, based (at least in its 
non-Bayesian versions) on the notion that the model describes the random 
processes underlying the generation of the observed populations. Some of us 
felt that this meant that repeated simulations on given populations were not 
fair tests of the performance of model-based estimators — while others of us 
felt that contact with the richness of real data, and some acquaintance with 
the actual processes of community development and boundary construction, 
exposed the models as merely analytically convenient fictions. We do not 
want to take sides here!  Our point is simply that the process of constructing 
a shared simulation methodology brought different viewpoints into focus 
and made possible a meaningful debate in which both theoreticians and 
practitioners could join. 

The final demonstration that EURAREA has succeeded in creating an 
environment for continuing research in spatial estimation is the fact that many 
members of the EURAREA team are presenting papers at this conference, based 
on work that they have continued to do after the formal end of the EURAREA 
project itself. The ultimate test of the project’s value is that it has helped put more 
European researchers, particularly researchers linked to NSIs, into a position to 
contribute to, and learn from, wider developments in the field of spatial estimation 
and modelling. 
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SMALL AREA ESTIMATION  
IN THE SPANISH LABOUR FORCE SURVEY 
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ABSTRACT 

Once the EURAREA project was finished, the activities of the research 
group of experts which had participated in the EURAREA project focused on 
assimilating and applying project results to real data provided by surveys from 
National Statistical Systems. As a part of such activities, within the framework 
of the Spanish Labour Force Survey the behaviour of some small area 
estimators of ILO unemployment rates is studied. Survey and aggregated data 
are taken from the autonomous community of Catalonia in the second 
trimester of 2003. Practical problems appearing when applying small area 
estimation techniques are described and, from the analysis of the obtained 
results, some recommendations are given. In addition a naive two-stage 
bootstrap method is proposed to introduce performance measures to compare 
estimators. 

Key words and phrases: Labour force survey, small area estimation, 
linear models, mean square error, bootstrap, unemployment rates. 

1. Introduction 

Starting in 2001, the Spanish National Statistical Institute (INE) in 
collaboration with the University Miguel Hernández of Elche (UMH) has 
participated as consortium member and provided a research team on small area 
estimation in the FP 5 EU Project EURAREA, within work package WP4 
(Complex Designs), and more particularly, on the impact of  sample weights in 
the models provided by the theory and the standard practices of small area 
estimation (SAE), with attention to the current practices in official statistics in 
Europe. In the middle of the year 2004 the Spanish participation in the project 
finished up and, as it was planned previously, the activities of the Spanish 
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research team immediately oriented towards the assimilation and practical use of 
the project results in real data currently produced within the National Statistical 
System. This is the setup of the present paper. 

Small area estimation techniques have been typically developed to be used 
under simple random sampling. They do not take into account problems derived 
from nonresponse or from the need of consistency between estimations at 
different levels of aggregation. In this work some model-assisted and model-
based estimators are adapted to the Spanish Labour Force Survey (EPA) in order 
to estimate rates of unemployed people by sex and NUT4 (comarcas) small areas 
in the autonomous community of Catalonia. In this paper we give some practical 
results obtained from the adaptation of SAE techniques and software  developed 
in EURAREA project or completed later, for real data relative to one region of 
Spain. 

In Section 2 notation is introduced. In Section 3 EPA is described, with 
special emphasis on the sampling design, the separated ratio estimator of totals 
and the calibration of sampling weights. In Section 4 considered small area 
estimators are introduced. In Section 5 some technical details, like the type of 
models and auxiliary variables, are given. As sums of totals at NUT4 level do not 
coincide with the official estimated totals at NUT3 level (provinces), a calibration 
procedure, described in Section 6 is implemented. The goal is to make estimations 
be consistent at different levels of aggregation. In Section 7 a bootstrap 
resampling method is introduced to obtain a measure of variability of the small 
area estimators. This measure can be considered as a naïve estimator of a 
variance, and it is used as a performance indicator to compare estimators of rates. 
In Section 8 conclusions are presented. In Appendix A some figures illustrating 
the behaviour of the estimators are plotted. Finally, in Appendix B estimated rates 
of unemployed people are given. 

2. Basic notation 

The following notation is used: 
• Indexes: s is used for samples, d=1,...,D for domains, j=1,...,N for individuals, 

g=1,...,G for groups, h for strata, a for census sections and v for dwellings. 
• Population and sample: 1

D
d dP P== U  for the population and 1

D
d ds s== U  for the 

sample. 
• Sizes: N for populations and n for samples. When N or n have indexes they 

denote the size of the corresponding indexed set. For example, dN  is the size 
of domain d. 

• Totals and means: Y or X  and  Y  or X  respectively.  
• Non calibrated weights: 1/πj. They are the theoretical weights of the sampling 

design (inversions of inclusion probabilities). 
• Calibrated weights: wj. They are the elevation factors in EPA. 
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For a variable xj, j=1,…,N, one may be interested in specifying if it belongs 
to a given area, group or their intersection ( dj P∈ , gj P∈ , d gj P P∈ ∩ ). In such 
cases we write xdj, xgj and xdgj respectively. Target variables are yj (= 1 if 
individual j is unemployed, = 0 otherwise) and  zj (=1 if individual j is employed, 
=0 otherwise). We are interested in estimating the total of unemployed and 
employed people and the rate of unemployment per area and sex, i.e. 

d

d j
j P

Y y
∈

= ∑ ,   
d

d j
j P

Z z
∈

= ∑    and   d d
d

d d d d

Y YR
Y Z Y Z

= =
+ +

, 

where /d d dY Y N=  and /d d dZ Z N= . In Section 4, several estimators of total dY , 
mean dY  and rate dR  are presented. 

3. The Spanish Labour Force Survey 

This quarterly survey follows a stratified two-stage random sampling design 
and, for each province, a separate sample has been designed. The Primary 
Sampling Units (PSUs) are Census Sections (geographical areas with a maximum 
of 500 dwellings — approximately 3.000 inhabitants) and they are grouped in 
strata according to the size of municipality. Within each strata, PSUs are selected 
without replacement and probabilities proportional to size according to the 
number of dwellings. In the second stage sampling, the Secondary Sampling 
Units (SSUs) are dwellings and a without-replacement simple random sampling is 
applied to draw a fixed number (18 in most cases) of SSUs from each selected 
PSU. All people aged 16 years old or more in the selected SSUs are interviewed. 

Probability of selecting dwelling v in PSU a and stratum h is 

1818( ) ( ) ( | ) ha h
hav ha hav ha h

h ha h

V mP Dwe P Sec P Dwe Sec m
V V V

= = = , 

where  
• Vha  and  Vh  are the totals of dwellings in PSU a of stratum h and in stratum h 

respectively. 
• mh  is the number of selected PSUs in stratum h. 

Because all individuals in a selected dwelling are interviewed, the inclusion 
probabilities of individuals and dwellings coincide. Therefore, the inclusion 
probability of individual j in dwelling v and stratum h is 

18 h
j h

h

m
V

π π= = , 

so, given a stratum, all individuals have the same selection probability, i.e. this 
survey uses what is called a self-weighting design. Probabilities πh are a posteriori 
modified to take nonresponse into account, and their inversions produce weights 
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(1) (1)1
18

h
j h

j h h h

Vw w
r m rπ

= = = , 

where hr  is the probability of response in stratum h. Till 2001 the Spanish 
Statistical Office (INE) have used a ratio estimator, with population projections as 
auxiliary variable, to estimate the total Yp of variable y in the province p, i.e. 

* (1)ˆ
ˆ

p h

epa h
p j j

h P v s j vh

NY w y
N∈ ∈ ∈

= ∑ ∑∑ , 

where 

• Nh is the projection of the population living in familiar dwellings in stratum h, 
with reference to the middle of the trimester. 

• ( ) ( )
hj

sv vj
jh nwwN

h

11ˆ == ∑∑
∈ ∈

, where hn  is the number of people living in the 

sampled dwellings of stratum h. 

Alternatively,  
(1)

* (2)ˆ
ˆ

p h p

epa h h
p j j j

h P j s j sh

N wY y w y
N∈ ∈ ∈

= =∑ ∑ ∑ , where 
(1)

(2) (2) ( ) ˆ
h h h

j j p
hh

N w Nw w s
nN

= = =     if    

hj s∈ . 
Since the first trimester of 2002, weights are calibrated so that their sum coincide 
with the population projections for individuals aged 16 years and over per groups 
of sex and age in autonomous communities, and per provinces. EPA estimator of 
de total Yp of variable y in province p, is 

(3)ˆ
p

epa
p j j

j s
Y w y

∈

= ∑ , 

where weights (3)
jw  are obtained by calibrating the (2)

jw ’s. Consequently EPA 
estimator of the total Yd of a domain is 

(3)ˆ
d

epa
d j j

j s
Y w y

∈

= ∑ . 

For provinces 1
pD

p d pdP P== U , it holds ˆ ˆ
p

epa epa
p d

d P
Y Y

∈

= ∑ ; i.e. there exist consistency 

between EPA estimates at comarca and province level. 
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4. Estimators for small areas 

In this section we introduce some estimators of the total and the mean of a 
target variable y. Unemployment rate estimators are obtained by substituting in its 
formula totals by its corresponding estimators. In what follows calibrated weights 
are denoted in the simpler way (3)

j jw w= . In formulas of GREG, EBLUPA and 

EBLUPB estimators, dw  and ˆ epa
dY  are defined as 0 when dn =0. 

4.1. EPA estimator 

EPA estimator of a total at province level was introduced in Section 3. At 
domain level, its expression is 

ˆ
d

epa
d j j

j s

Y w y
∈

= ∑ . 

EPA estimator of a mean is 

ˆˆ
ˆ

d

d

j jepa
j sepa d

d
jd

j s

w y
YY

wN
∈

∈

= =
∑
∑

. 

4.2. Direct estimator 

In this work direct estimator is the one appearing in Särndal et al. (1992), p. 
391, when Nd is known, but substituting theoretical weights by calibrated ones. Its 
expression is 

ˆ
ˆ

d

direct d
d j j

j sd

NY w y
N ∈

= ∑ ,   with   ˆ
d

d j
j s

N w
∈

= ∑ . 

Direct estimator of a mean is 

ˆˆ
ˆ

d

d

j jepa
j sdirect d

d
jd

j s

w y
YY

wN
∈

∈

= =
∑
∑

, 

which coincides with EPA estimator.  

4.3. GREG estimator 

Consider p explanatory variables measured at N population units; i.e. 
,1 ,( ,..., )j j j px x=x , j=1,…,N. Let 

1

d

d d
j PdN ∈

= ∑X x    and   1ˆ
ˆ

d

epa
d j j

j sd

w
N ∈

= ∑X x  

be population and direct means. Consider the linear model 
= +y Xβ e , 
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where X is an n×p matrix with rows xj, 2 1~ ( , )eN σ −e 0 W  and 

1( ,..., )ndiag w w=W . The least square estimator of β  is 
1

1ˆ ( ) t t
j j j j j j

j s j s
w w y

−

−

∈ ∈

⎛ ⎞ ⎛ ⎞
= = ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑t tβ X WX X Wy x x x . 

Observe that in the set of p explanatory variables one can include artificial 
variables. In this work first variable is such that ,1 1jx = , j=1,...,n; i.e. we assume a 
linear model with intercept term. In this way, estimation of β  does not depend on 
the type of selected small area (NUT3 or NUT4 level, etc.) in territories  with 
hierarchical structure. 

GREG estimator of a total (see e.g. Särndal et al. (1992), p. 410) is 
ˆ ˆ ˆˆ ( )greg epa epa

d d d d d dY N Y N= + −X X β . 

4.4. EBLUPA estimator 

EBLUPA estimator is a pseudo-EBLUP estimator based on the 2-level linear 
model (model A)  

T
dj dj d djy u e= + +x β ,   where  2~  (0, )d uu iid N σ   and  2~  (0, )dj ee iid N σ  are 

independent. 

The model is fitted by calculating maximum likelihood estimators of the 
regression and variance component parameters with a Fisher-scoring algorithm 
(see e.g. Rao, 2003, ch. 5-6). The considered pseudo-EBLUP estimator of a total 
is ˆˆ eblupa eblupa

d d dY N Y= , where 

ˆ ˆ ˆ ˆ ˆˆ ( )eblupa epa epa T
d d d d dY Yγ β β= − +X X ,   with   

2

2 2

ˆˆ
ˆ ˆ( / )

u
d

u e dn
σγ

σ σ
=

+
. 

This pseudo-eblup estimator was studied in work package 4 of EURAREA 
project and it is related to the ones proposed by Prasad and Rao (1999) and You 
and Rao (2002). 

4.5. EBLUPB estimator 

EBLUPB estimator is the EBLUP estimator based on the area-level model 
(model B) 

T
d d dY X uβ= +    and   ˆ epa

d d dY Y ε= + , 

where 2~  (0, )d uu iid N σ  and 2
d ~  (0, )diid Nε σ  are independent. Variances 2

dσ  
are treated as known constants, which has been previously estimated. The model 
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is fitted by the same method as model A. EBLUP estimator of a total (see e.g. 
Rao, 2003, ch. 5-6) is ˆˆ eblupa eblupa

d d dY N Y= , where 

ˆ ˆ ˆˆ ˆ(1 )eblupb epa T
d d d d dY Yγ γ β= + − X ,     with     

2

2 2

ˆˆ
ˆ

u
d

u d

σγ
σ σ

=
+

. 

5. Technical details 

In relation to the application of SAE methods to real data relative to one 
region of Spain, some technical details are listed below. Observe that GREG 
estimator for both target variables have the same g-weights. See Särndal et al. 
(1992), p. 322-327, for details of GREG estimator. 
1. Universe of interest is the autonomous community of Catalonia. 
2. To fit models the entire sample data of the universe is jointly used. 
3. Domains of interest are NUT4 (comarcas) level crossed with sex. There are 

2×41=82 domains in the considered universe.  
4. Weights: calibrated weights are used for model assisted or model based 

estimators and in both steps: to estimate the model parameters and to build the 
final small area estimator. 

5. An auxiliary variable aggregated at the domain level without sample 
counterpart has been used. This variable is named GSAU and consists in 6 
groups of sex – age classified as unemployed in the administrative register of 
employment claimants with 12 values at all. 

6. The following auxiliary variables have been used at aggregated and sample 
level: 
• GSA: groups of sex – age with 6 values, 
• GSAC: groups of sex - age – employment claimant with 12 values, 
• BIPSTRATUM: groups of province – bistratum with 8 values.  
Variable BISTRATUM, used in the definition of BIPSTRATUM, is 
calculated as follows: 

• BISTRATUM = 1   if   EPA stratum is 1, 2, 3, 4 (non rural areas), 
• BISTRATUM = 2   otherwise (rural areas). 

To define variables GSA and GSAC, three age groups (GE) have been 
considered: 16-24, 25-54 and ≥ 55.  

7. Estimation procedures for variable UNEMPLOYED have used the following 
auxiliary variables: 

i. BIPSTRATUM and GSAC for GREG and EBLUPA 
estimators, 

ii. BIPSTRATUM and GSAU for EBLUPB estimator. 
8. Estimation procedures for variable EMPLOYED have used following 

auxiliary variables: 
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iii. BIPSTRATUM and GSA for EBLUPA and EBLUPB 
estimators, 

iv. BIPSTRATUM and GSAC for GREG estimator. 

6. Consistency with EPA estimates of totals at province level 

EPA publishes estimators of employment and unemployment totals at 
province level. If in the near future these publications were extended to the 
comarca level it should be necessary to force consistency between both types of 
data. This is to say that the sum of the estimated totals in all the comarcas within a 
province should coincide with the actual estimated total by EPA in the province. 
Therefore small area estimations should be conveniently modified to fulfil this 
consistency criterion. 
Let ˆ epa

pY  be the EPA estimator of total Yp in province p. Assume that province p is 

partitioned in Dp comarcas; i.e. 1
pD

p d dP P== U  with 
1 2d dP P∩ =∅  if 1 2d d≠ . Let 

1̂
ˆ,...,

pDY Y  be some given estimators of totals 1,...,
pDY Y . In general, the consistency 

property 
1

ˆ ˆpDepa
p dd

Y Y
=

=∑  is not satisfied. In such cases 1̂
ˆ,...,

pDY Y  can be 

transformed into consistent estimators by the following calculation 

ˆ ˆc
d yp dY Yλ= ,     where     

1

ˆ

ˆp

epa
p

yp D
dd

Y

Y
λ

=

=
∑

 

are consistency factors. For consistent estimators, it holds 
1

ˆ ˆpDepa c
p dd

Y Y
=

=∑ .  

In this paper consistency with EPA estimates of totals at province level is 
forced for all considered small area estimators. 

7. Two-stage bootstrap variance estimation 

In this section we describe a two-stage bootstrap resampling method which 
can be used to estimate sampling design variances of small area estimators of 
totals and rates. Let θ be a parameter to be estimated with θ̂ . Bootstrap (see e.g. 
Efron and Tibshirani, 1998) is a resampling method which is often used to 
estimate variances ˆ( )Var θ . To implement the proposed two-stage bootstrap 
method, it is not necessary to construct artificial populations since the procedure 
generates bootstrap samples directly from the original EPA sample as it is 
explained in next lines. 

Let s be an EPA sample in a given province. Let 1
H
h hs s== U , where s1,…,sH 

are subsamples by strata. Let 1
hm

h a has s== U , where 1,...,
hh hms s  are subsamples in the 
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mh selected PSUs from the stratum h. Finally, let 1
ham

ha v havs s== U , where 

1,..., haha hams s  are the subsamples in the mha visited dwellings in PSU a from 
stratum h. 

Selection of bootstrap samples in stratum h=1,…,H, is done in the following way: 
1. Select a simple random sample with replacement of mh PSUs from the set of 

mh PSUs appearing in the original EPA sample. 
2. Within each selected PSU, draw a simple random sample with replacement of 

mha dwellings from the set of mha dwellings appearing in the given PSU of the 
original EPA sample. 

3. Select all the individuals aged 16 or more from the dwellings in the bootstrap 
sample. 

Variance estimation is done as follows: 
A. By using the procedure described above, use sample s to draw B bootstrap 

samples. For every bootstrap sample calculate *
b̂θ , b=1,…,B, in the same way 

as θ̂  was calculated. 
B. The observed distributions of * *

1̂
ˆ,..., Bθ θ  is expected to imitate the distribution 

of estimator θ̂  in the EPA sampling design. 
C. The variance of θ̂  can be approximated by 

( ) * * 2

1

1ˆ ˆ ˆvar ( )
1

B

B b
bB

θ θ θ
=

= −
− ∑ ,     where     * *

1

1ˆ ˆ
B

b
bB

θ θ
=

= ∑ . 

D. A bootstrap estimator of the sampling error (coefficient of variation) in %  of 
θ̂  is 

( ) ( )ˆvar
ˆ 100ˆ

B

Bcv
θ

θ
θ

= ⋅ . 

Observe that a strict application of the above described method requires 
calibrating weights of bootstrap samples in the same way as in the original EPA 
sample. However to reduce the difficulty of implementing the bootstrap method, 
bootstrap weights were not calibrated in the same way as the original EPA ones. 
Bootstrap weights were calculated by using the formula 

*(2)
, *

,

h
j b

h b

Nw
n

= , 

where *
,h bn  is the number of individuals in the b-th bootstrap sample of stratum h. 

The main application of ˆ( )Bcv θ  is to be a tool to compare the considered small 
area estimators. 
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Another important step when estimating variances through the bootstrap 
method is to take into account the consistency property of estimators of totals at 
province level. Consistency property was not required in the bootstrap samples. 
To estimate variances of consistent estimators, estimated variances of non 
consistent estimators are multiplied by the square of the consistency factor λ (cf. 
Section 6). However, for the coefficient of variation this adjustment is not 
necessary. More concretely, if ˆ ˆcθ λθ=  is the consistent version of a total 
estimator θ̂ , where λ  is the consistency factor calculated in the original EPA 
sample, then bootstrap estimators of the variance and the coefficient of variations 
of ˆcθ  are 

( ) ( )2ˆ ˆvar varc
B Bθ λ θ=    and    ( ) ( )ˆ ˆc

B Bcv cvθ θ= . 

8. Conclusions 

In this section a specific analysis of the behaviour of DIRECT, GREG, 
EBLUPA and EBLUPB estimators of unemployment rates (men and women), in 
the Spanish Labour Force Survey of Catalonia at the second trimester of 2003, is 
given. Conclusions are mainly based in figures presented in Appendix A. Main 
conclusions are: 
1. The four considered estimators tend to give the same numerical results as 

EPA estimator when sample size increases (see Figures A.1.1 and A.2.1). 

2. To estimate rates of unemployed people, DIRECT and GREG estimators are 
the most unbiased ones with respect to EPA estimator (see Figures A.1.2 and 
A.2.2). 

3. Figures A.1.3 and A.2.3 with bootstrap estimations of coefficients of variation 
show that most competitive estimators of rates of unemployed people are 
EBLUPA (first) and GREG (second). 
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Appendix A: Figures 
A.1. Estimation of rates of unemployed men 
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Figure A.1.1. DIRECT, GREG, EBLUPA and EBLUPB estimates of rates of 

unemployed men. 
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Figure A.1.2. Dispersion graphs of EPA versus DIRECT, GREG, EBLUPA and 

EBLUPB estimates of rates of unemployed men. 
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Figure A.1.3. Bootstrap coefficients of variation in % of DIRECT, GREG, 

EBLUPA and EBLUPB estimates of rates of unemployed men. 
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A.2. Estimation of rates of unemployed women 

Catalonia - EPA 0203
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Figure A.2.1. DIRECT, GREG, EBLUPA and EBLUPB estimates of rates of 

unemployed women. 
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Figure A.2.2. Dispersion graphs of EPA versus DIRECT, GREG, EBLUPA and 

EBLUPB estimates of rates of unemployed women. 
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Figure A.2.3. Bootstrap coefficients of variation in % of DIRECT, GREG, 

EBLUPA and EBLUPB estimates of rates of unemployed women. 
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Appendix B. Estimations of rates of unemployed people 

Table B.1. Estimated rates of unemployed men (left) and women (right), after 
forcing consistency with EPA at province level. 

Comarca EPA DIRECT EBLUPB GREG EBLUPA EPA DIRECT EBLUPB GREG EBLUPA

1 0 0 5.23 4.12 6.79 3.88 3.68 11.73 7.71 11.81
2 9.17 9.04 5.66 6.84 7.73 4.22 4 4.53 13.59 15.24
3 5.9 5.81 7.27 5.03 6.8 7.45 7.08 15.01 11.08 14.03
4 6.04 5.95 6.78 6.62 7.11 12.56 11.98 13.6 12.26 12.85
5 9.15 9.03 9.2 8.48 8.53 12.3 11.73 11.67 12.28 12.6
6 9.36 9.22 8.36 9.31 7.62 22.7 21.77 17.33 14.69 14.95
7 13.32 13.14 5.87 10.66 8.19 3.44 3.26 12.51 11.83 13.33
8 7.66 7.55 7.51 9.2 8.44 19.75 18.91 14.93 15.65 14.42
9 7.16 7.06 6.64 8.78 7.09 13.7 13.07 16.79 18.03 14.71
10 7.75 7.64 8.14 7.61 7.82 17.01 16.27 16.43 15.02 14.91
11 8.42 8.3 6.28 8.21 7.4 23.63 22.67 15.56 17.98 14.33

Total 7.95 7.95 7.95 7.95 7.95 13.43 13.43 13.43 13.43 13.43
12 3.2 3.06 5.74 4.68 5.12 13.35 12.44 8.68 11.56 9.25
13 6.01 5.75 5.87 5.46 5.52 8.34 7.74 8.44 9.27 9.93
14 0 0 6.44 1.72 3.72 24.86 23.38 13.56 25.84 7.7
15 5.55 5.31 5.2 5.91 4.78 10.39 9.66 8.43 12.54 9.79
16 6.03 5.77 5.21 6.83 6.27 9.22 8.57 10.01 7.19 9.13
17 21.33 20.55 5.09 12.4 4.9 22.59 21.2 13.81 22.59 8.67
18 3.53 3.37 4.08 1.62 5.12 6.88 6.38 8.34 7.48 10.53
19 5.98 5.73 5.92 4.77 5.89 8.36 7.76 10.42 7.21 10.61

Total 5.57 5.57 5.57 5.57 5.57 9.66 9.66 9.66 9.66 9.66
20 0 0 2.98 1.33 3.19 0 0 13.61 6.1 8.22
21 4.78 5.38 1.67 3.79 2.87 8.97 8.81 14.07 5.17 6.35
22    2.52 3.87 3.49   6.51 7.98 8.65
23 2.21 2.5 3.55 3.74 3.75 7.27 7.14 7.95 12.24 10.93
24 0 0 1.93 2.73 3.26 0 0 6.37 5.1 8.32
25    1.04 4.14 3.72   6.08 7.12 7.79
26    3.78 3.52 3.2    16.62 8.48 9.14
27 0 0 3.75 2.53 3.64 24.12 23.75 23.72 24.18 11.39
28 2.41 2.72 3.48 2.93 3.09 6.91 6.78 3.96 5.8 7.34
29 22.57 24.81 4.31 11.11 3.8 0 0 17.38 14.7 9.64
30 0 0 2.61 2.97 3.98 20.87 20.54 12.97 14.57 12.8
31 8.59 9.62 3.44 2.72 3.01 20.66 20.33 17.03 15.71 6.35

Total 3.32 3.32 3.32 3.32 3.32 8.56 8.56 8.56 8.56 8.56
32 5.56 5.39 4.59 4.28 4.51 0 0 8.14 2.16 8.86
33 4.79 4.65 3.58 4.74 4.93 7.71 7.56 9.39 7.95 9.28
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Comarca EPA DIRECT EBLUPB GREG EBLUPA EPA DIRECT EBLUPB GREG EBLUPA

34 6.75 6.55 6.35 4.14 4.75 9.9 9.71 3.66 8.8 9.1
35 5.3 5.14 5.66 5.61 4.97 10.73 10.53 7.94 10.25 10.53
36 6.06 5.88 4.4 5.99 3.45 12.15 11.92 12.16 10.68 7.4
37 5.45 5.29 6.74 5.44 3.72 14.39 14.13 11.71 13.66 8.38
38 0 0 3.91 0 3.19 12.07 11.85 7.58 10.75 6.48
39 0 0 4.47 4.42 4.31 10.61 10.41 11.49 7.22 6.71
40 3.83 3.72 4.38 4.68 5.23 11.09 10.88 10.58 10.86 10.13
41 19.59 19.09 5.43 4.8 3.26 0 0 8.74 0 6.56

Total 4.75 4.75 4.75 4.75 4.75 9.35 9.35 9.35 9.35 9.35
Total 7.14 7.14 7.14 7.14 7.14 12.41 12.41 12.41 12.41 12.41
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ABSTRACT 

In recent years, the measure of regional disparities on poverty and social 
exclusion has received increasing attention by policy makers and this has 
produced a growing demand of sub-national statistical information on income 
parameters. Taking into account the multidimensionality of this phenomenon, 
in the Laeken European Council (Eurostat, 2003) a set of financial poverty 
indicators were suggested to monitor the progress in fighting inequality. In the 
European Union regional statistical information on income can be obtained 
from the European Community Household Panel, a survey designed to provide 
reliable estimates for large regions in the countries. The aim of this work is to 
estimate at sub-national level some of the income indicators suggested in the 
Laeken council. We propose Bayesian small area estimators based on 
multivariate area level models exploiting the correlation between different 
indicators. The tendency of model based estimates to over-shrink towards the 
synthetic component can be a draw-back for policy makers interested in 
capturing regional disparities in financial poverty. To preserve the relationship 
between different indicators and disparities over areas, we adopt a multivariate 
constrained Bayes estimator. The comparison between results based on 
different models allows us to select the estimator realizing the best 
compromise between gain in efficiency and reduction of the over-shrinkage. 

Key words: Regional disparities, financial poverty measures, European 
Community Household Survey, multivariate Hierarchical Bayes model, over-
shrinkage. 

                                                           
1 E. Fabrizi, e-mail: enrico.fabrizi@unibg.it. DMSIA, University of Bergamo, via dei Caniana 2, 

24127, Bergamo, Italy. 
2 M.R. Ferrante, e-mail: ferrante@stat.unibo.it (corresponding author); S. Pacei,  

e-mail: pacei@stat.unibo.it. Department of Statistics, University of Bologna, via Belle Arti 41, 
40126, Bologna, Italy. 

 



588                                      E. Fabrizi, M. R. Ferrante, S. Pacei: Estimation of Poverty… 

 

 

1. Introduction 

In recent years, the assessment and the reduction of the territorial disparities 
in the distribution of income and the promotion of an homogeneous economical 
development have become a priority for the European Union (EU).  

Since the focus of many policies in this field is regional, the need for reliable 
estimates of poverty indicators at sub-national level rose (European Commission, 
2004). 

In EU the measurement of income and poverty is based on the information 
collected in the European Community Households Panel (ECHP), an annual panel 
survey coordinated by Eurostat (Betti and Verma, 2002; Eurostat, 2002) covering 
a wide range of topics on economic, social and living conditions of households. 
From 2003 the ECHP is being replaced by a new survey, the “European Union — 
Statistics on Income and Living Condition” (EU-SILC). Unfortunately, EU-SILC 
data has not been published yet, at least for Italy. Due to the similarity between 
the two surveys, the proposals defined in this work could be used in the EU-SILC 
context too. 

The ECHP is designed to provide estimates for large areas within countries, 
known as NUTS1 (NUTS is European Union’s “Nomenclature of Units for 
Territorial Statistics”; see Eurostat, 2003 or   

http://europa.eu.int/comm/eurostat/ramon/nuts/home_regions_en.html).  

Since this geographical detail is too large to meet the need of the policy 
makers in measuring income territorial disparities, Small Area Estimation tools 
have to be used to derive estimates of adequate precision at a finer level. Using 
information provided by the last wave of the ECHP survey (2001 year) referred to 
Italy, we propose a model based small area estimation strategy to obtain reliable 
estimates of poverty indicators for the 21 NUTS2 Italian regions. 

Poverty is a multi-dimensional phenomenon which is better described by a 
set rather than a single indicator. Even focusing on financial poverty, to consider 
more than one indicator is advisable. In particular we focus on the most popular 
financial poverty indicators endorsed by the Laeken European Council: the Per-
Capita Income, the Poverty Threshold, the At-risk-of-poverty rate based on a 
regional Poverty Threshold, the At-risk-of-poverty rate based on a national 
Poverty Threshold, the Gini coefficient. 

To take advantage of the sampling correlations between these indicators we 
propose to use estimators based on aggregated multivariate small area models 
(Fay, 1987; Datta et al., 1991; Datta et al., 1996; Ghosh et al., 1996; Rao, 2003), 
that borrow strength not only across areas but also from correlations between 
survey estimates of different parameters. 

Considering the complex survey design and the fact that some of the 
indicators considered are very complicated functions of data, to estimate 
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variances as well as covariance of the direct estimators we adopt a solution based 
on a bootstrap algorithm. 

Small area estimators usually take advantage from covariate information 
known without uncertainty from Censuses or other administrative sources. 
Unfortunately in Italy, Censuses are conducted only once every ten years, and 
fiscal and administrative data are not available timely. For these reasons in this 
work, we introduce as covariate the regional unemployment rate estimates, 
produced by the Italian Statistical Institute. As these survey estimates are 
characterized by their own variability, we devise a method to incorporate it into 
the evaluation of the variability of the estimators we propose. 

As estimation method we adopt a hierarchical Bayesian approach. In this 
field relatively complex models, as the multivariate one, can be easily 
implemented (approximation of posterior distributions via MCMC algorithms is 
computationally feasible when area-level models are carried out). Moreover 
posterior variances provide a natural measure of uncertainty accounting for all 
sources of uncertainty or of variation in the estimation process, as the sampling 
variability of the covariate. The consideration of all this features in a frequentist 
context could make difficult the derivation of the estimators and, above all, of 
their MSE. 

In economic analysis of poverty the usual goal is to obtain estimates of the 
parameters for the whole ensemble of the areas, well representing the distribution 
of the parameters between areas. This request is generally displayed when small 
area estimates are used to develop economical policies at the local level or to plan 
resource allocation on areas when some parameters fall below some specified 
poverty threshold. To this aim we need a set of estimates with good “ensemble” 
properties. Unfortunately, most small area estimators, such as EBLUP or posterior 
means in Hierarchical Bayes models improve the precision of area-specific 
estimates at the price of shrinking estimates, with possible effect of making 
disparities look less than they really are (see Louis (1984), Ghosh (1992), Heady 
and Ralphs (2004), Zhang (2003)). To limit this loss of between-area variation 
and to preserve the covariance between estimates of different poverty indicators 
as close as possible to the covariance distribution referred to the parameters 
distribution, we adopt a multivariate constrained Bayes estimator (Ghosh and 
Maiti, 1999).  

The outline of the paper is as follows. In section 2 the strategy adopted to 
derive direct estimates of the income indicators and their standard error is 
described. Sections 3 and 4 provide a description of the adopted multivariate 
hierarchical Bayes model and of its estimation. In section 5 the small area 
estimators’ performances are compared in terms of efficiency and shrinkage. 
Section 6 gives a description of the constrained estimators and of their 
performance. In Section 7 some concluding remarks and possible further 
development of this work are presented. 
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2. Direct estimates derived from European Household Community 
Panel data 

The target population of the ECHP survey is given by all resident 
households of EU member countries. Although general guidelines were issued by 
Eurostat for drawing the first wave sample, some flexibility was also allowed, so 
some differences in the design across countries exist. As far as Italy is concerned, 
the first wave’s design is a stratified two stage design, in which strata were 
formed grouping the PSUs (municipalities) according to geographic region 
(NUTS2) and demographic size (for more details see Eurostat (2002)). The ECHP 
deals with unit non-response, sample attrition and new entries by providing 
weights and using imputation. As attrition could lead to biased estimates on 
income if it does not appear at random, the effect of poverty on dropout 
propensity has been investigated (Rendtel et al., 2003; Vandecasteele and Debels, 
2004). Results provided by these studies show that for some countries (including 
Italy), this effect disappears under control of weighting variables. 

2.1. The financial poverty indicators 

As anticipated, the aim of this work is to estimate at sub-national level some 
of the financial poverty indicators suggested in the Laeken council. The set of 
selected indicators, each of whom evaluating a particular aspect of the income 
distribution, allows us to obtain a picture of the characteristics of income 
distribution and of poverty’s diffusion and intensity in each region. 

All indicators are obtained on the basis of the “personal equivalent total net 
income”, that in the following will be called simply “income” or “EQ_INC”. It is 
calculated dividing household total net income by equivalent household size 
according to the OECD scale (which gives a weight of 1.0 to the first adult, 0.5 to 
the other persons aged 14 or over who are living in the household and 0.3 to 
children aged less then 14). Consequently, the same equivalent total net income is 
assigned to each person in the same household.  

A brief description of the indicators selected and their meaning is reported 
below, with reference to the i-th region (i =1,…,m). As the ECHP is a complex 
survey, sampling weight has to be considered. 
1. Average of EQ_INC (PCIi). It represents the personal equivalent total net 

income owned by each member of the household under the hypothesis of 
uniform distribution. Hence it does not take into account of the income 
distribution. 

2. Regional at risk of poverty threshold (RPTi). It is 60% regional median of 
personal equivalent total net income. It is an indicator of income distribution. 

3. At risk of poverty rate, regional threshold (ARPR1i). It is the share of 
persons with an equivalent total net income below 60% regional median 
income (RPTi): 
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where “ is ” denotes the sample of region i (i=1, …, m) and wij the sampling 
weight of the j-th unit belonging to the i-th region. It is an indicator of the 
intensity of the poverty. 

4. At risk of poverty rate, national threshold (ARPR2i). It is the share of 
persons with an equivalent total net income below 60% national median 
income (that is the National Poverty Threshold, NPT): 

EQ_INC NPTARPR2
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Looking at this indicator, the regional intensity of poverty is compared on 
the basis of the same threshold for each region, while ARPR1i provides a 
different information, because regional intensity of poverty is measured with 
reference to different regional thresholds. 

5. Gini coefficient (Gi). It is the most commonly used concentration index. It 
expresses the relationship of cumulative shares of the population arranged 
according to the level of income (1 = poorest person and Ni = richest person 
belonging to the i-th region), to the cumulative share of the equivalent total 
net income received by them. 
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The Gini coefficient measures the income concentration and varies between 
0% and 100%. It is equal to 0% in the case of perfect equality and to 100% in the 
case of maximum concentration (all the regional income is owned by one person). 

2.2. The bootstrap estimation of the direct estimates covariance matrix  

The first step in our analysis is to evaluate the variability associated to direct 
estimates of the five financial poverty parameters previously described. This is 
made difficult by the complexity of the underlying sampling design and by the 
fact that some of the indicators are very complex functions of data (as the two 
rates ARPR1 and ARPR2 which depend on the sample based threshold RPT). 
Moreover, to adopt a multivariate model we are interested in estimating 
covariances as well as variances of estimators. For these reasons we opt for a 
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solution based on re-sampling algorithms. In particular, consistently with some 
other work in this field (Betti and Verma, 2004), we propose a bootstrap 
estimation strategy. 

Standard bootstrap theory for stratified multistage designs (see Shao and Tu, 
1995 chap. 6) requires that at least two PSUs are selected from each stratum either 
with replacement or without replacement provided that the sampling fraction is 
negligible. 

In this case the bootstrap sample is obtained drawing a with-replacement 
random sample of 1hu −  PSUs out the hu  sampled from each stratum ( 1,...,h L=  

2hu ≥ ). The bootstrap design weights are given by: 

( ) ( )
1

h
hzj hzj hz

h

uw b w n b
u

=
−

        (1) 

where hzjw  is the survey weight of secondary sampling unit j within PSU z in 

stratum h and ( )hzn b  is the number of times that PSU ( )hz  is selected into the 
bootstrap sample b. 

For the particular case of one-stage stratified designs the bootstrap sample is 
obtained by drawing L independent random samples of size 1hn −  (where nh is 
the sample size in stratum h) from each stratum. Survey weights hjw  1,..., hj n= , 

1,...,h L=  are then modified similarly to (1): 

( ) ( )
1

h
hj hj j

h

nw b w n b
n

=
−

            (2) 

where ( )jn b  is the number of times in which unit j within stratum h is included 
into the bootstrap sample. 

The discussed assumptions are not met in the ECHP case, because the 23 
large municipalities are sampled with probability 1, that is they form an auto-
representative or certainty stratum. 

The ECHP sampling design (for the first wave) can then be represented as 
mixed: households residing in large cities are stratified according to municipality 
and a (one-stage) stratified sample is drawn. The rest of the population is sampled 
according to a stratified two stage design in which PSUs are sampled without 
replacement but with negligible sampling fraction.  

We propose to treat the two parts of the sample separately, extracting two 
sub-samples for each bootstrap replicate. In the first, secondary sampling units are 
selected according to a stratified design, and in the second municipalities are 
selected. Survey weights are modified according to (1) and (2) respectively. The 
two bootstrap samples are then merged, and a unique bootstrap samples is formed. 
This sampling procedure is replicated 500R =  times. 
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Let’s denote with θ  the vector of the population quantities of interest and θ̂  
its design consistent estimator (described before) The weights defined in (1) and 
(4) are used to obtain the bootstrap estimate r

*θ ; the variance estimator of θ̂  is 
obtained by: 

( )( )1 * * * *

1

R
BOOT

r r
r

R−

=

′Σ = − −∑ θ θ θ θ         (3) 

where       * 1 *

1

R

r
r

R−

=

= ∑θ θ .  

As it represents ad-hoc extension of a known estimator, formal results on the 
statistical properties of (3) are not available. By the way, for a survey with a 
similar design we found the estimates obtained by (3) consistent to those obtained 
by the linearization method (Ferrante et al., 2004).  

2.3. Direct estimates 

Regional direct estimates, their Coefficient of Variation (CV) and the sample 
dimensions associated to those estimates are reported in Table 1. 

Focusing on the estimates’ reliability, we may observe how it varies among 
different indicators. The estimates of ARPR1 and ARPR2 are the least efficient 
(the CV are on average equal to 0.25 and 0.28 respectively). This is probably due 
to a further source of sampling variability of the first two indicators, based on the 
estimates of RPT (at regional or national level). On the other hand, the estimates 
of PCI and RPT are the most reliable, and may be considered sufficiently efficient 
for various regions.  

As already noted, to estimate a multivariate small area model we need the 
sampling correlation matrix between the different poverty indicators. From the 
Table 2, where the estimated correlation coefficients averaged over the areas are 
reported, we note that the correlation is large in almost all cases. This features 
should make multivariate model based estimators more effective in reducing the 
variability of direct estimators than those based on simpler univariate models. 
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Table 1. Direct estimates and their coefficients of variation 

PCI RPT ARPR1 ARPR2 G 
Region 

Estimatea CV Estimatea CV Estimateb CV Estimateb CV Estimateb CV 
n 

Piemonte 25.32 0.03 14.26 0.06 12.43 0.23 7.51 0.36 23.60 0.10 591 

Valle 
D'Aosta 25.20 0.07 13.74 0.03 13.67 0.33 13.18 0.34 28.34 0.10 239 

Liguria 23.08 0.06 12.94 0.05 11.49 0.29 9.43 0.28 22.18 0.10 441 

Lombardia 26.98 0.03 14.92 0.03 15.76 0.17 6.28 0.35 25.03 0.07 1,515 

Bolzano 25.12 0.10 13.82 0.06 12.83 0.39 9.73 0.41 26.12 0.11 369 

Trento 22.00 0.07 13.81 0.09 18.63 0.43 16.98 0.52 21.66 0.20 201 

Veneto 26.47 0.05 14.01 0.02 12.88 0.14 6.39 0.17 28.52 0.09 887 

Fr.-V. 
Giulia 26.44 0.03 14.56 0.03 5.66 0.45 2.71 0.34 17.99 0.10 228 

Em. 
Romagna 27.95 0.04 15.51 0.03 11.14 0.17 4.47 0.24 23.70 0.07 707 

Toscana 24.32 0.05 13.92 0.06 14.64 0.28 9.09 0.56 23.59 0.15 657 

Umbria 22.81 0.06 13.28 0.07 8.92 0.23 6.87 0.41 20.95 0.06 482 

Marche 24.87 0.04 13.44 0.09 11.37 0.49 7.10 0.21 26.45 0.08 495 

Lazio 19.92 0.05 10.91 0.05 19.55 0.17 24.62 0.17 30.54 0.08 849 

Abruzzo 21.58 0.03 12.42 0.02 14.55 0.38 14.55 0.40 24.62 0.13 601 

Molise 17.62 0.04 9.36 0.04 12.15 0.12 26.84 0.20 27.32 0.05 412 

Campania 16.16 0.02 8.79 0.03 16.70 0.15 34.18 0.10 27.42 0.04 1,837 

Puglia 16.49 0.06 8.64 0.08 20.78 0.15 37.70 0.16 32.61 0.06 1,337 

Basilicata 19.37 0.10 10.56 0.12 20.30 0.29 26.60 0.36 29.32 0.09 696 

Calabria 15.77 0.11 8.04 0.07 18.02 0.15 43.72 0.13 31.92 0.12 561 

Sicilia 15.58 0.07 7.74 0.06 18.56 0.09 41.28 0.11 32.62 0.04 1,614 

Sardegna 16.20 0.09 8.26 0.11 18.77 0.13 39.46 0.13 32.26 0.07 1,224 

Min 15.58 0.02 7.74 0.02 15.76 0.09 2.71 0.11 17.99 0.04 201 

Max 27.95 0.11 15.51 0.12 20.78 0.49 43.72 0.56 32.92 0.20 1,837 

Average  0.06 0.06 0.25 0.28  0.09  

a in thousands of euro, b in percentage 

Table 2. Estimated correlation matrix (average over the areas) 

 PCI RPT ARPR1 ARPR2 G 

PCI 1 0.590 0.486 0.447 0.396 

RPT  1 0.610 0.618 0.612 

ARPR1   1 0.384 0.413 

ARPR2    1 0.756 

G     1 
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The basic data to obtain model based estimates consists in the direct 
estimates (D) of the five parameter above presented, 

( )ˆ ˆ ˆˆ ˆ ˆ, , 1 , 2 ,
T

i i i i i iPCI RPT ARPR ARPR G=θ , and the associated covariance matrix 

iΨ . For computational convenience it is useful to rescale all indicators in order to 
express them in about the same scale. For this reason we consider PCI, RPT in 
thousand of euros, the ratios and G in percentage. 

3. The multivariate hierarchical Bayes model 

To estimate the financial poverty indicators at NUTS2 level, we propose 
estimators based on multivariate area level models that relate small area survey 
estimates to area specific covariates and borrow strength not only of areas but also 
of the sampling correlation between survey estimates of different parameters. 
Similar models are considered in Datta et al., 1996 and in Ghosh et al., 1996. 

Let ( )1,..., ,..., T
i i ik iKθ θ θ=θ  be the vector of K parameters of interest for the i-

th small area (i=1,…,m) and ˆ
iθ  the corresponding vector of survey estimates. iθ  

and ˆ
iθ  are linked by the following sampling model: 

ˆ
i i i= +θ θ e                                                             (4) 

where the sampling errors ( )1,..., ,..., T
i i ik iKe e e=e are independent K-variate 

normal, ( ),K iN 0 Ψ  with mean 0, the null vector, and known covariance matrix 

iΨ  conditional on iθ . Consistently with the bootstrap estimates described in 
previous section we assume ( )* *T

i iE i i= ∀ ≠e e 0 . Normality of ie  is justified 

invoking central limit effects. 
The iθ ’s is related to area specific auxiliary data through the following 

linking linear model: 
+i i i=θ X β v%                                    (5) 

where the area-specific random effects iv  are independent ( ),KN v0 Σ , iX% is an 

K KP× matrix of the P covariates, β  is an KP-vector of regression coefficient 

and ( )2
,v v kdiag σ=Σ  a matrix containing the variances of the area-specific 

effects (k=1,…,K). Normality of iv  is chosen for simplicity. In fact departures 
from Normality of random effects are difficult to check (see Sinharay and Stern, 
2003) and, moreover, models with non-normal random effects are more 
complicated and difficult to estimate, particularly in the multivariate case. 
The formulas (4) and (5) can be combined in: 

ˆ
i i i i= + +θ X β v e%  
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Our model can be re-written in a more compact notation: 

(a)    ( )ˆ | ,
ind

i i K i iNθ θ θ Ψ:  

(b)    ( ), ,
ind

i K iNv vθ β Σ X β Σ:  
In the following the prior specification for the described model is reported: 

( ) ( ) ( )2 2
, ,, v k v kf f fσ σ=β β ,   1,...,k K=  

1(0, )KPN aβ I:  

( ), 2(0, )v kf Unif aσ :  

where 1 2,a a  are large with respect to the scale of data, thus defining “diffuse 
proper priors”. We select conjugate priors for the regression parameters in order 
to simplify Markov Chain computation and we choose 2

,v kσ  as uniform to avoid 
convergence problems of the Gibbs sampler. Moreover we adopt diffuse priors to 
reflect the lack of prior information about the model parameters. 

For comparison purposes and mainly to evaluate possible advantages 
associated to a lower dimension of the parameter space, we consider a special 
case of the outlined model for which 2 2

kσ σ=  (MM1). This is made possible by 
the reduction of all indicators on a similar scale. The unrestricted model will be 
referred to as MM2. We also consider separate normal univariate Fay-Herriot 
models for each indicator: 

( )
( )

( )

2

ˆ ,

,

ik ik i kk

ik i k

N

N x

θ θ ψ

θ β σ

:

:
 

Note that these univariate models (UM) overlook the sampling correlation 
existing between different indicators calculated for the same area. 

As covariate we use the estimates of regional unemployment rate, obtained 
from the Italian Labour Force Survey. The covariate is the same for each of the 
parameters of interest because of its good or acceptable predictive power in each 
case (R2 ranging from 0.36 to 0.88). As the covariate is a survey estimate, it is 
characterized by sampling variability that could increases the variance of the final 
estimates. In the HB approach this further source of uncertainty can be simply 
taken into account modelling the iX  as random, being ( )( )ˆ,i i iN VX X X% : , 

with ( )iV X  calculated according to Istat (2003). 
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4. The small area model based estimates 

The approximate posterior distributions of the parameters of the proposed 
models and of the vector iθ  are obtained using Monte Carlo integration via the 
Gibbs sampling algorithm. In particular we used the MCMC software WINBUGS 
(Spiegelhalter et al., 1995). We run three parallel chains with 25,000 runs each, 
with starting point drawn from an over-dispersed distribution. The convergence of 
the Gibbs sampler is monitored by visual inspection of chains plots and of 
autocorrelation diagrams and by means of the Gelman and Rubin statistic 
(Gelman and Rubin, 1992). Although all models show fast convergence according 
to these monitoring tools, we discard the first 5,000 iteration from each chain. In 
multivariate models the quite strong autocorrelation of chains is reduced by 
thinning the chain (1 every 3 values are considered for posterior summaries). To 
check the adequacy of the specified models via posterior predictive checks, we 
consider the following discrepancy measure (Datta et al., 1999): 

( ) ( )21
( )

1

ˆ ˆ, ,
m

i kk ik ik
i

d ψ θ θ−

=

= −∑θ θ Ψ  

The fit of the model result to be adequate on average for all the three models, 
the posterior predictive checks ranging between 0.20 and 0.68, with the most 
suitable values for MM2. 

The posterior means ( )ˆ| ,HB
i i i iE=θ θ θ Ψ  are taken as estimators of area 

parameters and the posterior variance ( )ˆ| ,i i iV θ θ Ψ  as uncertainty measures. 

5. The Bayes estimators performance 

5.1. The gain in efficiency 

Let îktθ  and îksθ  be the estimates obtained from two different estimators, t 
and s, referred to the i-th area and the k-th parameter (k=PCI, RPT, ARPR1 
ARPR2, G), being compared (t,s=D, UM, MM1, MM2). As measure of the 
improvement precision we propose the percent reduction of the Coefficient of 
Variation realized by the îktθ  versus the îksθ , evaluated on average on areas 
( , /k t sACVr ): 

,
, /

,

100 100k t
k t s

k s

ACV
ACVr

ACV
= −  
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where ( ), ,1

1 ˆm
k t ik ti

ACV CV
m

θ
=

= ∑  and ( ) ( ),
,

,

ˆ
ˆ

ˆ
ik t

ik t
ik t

MSE
CV

θ
θ

θ
=  (similarly for s 

estimator).  
Table 3 contains the results concerning , /k t sACVr  for the five parameters 

being estimated. 

Table 3. Average Coefficient of Variation reduction (ACVr)  

 PCI RPT ARPR1 ARPR2 G 

UM/D 20.2 22.8 40.9 16.1 23.5 

MM1/D 41.2 39.9 47.4 48.5 40.1 

MM2/D 38.5 40.0 45.2 34.4 37.0 

MM1/UM 26.3 22.3 11.0 38.7 21.7 

MM2/UM 23.0 22.3 7.4 21.8 17.7 

As expected, all the model based estimators lead to a substantive gain in 
efficiency with respect to the direct one (D), the ACVr ranging from a minimum 
of 16.1% to a maximum of 48.5%. What is more interesting, multivariate model 
based estimators perform always better than the univariate one leading to a 
relevant further reduction of the coefficient of variation (from 7.4% to 38.7%).  

We note that reduction of the coefficient of variation achieved by the 
multivariate models is noticeable in particular for the two indicators whose direct 
estimates show the greatest variability (ARPR1 and ARPR2). This result is 
probably due to the large correlation (Table 2) that estimates of both ARPR1 and 
ARPR2 show with those poverty indicators having a lower level of sampling 
variability (a.e. RPT and G). More in detail the use of multivariate models is very 
advantageous for ARPR1 estimates. In this case, in fact, due to the low predictive 
power of the covariate, the univariate model leads to a limited coefficient of 
variation reduction (ACVr=16.1%). Finally, the two multivariate model based 
estimates (MM1 and MM2) show comparable performances for all indicators 
except for ARPR2, where MM1 is slightly better. 

In summary, multivariate models seem preferable than the univariate one on 
the whole and it is interesting to note that the consideration of direct estimates 
showing a low variability (as PCI and RPT) can be very helpful in a multivariate 
context. In fact these estimates can “give strength” to the estimates less reliable by 
means of their sampling correlation. 
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5.2. The evaluation of the shrinkage 

As anticipated in the introduction, model based estimators such EBLUPs and 
Bayes estimators tend to “shrink” estimates towards the synthetic component, 
introducing bias. The loss of between-area variation of model-based estimates 
with respect to the true variance of underlying population parameters is known as 
over-shrinkage. In particular, as Ghosh (1992) pointed out, posterior means of 
Hierarchical Bayes models over-shrinks estimates toward the prior expectation. 
On the other hand, direct estimates tend to show a larger variance than those of 
population parameters. With the purpose to select those model based estimators 
realizing the best compromise between gain in efficiency and capability to limit 
the shrinkage, at first we compare the model based estimator t, îktθ  (t=UM, MM1, 
MM2), with the direct ones, îkDθ , calculated according to the methodology 
described in section 2. The comparison is carried out for k-th parameter on 
average on areas using ,k tASHR  an indicator based on the relative absolute 
difference between direct and model based estimate, that provides an evaluation 
of the shrinkage connected with the last estimator: 

, ,1

1 m
k t ik ti

ASHR SHR
m =

= ∑  

where ,

ˆ ˆ
100ˆ

ikt ikD
ik t

ikD

SHR
θ θ

θ

−
= . 

To evaluate the impact of the model based small area estimators on the 
variance between areas, we propose to use the following indicator of Variance 
Reduction (VARr) based on the Ratio of the variance referred to the small area 
model based estimates h, and the same variance calculated on direct estimates D: 

( )
( ), /

ˆ
100 100

ˆ
ikt

k t D
ikD

Var
VARr

Var

θ

θ
= −  

where ( )îktVar θ = ( )
2

.
1

1 ˆˆ
m

ikt kt
im

θ θ
=

−∑  (similarly for the D estimates), being .
ˆ

ktθ  

the average over areas. 

Values of the average shrinkage indicators (ASHR) and of the Variance 
Reduction (VARr) are reported in the Table 4.  
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Table 4. Average shrinkage (ASHR) and Variance Reduction (VARr) of the model 
based estimates respect to direct ones 

  PCI RPT ARPR1 ARPR2 G 

UM 2.2 2.1 13.5 9.4 4.6 
MM1 6.9 6.8 19.8 28.6 8.3 ASHR 
MM2 4.3 4.3 15.2 17.0 6.4 
UM 6.5 8.1 58.6 23.1 32.9 

MM1 52.1 45.3 92.7 76.7 74.8 VARr 
MM2 36.1 29.8 82.6 43.4 64.8 

The higher the ASHR are, the more relevant is the shrinkage and then the 
bias connected to the model based estimates. In other words, thinking to the small 
area estimator as a composite estimator, that is a linear combination between a 
direct and a synthetic estimator, higher values for ASHR imply an higher weight 
given to the synthetic component. At first we note that on average for all the 
poverty indicators, MM1 leads to the greatest shrinkage, followed by MM2 and 
UM, being the former more flexible than MM1 and the latter more close to direct 
estimates. The difference between direct and model based estimates results more 
relevant in the case of the two poverty rates, ARPR1 and ARPR2: ASHR’s values 
respectively ranges from 13.5% (UM) to 19.8% (MM1), and from 9.4% (UM) to 
28.6% (MM1). The difference with the direct estimates appears much less 
important for the other parameters, where ASHR does not overcome 10%. 

As far as the reduction of the variability between-areas is concerned we note 
that, as expected, estimates obtained from UM, MM1 and MM2 show always a 
reduction of the variance between areas respect to the direct one. In particular 
MM1 produce the greatest variance reduction for the estimates of all the 
considered parameters, the VARr  ranging from 45.3% to 92.7%.  

In summary, the results obtained show that small area estimator based on 
MM2 realizes the best compromise between the gain in efficiency and the control 
of shrinkage. However, even for MM2 estimates the reduction of the variance 
between areas remains substantive. Considering that, we decide to tempt to 
improve the performance of the MM2 estimator affording the partially solved 
problems of the over-shrinkage by means of constrained estimators. 

6. The multivariate constrained Bayes estimators 

In dealing with the over-shrinkage we need to consider that our aim is to 
obtain a picture of a multidimensional phenomenon. In other words, beside the 
aim to obtain reliable estimates of each of the five parameters considered, we 
wish that variance between areas and also covariances between parameters would 
close as much as possible to those referred to the distribution of parameters.  
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To control shrinkage, Bayes estimators can be modified by making the 
empirical distribution function of the Bayes estimates close to the empirical 
distribution function of the unknown parameters. In this context, Ghosh (1992) 
proposed, under general assumptions, the “constrained Bayes estimators” 
obtained by matching the first two moments from the histogram of estimates with 
the corresponding moments from the posterior histogram of m normal means. 
Since we are estimating a multivariate parameter we adopt the multivariate Bayes 
constraining procedure that Ghosh and Maiti (1999) proposed by extending the 
univariate one. Let ( ) ( )1 ,....,B B

me x e x  the vector of the Bayes estimates based on 

data x under any quadratic loss. Note that ( )B
ie x  represents the vector of the 

MM2 estimates for the i-th NUTS2. Let us write ( ) ( )| B
i iE =θ x e x , i=1,…, m 

for simplicity and let 
1

1 m

i
im =

= ∑θ θ . We get that: 

( )( ) ( ) ( )1 2
1

m T

i i
i

E
=

⎡ ⎤
− − = +⎢ ⎥

⎣ ⎦
∑ θ θ θ θ x H x H x  

where                 ( ) ( ) ( ) ( ) ( )2
1

m TB B B B
i i

i=

⎡ ⎤ ⎡ ⎤= − −⎣ ⎦ ⎣ ⎦∑H x e x e x e x e x  

( ) ( )1

1

m
B B

i
i

m−

=

= ∑e x e x . 

The objective is to find 1,..., mt t  which minimize ( )( )
1

m
T

i i i i
i

E
=

⎡ ⎤
− −⎢ ⎥

⎣ ⎦
∑ θ t θ t x  

subject to the following two constraints: 

( ) ( ) ( )1

1

m

i
i

E m−

=

= =∑θ x t x t x  

( )( ) ( ) ( ) ( ) ( )
1 1

m mT T
i i i i

i i
E

= =

⎡ ⎤ ⎡ ⎤ ⎡ ⎤− − = − −⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎣ ⎦
∑ ∑θ θ θ θ x t x t x t x t x  

The multivariate constrained Bayes estimator derived from this procedure is: 

( ) ( ) ( ) ( )
11
22

1 2 2
CB B B B
i i

−
⎡ ⎤= + + −⎣ ⎦t e x H H H e x e x  

with the following associated measure of uncertainty matrix: 

( )( ) ( ) ( )
T TCB CB B CB B CB

i i i i i i i i iE V⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤− − = + − −⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦
θ t θ t x θ x e x t e x t  

To evaluate the behaviour of the constrained estimates in comparative terms 
respect to the unconstrained MM2 estimates, we consider ratios already used in 
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sect. 5.1 and 5.2. In Table 5, values of ASHR, of VARr and of ACVr referred to the 
multivariate constrained model based estimates (MM2C) respect to the direct ones 
are reported. 

Table 5. Average Shrinkage (ASHR), Variance reduction (VARr) and Average 
Coefficient of Variation reduction (ACVr) of the constraint model based 
estimates (MM2C) respect to direct ones (D) 

 PCI RPT ARPR1 ARPR2 G 

ASHR 4.1 4.4 11.5 16.0 5.8 

VARr 32.8 27.3 63.6 39.4 53.2 

ACVr 35.2 34.9 38.1 32.3 33.0 

The average shrinkage indicator (ASHR) referred to the constrained 
estimates (Table 5) shows values comparable to those observed for unconstrained 
MM2 estimates (Table 4). Looking at each poverty indicator, we note that 
ARPR1 estimates are influenced by the constraints more that others indicators, the 
shrinkage realized by MM2C being less heavy than that one carried out by MM2 
(about 11% for the constrained and 15% for the unconstrained).  

As expected, looking at the variance reduction we note that, in general, it is 
slightly lower than that realized by the MM2 estimates. Even in this case for 
ARPR1 a more marked influence of the constraining can be observed, being VARr 
equal to 63.6% for MM2C and 82.5% for MM2 estimates. The results singled out 
for each region (Fig. 1) confirm that constrained and unconstrained estimators 
have very similar behaviour, except for ARPR1, which show a not negligible 
difference between them for most of the regions. 

Regarding the gain in efficiency, from the comparison of values on average 
reported in Table 3 (MM2/D row) with those reported in Table 5 we can note that, 
in general, the constrained estimates produce a reduction of the coefficient of 
variation (ACVr) slightly lower than that connected to MM2. Again this 
difference is more marked for ARPR1, being the ACVr connected to MM2 equal 
to 45% and that realized by MM2C equal to 38%. Considering regional values 
(Fig. 2), both model based estimates realize a marked coefficient of variation 
reduction respect to the D estimator in almost all regions. Moreover MM2C 
performs worse than MM2 for some regions. For completeness also the 
coefficient of variation of the standard Fay-Herriot model (UM) is reported in 
Fig.2. 

This different behaviour of ARPR1 is likely due to the weak predictive 
power that the covariate has on it ( 2 0.36R = ) and to the very low variability 
between areas of direct estimates, giving both these features major power to the 
constraint. On the other hand the constraining has a limited impact on estimates 
where the covariate is a good predictor. 
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Figure 1. NUTS2 regional estimates 
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Figure 2. Coefficient of variation for NUTS2 regions  
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Finally, even if the MM2C estimates show a minor reduction of the 
coefficient of variation respect to MM2, it realizes the best compromise between 
gain in efficiency respect to the direct estimator and the need to limit the 
shrinkage respect to the standard Fay-Herriot model. Hence, we judge that it 
represent the best solution to obtain the NUTS2 estimates of the five poverty 
indicators considered. Results show that the estimation strategy adopted allows us 
to improve considerably the estimates reliability, assuming the coefficient of 
variation of the estimates acceptable values for almost all regions. 

7. Concluding remark and further development 

In this work we dealt with the problem of estimating a set of financial 
poverty indicators by means of Hierarchical Bayes estimators derived from a 
multivariate normal model. The results are encouraging, since the multivariate 
model adopted allow for a large gain in efficiency when compared to univariate 
Fay-Herriot estimators. Moreover, we note that the consideration of direct 
estimates showing a low variability (as PCI and RPT) can be very helpful in a 
multivariate context. In fact these estimates can give strength to the estimates less 
reliable by means of the sampling correlation between estimates.  

As expected, estimates derived from the multivariate model adopted show 
more shrinkage than those obtained from the Fay-Herriot one. As we need to 
obtain suitable estimates for the analysis of regional disparities, we dealt also with 
the problem of over-shrinkage. In particular we implemented a multivariate 
constraint on the first two moments of the ensemble of HB estimates following to 
a methodology proposed by Ghosh and Maiti (1998). The impact of constraining 
varies across parameters and seems to be larger where the covariate used in the 
model has weaker predictive power. 

Compared with the standard Fay-Herriot model, multivariate constrained 
Bayes estimators realize a very good compromise between the gain in efficiency 
and the need to limit the shrinkage.  

By the way many problems are left to be further investigated. At first, the 
behaviour of the so called “triple goal estimators” (Shen and Louis, 1998) or of 
the “simultaneous estimators” proposed by Zhang (2003), could be evaluated as 
alternative solutions to deal with over-shrinkage. Moreover, as the ECHP is a 
panel survey, the suggested estimator could be modified to take advantage also of 
the repetition of the observations on the same areas for successive waves which 
may eventually lead to a further increment of the reliability of the small area 
estimates. 

Regarding the estimated parameters, in this work we focused on some 
Laeken indicators which seemed to us able to provide a first picture of the 
characteristics of income distribution and of poverty’s diffusion in the regions of 
our country. This picture could be widened by considering other financial poverty 
indicators, maybe giving to the multivariate model more power in improving 
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reliability estimates. At the end, the strategy proposed could be extended to all the 
European regions. 

Acknowledgements 

Partially supported by Miur-PRIN “Statistical analysis on changes of the 
Italian productive sectors and their territorial structure — Coordinator Prof.  
C. Filippucci, 2003”. 

We thank ISTAT for kindly providing the data used in this work. 

REFERENCES 

DATTA, G. S., FAY, R. E. and GHOSH, M. (1991). Hierarchical and Empirical 
Bayes Multivariate Analysis in Small Area Estimation, Proceedings of 
Bureau of the Census 1991 Annual Research Conference, U. S. Bureau of 
the Census, Washington, DC, 63—79. 

DATTA, G. S., GHOSH, M., NANGIA, N., and NATARAJAN, K. (1996). 
Estimation of median income of four-person families: a Bayesian approach, 
Bayesian Analysis in Statistics and Econometrics, (D. A. Berry, K. M. 
Chaloner and J. M. Geweke Eds.), Wiley, New York, 129—140. 

DATTA, G. S., LAHIRI, P., MAITI, T. and LU, K.L. (1999), Hierarchical Bayes 
Estimation of Unemployment Rates for the States of the U.S., Journal of the 
American Statistical Association, 94, 488, 1074—1082. 

EUROPEAN COMMISSION (2004), Third Report on Economic and Social 
Cohesion, Brussels. 

EUROSTAT (2002) European social statistics — Income, poverty and social 
exclusion, 2nd report. 

EUROSTAT (2003) Regions. Nomenclature of territorial units for statistics, 
NUTS — 2003, Methods and Nomenclatures series. 

EUROSTAT (2003), Laeken’ Indicators — Detailed Calculation Methodology, 
Working Paper of the Working Group “Statistics on Income. Poverty & 
Social Exclusion”, 28—29 April 2003. 

FAY, R. E. (1987). Application of Multivariate Regression of Small Domain 
Estimation, in R. Platek, J. N. K. Rao, C. E. Särndal and M. P. Singh (Eds.), 
Small Area Statistics, Wiley, New York, 91—102. 

FERRANTE, M.R., PACEI, S. and FABRIZI E. (2004), Estimation of household 
income frequency distribution in small areas, paper presented in 



STATISTICS IN TRANSITION, December 2005                                                             

 

607 

IMS/ASA’S SRMS Joint Mini Meeting on Current Trends in Survey 
Sampling and Official Statistics, Calcutta, India, January 1—3, 2004. 

GELMAN, A. and RUBIN, D. B. (1992), Inference from iterative simulation 
using multiple sequences, Statistical Science, 7, 457—72. 

GHOSH, M. (1992), Constrained Bayes Estimation with Application, Journal of 
the American Statistical Association, 87, 533—540. 

GHOSH, M. and MAITI, T. (1999), Adjusted Bayes Estimators with Applications 
to small Area Estimation, Sankhyā, Series B, 61, 71—90. 

GHOSH, M., NANGIA, N. and KIM, D. (1996) Estimation of Median Income of 
Four-Person Families: a Bayesian Time Series Approach, Journal of the 
American Statistical Association, 91, 1423—1431. 

HEADY, P. and RALPHS, M. (2004), Some Findings of the Eurarea Project — 
and their Implications for Statistical Policy, Statistics in Transition, vol. 6, 5, 
641—654. 

ISTAT (2003), Forze di lavoro – Media 2002, Annuari. 

JIANG, J., LAHIRI, P. and WAN, S. (2002), A unified jackknife theory for 
empirical best prediction with M-estimation, The Annals of Statistics, 30, 
1782—1810. 

LOUIS T. A. (1984), Estimating a Population of Parameter Values Using Bayes 
and Empirical Bayes Methods, Journal of the American Statistical 
Association, 79, 393—398. 

RAO, J.N.K. (2003), Small Area Estimation, John Wiley & Sons, New Jersey. 

RENDTEL, U., BEHR, A. and SISTO, J. (2003), Attrition effect in the European 
Community household panel, CHINTEX PROJECT, European Commission. 

SHAO, J. and TU, D. (1995), The Jackknife and Bootstrap, Springer-Verlag New 
York, Inc. 

SHEN, W., and LOUIS, T.A. (1998), Triple-goal Estimates in Two-stage 
Hierarchical Models, Journal of the Royal Statistical Society, Series B, 60, 
455—471. 

SINHARAY, S., and STERN, H. S. (2003), `Posterior Predictive Model Checking 
in Hierarchical Models, Journal of Statistical Planning and Inference., 111, 
209—221.  

SPIEGELHALTER D. J., THOMAS, A., BEST, N. G., and GILKS, W. R. 
(1995). BUGS: Bayesian Inference Using Gibbs Sampling, Version 0.50, 
Medical Research Council Biostatistics Unit, Cambridge. 



608                                      E. Fabrizi, M. R. Ferrante, S. Pacei: Estimation of Poverty… 

 

 

VANDECASTEELE, L. and DEBELS A. (2004), Modelling attrition in the 
European Community Household Panel: the effectiveness of weighting, 2nd 
International Conference of ECHP Users, EPUNet 2004, Berlin, June 24—
26. 

VERMA, V. and BETTI, G. (2005), Sampling Errors for Measures of Inequality 
and Poverty, Invited paper in Classification and Data Analysis 2005, Book 
of Short Papers, CLADAG, 175—178. 

ZHANG, L.C. (2003) Simultaneous estimation of mean of a binary variable from 
a large number of small areas, Journal of Official Statistics, 19, 253—263. 



TATISTICS IN TRANSITION, December 2005   
Vol. 7, No. 3, pp. 609—623 

GEOGRAPHIC INFORMATION IN SMALL  
AREA ESTIMATION: SMALL AREA MODELS AND 

SPATIALLY CORRELATED RANDOM AREA EFFECTS 

A. Petrucci1, M. Pratesi, N. Salvati2 

ABSTRACT 

This work applies the Fay-Herriot model in which spatial information is 
introduced as auxiliary variables, and generalizes the model by introducing 
spatially correlated random area effects modelled through the Simultaneously 
Autoregressive (SAR) process.  

The traditional Empirical Best Linear Unbiased Predictor (EBLUP) takes 
advantage of the between small area-variation. The evidence is that the 
EBLUP estimator is significantly better than the sample-size dependent 
estimators, especially when the between small area-variation is not large 
relative to the within small area variation. This suggests that the location of the 
small areas may also be relevant in modelling the small area parameters and 
that further improvement in the EBLUP estimator can be gained by including 
eventual spatial interaction among random area effects.  

The properties of the proposed estimators are evaluated by applying 
them to two agro-environmental case studies. 

Key words: Spatial information, EBLUP, Spatial EBLUP, GIS. 

1. Introduction 

Geographic information and geographical modelling can be valuable tools in 
describing and understanding many phenomena. It is a matter of fact that both 
environmental and social economic phenomena have a spatial distribution 
conditioned by nature and by the action of man. The spatial distribution of a 
pollution agent in the soil is the result of the geological conformation of the soil 
as well as man’s actions in the construction of roads, houses and factories. The 
distribution of crops in a region is another example of this combined action: man 
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and nature work together and the result is the distribution of cultivated land that is 
scattered over the surface of a region. When we look at a landscape we clearly 
recognize the effect of this combined action, and we note the evidence of the 
famous first law of geography: “everything is related to everything else, but near 
things are more related than distant things” (Tobler 1970). The law is valid also 
for small geographical areas: close areas are more likely to have similar values of 
the target parameter than areas which are far from each other. This evidence 
suggests that an adequate use of geographic information and geographical 
modelling can help in producing more accurate estimates for small area 
parameters. If the target is a small area parameter, geographical information is a 
valid help in order to take advantage from the information of the related areas. 

Geographic information in this context is intended to be the whole set of data 
about the position in space of the small areas and of the units which are located in 
the area itself. Also, the spatial relations among areas are of great interest: we 
refer to the geometric properties of contiguity between areas, and to the distances 
(Euclidean and not) between them. Section 2 is devoted to describing this 
additional data and to how they can be easily stored and managed by a 
Geographical Information System. 

In our approach the small area parameters are estimated via a model based 
perspective. The attention is on the Fay-Herriot model and spatial information is 
introduced as auxiliary variables. The model is generalized by introducing 
spatially correlated random area effects. Section 3 illustrates the generalized 
model and the main references for its specification under SAR (Simultaneous 
Auto Regressive) area level random effects. Our expectation is that geographic 
information improves the estimators (it helps in reducing their estimated MSE) 
depending on the strength of the spatial dependence. Alternative specifications of 
the model which incorporate the spatial information are tested and discussed in 
two case studies: estimation of soil erosion in 17 zones of the Rathbun lake 
watershed (USA), and average production of olives per farm in 42 local economy 
systems (LESs) of the Tuscany region (Italy).The major findings from these cases 
are described and discussed in Sections 4. In Section 5 some concluding remarks 
are made. 

2. Geographic information 

A Geographic Information System (GIS) is an automated information system 
that is able to compile, store, retrieve, analyze, and display mapped data. In other 
words GISs are a set of computer hardware and software for analyzing and 
displaying spatially referenced features (i.e., points, lines, polygons) with non-
geographic attributes (i.e., species, age). 

This system is commonly used by government, analysts of environment and 
society, and many others researchers. Its applications include environmental, 
urban and demographic studies and transportation analysis to mention only a few 
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of them. GIS, however, is more than a mapping system. What sets it apart from 
even the most sophisticated mapping system is its power to analyze data and to 
present the results of that analysis as useful information for decision makers. The 
purpose of collecting data for a GIS is (a) to make an inventory of a 
geographically defined area or (b) to examine and quantify the spatial 
relationships between area units. From this point of view the potentialities of GIS 
as a tool for the compilation of statistics, in particularly in the field of small area 
statistics, are large. 

Using a GIS, the available data-set for the study can be combined with the 
relative map of the study area. This makes the following steps possible: 
1. the geocoding of the study area allows for the computation of the 

coordinates of the centroid of each small area, its geometric properties 
(extension, perimeter, etc.) and the neighbourhood structure; 

2. the study variable and the potential explanatory variables can be referred to 
the centroid of each small area; the result is an irregular lattice (geocoding). 

In spatial statistics a simple way to represent the neighbourhood structure is 
the proximity matrix (W). It is a squared matrix where 1w ij =  if region i is a 
neighbour of region j and 0 otherwise. The most common way to define 
neighbourhood is contiguity: an area is a neighbour of another if it shares a 
common edge or border. There are other ways defining W for example by 
creating more elaborate weights as functions of the length of borders (Cliff and 
Ord, 1981). 

As Pfeffermann (2002) notes, small area estimation methods have up to now 
made almost no use of the work on spatial analysis carried out by statisticians and 
mathematical geographers (Cressie, 1991). However, the spatial information can 
be the basis for building a model for the spatial distribution of the study variable 
by small area of interest. 

3. Small area models 

The behavior of spatial phenomena is the result of a mixture of both first 
order and second order effects. First order effects relate to the variation in the 
mean value of the process in space (a global or large scale trend). Second order 
effects result from the spatial correlation structure or the spatial dependence in the 
process (Bailey and Gatrell, 1995); in other words, the tendency for deviations of 
the process from its mean to follow each other in neighboring sites (local or small 
scale effects). 

The small area model-based estimators are sensitive to the specification of 
the model, the choice of covariates and the existence of spatially correlated 
random area specific effects and they can lead to erroneous inference if the 
assumed models do not provide a good fit of the data (Rao, 2003). 
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The traditional Fay-Herriot model takes into account the first order variation: 
the model can consider geographical auxiliary information as covariates in the 
fixed or/and random part of the model (sub-section 3.1). The second order effects 
can be managed by extending the Fay-Herriot model to incorporate spatial 
correlation between the random small area effects modelled through the 
Simultaneously Autoregressive (SAR) process (sub-section 3.2). 

3.1. Fay-Herriot model 

In the estimation for small areas the direct survey estimates often have large 
sampling variability. It is then common to borrow information from related areas 
through explicit linking models based on random area specific effects that account 
for between area variations beyond that is explained by auxiliary variables 
included in the model (Pfeffermann, 2002). Let m be the number of small areas 
and p the number of covariates. The basic area level model assumes that the 

pm× matrix of the area-specific auxiliary variables, TX , is related to the 
1×m vector of small area parameters of inferential interest ϑ  (mean or/and total) 

as: 
ZvβX += Tϑ                                    (1) 

where Z  is a mm ×  matrix of known positive constants, v  is the 1×m  vector 
of independent random area specific effects with zero mean and mm×  
covariance matrix I2

uσ  and I  is mm×  identity matrix. The linking model is 

combined with the sampling model e+= ϑϑ̂ , where ϑ̂  is the 1×m  vector of 
direct estimator of ϑ  and e  is the vector of independent sampling error with 
mean 0 and mm×  diagonal covariance ϕ . It is customary to assume that the 
matrix ϕ  is known. The combined model is (Fay and Herriot, 1979): 

eZvβXˆ ++= Tϑ                         (2) 
and it is a special case of linear mixed model. 

Under the model, the Best Linear Unbiased Predictor (BLUP) )(~ 2
u

fh
i σϑ  is 

extensively used to obtain model based indirect estimators of small area 
parameters ϑ  and associated measures of variability. This approach allows a 
combination of the survey data with other data sources in a synthetic regression 
fitted using population area-level covariates. We have applied the empirical 
version (EBLUP) of the )(~ 2

u
fh
i σϑ  predictor: details and formulas can be found in 

Rao (2003, Chapter 7). 
A method to take into account spatial information is to include in the model 

some geographic covariates for each small area by considering data regarding the 
spatial location (e.g. the centroid coordinates) and/or other auxiliary geographical 
variables referred to the same area through the use of the Geographic Information 
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System. We expect that the inclusion of covariates should be able to take into 
account spatial interaction when this is due to the covariates themselves. In this 
case it is reasonable to assume that the random small area effects are independent 
and that the traditional EBLUP is still a valid predictor. 

The geographic information can also be inserted in the random part of the 
Fay-Herriot model. The geographical coordinates of area centroids may be 
incorporated in the random part of the model defining a 2×m  vector Z where the 
first column represents the latitude of each area and the second column is the 
longitude of each area. The Fay-Herriot model becomes: 
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In this case EBLUP is still the best estimator: 
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where ϑβ ˆ)(ˆ 111 −−−= VXXVX TT , 2
u1

σ̂ , 2
u2

σ̂  are the estimators of the variance 

components 2
u1

σ , 2
u2

σ  and T
ib  is a 21×  vector )z,(z 2i1i  referred to i-th small 

area. 

3.2. Spatial EBLUP 

The explicit modelling of spatial effects becomes necessary when (1) we 
have no geographic covariates able to take into account the spatial interaction in 
the target variable, (2) we have some geographic covariates, but the spatial 
interaction is so important that the small area random effects are presumably still 
correlated. In this case, taking advantage from the information of the related areas 
appears to be the best solution.  

A possibility, is to extend the Fay-Herriot model with spatial correlation 
between the small area random effects modelling through the Simultaneously 
Autoregressive (SAR) process (Petrucci and Salvati, 2005; Pratesi and Salvati, 
2005; Saei and Chambers, 2003). 

The assumption of spatial independence is not unchallenged in the literature. 
Pfeffermann (2002) shows that, with many areas and large cross-sectional 
correlations, the loss in efficiency from ignoring correlations among areas can be 
substantial. However, in his study the correlation between pairs of areas is 
inserted without considering the spatial location of the areas themselves. 
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Under the SAR model, the Spatial Best Linear Unbiased Predictor (Spatial 
BLUP) estimator of iϑ  is: 

( )( )[ ]
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where ρ is the spatial dependence parameter, ϑβ ˆ)(ˆ 111 −−−= VXXVX TT , W is 
the proximity matrix and T

ib  is a m×1  vector 0)0,1,(0,0 ……  with value 1 in 
the i-th position. 

The estimator ),(~
ρσϑ 2

u
S

i  depends on the unknown variance components 
2
uσ  and ρ . Replacing the parameters with asymptotically consistent estimators 

ρσ ˆ,ˆ 2
u , a two stage estimator )ˆ,ˆ(~ 2 ρσϑ u

S
i  is obtained and it is called Spatial 

EBLUP (Petrucci and Salvati, 2005; Pratesi and Salvati, 2005). 
The Mean Squared Error (MSE) of )ˆ,ˆ(~ 2 ρσϑ u

S
i and its estimates are 

obtained following the results of Kackar and Harville (1984) and Prasad and Rao 
(1990). In particular, due to the introduction of the extra parameter ρ , the 
component 3g  of the MSE becomes: 
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with ( )( )[ ]TI WWIC ρ−ρ−=  and ( )[ ]1T12
u 22 −− −ρ−σ= CWWWCA  and 

( )ρσ ,V 2
u  is the asymptotic covariance matrix of 2

uσ  and ρ . The estimated 3g  is 

obtained replacing 2
uσ  and ρ  by estimators 2

uσ̂  and ρ̂  (Pratesi and Salvati, 

2005). The variance components 2
uσ  and ρ  can be estimated either by Maximum 

Likelihood (ML) or Restricted Maximum Likelihood (REML) methods, assuming 
normality of the random effects. 

4. Case studies 

The properties of previous estimators )ˆ(~ 2

u

fh

i σϑ , )ˆ,ˆ(~ 2

2u

2

1u

fh

i σσϑ , and )ˆ,ˆ(~
ρσϑ 2

u

S

i  are 
evaluated by applying them both to the results of the erosion data collected in the 
Rathbun Lake Watershed in Iowa (Opsomer et al, 2003) and to the sample survey 
on the Farm Structure (FSS) in Tuscany (Italy) (ISTAT, 2005). The estimators are 
unbiased and we investigate their performances in terms of their variability 
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through the average estimated Mean Squared Error: ∑
=

=
m

1i
i mmsemse / . For each 

estimator we report also the decomposition of MSE in the three components g1, 
g2 and g3, respectively due to the estimation of the random effects (g1), to the 
estimation of β  (g2) and to the estimation of the variance components (g3).  

The maps showing the spatial distribution of the estimates per small area are 
illustrated for each estimator and combination of geographic auxiliary variables 
used. 

4.1. The average soil erosion in 17 zones of the Rathbun lake watershed 
(USA) 

4.1.1. Sampling design and data 

In 2000 a survey designed to estimate the amount of erosion delivered to the 
streams in the Rathbun Lake watershed was completed. The watershed, located in 
southern Iowa (USA), covers more than 365,000 acres (147,715 ha) in six 
counties and is divided into 61 sub-watersheds. Within each sub-watershed, three 
160-acre (64 ha) plots were selected and a sample of 183 units was obtained. 
(Opsomer et al., 2003). Auxiliary data at the sub-watershed level were the land 
use and the topography that are considered major determinants of the erosion. 
Data related to these factors were available for the study region in the form of 
digital elevation and land use classification coverage. 

4.1.2. Results 

We have estimated the average erosion per 160-acre plot measured in tons in 
17 small areas, resulting by grouping sub-watersheds to a higher hierarchical 
hydrological level. The small area estimates have been obtained using the 
following models: 
a) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with land use and digital elevation; 
b) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with geographical coordinates (in the UTM coordinate 
system) of the centroid of each small area (hydrological unit) plus land use 
and digital elevation; 

c) EBLUP ( )ˆ,ˆ(~ 2

2u

2

1u

fh

i σσϑ ) with land use and digital elevation plus the 
geographical coordinates of the centroid of each small area (hydrological 
unit) in the random part of the model;  

d) Spatial EBLUP ( )ˆ,ˆ(~
ρσϑ 2

u
S

i ) with land use and digital elevation. 
The neighbourhood structure W is defined as follows: spatial weight, ijw , is 

1 if area i shares an edge with area j and 0 otherwise. Sampling variances, iϕ , are 
estimated smoothing the sampling error associated with the population level 
estimator (Rao, 1998). The estimated variance, iϕ̂ , is then treated as a proxy to 
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iϕ . Figure 1 displays the maps of the Rathbun Lake Watershed with models (a-b-
c) and (d) Spatial EBLUP estimates for average erosion per 160-acre plot in 17 
small areas.  

Table 1 shows the correlations between the estimates obtained under models 
(a), (b), (c), (d): it can be noted that all the correlations are high and positive with 
the exception of model (c) EBLUP plus geographic coordinates in the random 
part of the model. In this case the correlation with (a) EBLUP estimator and (d) 
SEBLUP estimator results are smaller. The introduction of spatial interaction in 
the random part of the model brings a clearer grouping in the 17 small areas.  

Table 1. Correlation matrix between the small area estimates of the average 
erosion per 160-acre plot 

 )ˆ(~ 2

u

fh

i σϑ  )ˆ(~
2

u

fh

i
σϑ +geographic
coordinates 

)ˆ,ˆ(~ 2

2u

2

1u

fh

i σσϑ )ˆ,ˆ(~
ρσϑ 2

u

S

i  

)ˆ(~ 2

u

fh

i σϑ  1    

)ˆ(~ 2

u

fh

i σϑ +geographic 
coordinates 

0.84 1   

)ˆ,ˆ(~ 2

2u

2

1u

fh

i σσϑ  0.62 0.91 1  

)ˆ,ˆ(~
ρσϑ 2

u

S

i  0.97 0.92 0.73 1 

Table 2 reports the average estimated MSE per plot and its decomposition in 
g1, g2 and g3 for the EBLUP and Spatial EBLUP estimators. The EBLUP predictor 
under model (c), with geographic coordinates in the random part of the model, 
provides estimates with the smallest average estimated mean squared error. The 
model performs better than the Spatial EBLUP estimator. It is probably due to the 
explanatory power of geographic coordinates which are sufficient to take into 
account the existing spatial interaction. Under model (d) the estimated spatial 
autoregressive coefficient suggests a moderate spatial relationship: ρ̂  is 0.417 
(s.e.=0.439). In fact, a simulation study, carried out to assess the accuracy of the 
Spatial EBLUP estimator, shows that the gain in relative efficiency of the Spatial 
EBLUP is relevant especially where the spatial correlation is high (Pratesi and 
Salvati, 2005). The simulation experiment provides evidence on the design bias of 
the estimators: they are both slightly design biased; when the spatial correlation 
increases, the design bias of Spatial EBLUP seems to decrease more than the 
traditional EBLUP. 

In Table 2 the three estimated components of MSE are ranked in the same 
order for EBLUP and SEBLUP with the exception of model (c) where g2, the 
variability due to the estimation of β , is the largest one. Note that g3 for model (d) 
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is higher than the same component in the EBLUP models (a), (b) and (c) due to 
the estimation of the additional parameter ρ . 

Table 2. Average Estimated MSE of EBLUP and Spatial EBLUP estimators. 

Estimator mse g1 g2 g3 

a) )ˆ(~ 2

u

fh

i σϑ  5021.993 3734.116 680.319 284.183 

b) )ˆ(~ 2

u

fh

i σϑ +geographic coordinates 4000.232 1980.931 1312.091 317.503 

c) )ˆ,ˆ(~ 2

2u

2

1u

fh

i σσϑ  1602.442 540.562 1018.321 21.773 

d) )ˆ,ˆ(~
ρσϑ 2

u

S

i  5581.765 3633.627 608.678 653.811 

Figure 1. Map of Rathbun Lake watershed with (a-b-c) EBLUP and (d) Spatial 
EBLUP estimates for average erosion (Ton). 
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4.2. The average production of olives per farm in 42 LESs of the 
Tuscany region (Italy) 

4.2.1. The survey data 

The Farm Structure Survey is carried out once every two years and collects 
information on farm lands by type of cultivation, the amount of breeding, the kind 
of production, the structure and the amount of farm employment. The sample is 
selected by a stratified one stage design with self representation of larger farms 
(agricultural holdings). The sample size is 55,030 farms: 52,713 of them are 
drawn from the 2,150,000 firms of the so-called European Community target, 
while the additional 2,317 are selected from the 440,000 firms of the so-called 
Italian target. The stratification is done in three phases. In the first stage, the 6,972 
self-represented farms are included in the sample on the basis of their economic 
dimension and/or their utilized surface area and/or number of bovines. In the 
second stage, the residual EC targeted farms are divided into 407 strata utilizing 
dimensional, geographical and gross income parameters. Finally, the farms of the 
Italian target are stratified into 21 regional strata. The optimal allocation of 
sample size to the strata is obtained minimizing the sampling error at regional and 
national level. Accurate estimates at sub-regional level require either the 
enlargement of the sample in provinces or municipalities or by the application of 
small area estimation models.  

4.2.2. Estimates at LESs level 

The Tuscany region is divided in 42 LES. The objective of inference is the 
average production of olives per farm ( y=ϑ ) measured in quintals for each of 
the 42 small areas (LES). Auxiliary data at the LES level were available for this 
study. The following models have been applied to estimation at LES level: 
a) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with utilized surface area for olive production (ha); 
b) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with geographical coordinates (in the UTM coordinate 
system) of the centroid of each LES plus utilized surface area for olive 
production (ha); 

c) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with three territorial variables (the percentage of hill, 
mountain and plain for each LES) plus utilized surface area for olive 
production (ha); 

d) EBLUP ( )ˆ(~ 2

u

fh

i σϑ ) with geographical coordinates of the centroid of each LES 
and three territorial variables (the percentage of hill, mountain and plain for 
each LES) plus utilized surface area for olive production (ha); 

e) Spatial EBLUP )ˆ,ˆ(~
ρσϑ 2

u

S

i  with utilized surface area for olive production 
(ha); 
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f) Spatial EBLUP )ˆ,ˆ(~
ρσϑ 2

u

S

i  with three territorial variables (the percentage of 
hill, mountain and plain for each LES) plus utilized surface area for olive 
production (ha); 
The neighbourhood structure W is defined as follows: spatial weight, ijw  , is 

1 if area i shares an edge with area j and 0 otherwise. For an easier interpretation, 
the general spatial weight matrix is defined in row standardized form, in which 
the row elements sum to one. Again, sampling variances, iϕ  are estimated 
smoothing the sampling error associated to the population level estimator (Rao, 
1998). The value of the estimated spatial autoregressive coefficient ρ̂  is 0.859 
( 113.0.. =es ) with the ML procedure for model (e) and suggests appreciable 
strength of spatial relationship. Under model (f) the spatial autoregressive 
coefficient ρ̂  is 0.862 ( 0860es ... = ). 

Figure 2 displays the maps of Tuscany with (a-b-c-d) EBLUP and (e-f) 
Spatial EBLUP estimates for average production of olives per farm for each of the 
42 LES. 

Table 3 shows the correlations between the estimates obtained under models 
(a), (b), (c), (d), (e), (f). It can be noted that all the correlations are high and 
positive. This confirms that all the estimates are concordant, even if the 
introduction of geographical information reduces the smoothing in maps (b), (c), 
(d). The SEBLUP estimator allows for a clearer identification of southern LESs 
where the average production per farm is higher. Unfortunately the Census 2000 
does not provide data about productions, but previous knowledge about local 
economies in southern Tuscany confirms our results (ISTAT, 2005). Table 4 
reports the average estimated MSE per farm and its decomposition in g1, g2 and g3 
for the EBLUP and Spatial EBLUP estimators. 

Two things stand out from Table 4: first, the introduction of geographic 
information improves the estimates obtained by EBLUP and SEBLUP by 
reducing the MSE; second, the SEBLUP estimator with model (f) has the best 
performance in terms of estimated MSE. 

Under models (e) and (f) the value of the estimated spatial autoregressive 
coefficient ρ̂  is 0.859 ( 113.0.. =es ) with the ML procedure for model (e) and 
ρ̂  is 0.862 ( 0860es ... = ) even when including territorial variables in the fixed 
part of the model (f): this suggests appreciable strength of spatial relationship.  

The components g1, g2 and g3 for EBLUP and Spatial EBLUP estimators 
behave as we expected: g1 is the largest one in all the models, g3 in models (e), (f) 
is larger in comparison with the EBLUP models, due to the estimation of the 
additional parameter ρ .  
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Table 3. Correlation matrix between the small area estimates of the average 
production of olives per farm. 

 )ˆ(~ 2

u

fh

i σϑ  
)ˆ(~

2

u

fh

i
σϑ  

+geographic
coordinates 

)ˆ(~ 2

u

fh

i σϑ  
+territorial 
variables 

)ˆ(~ 2

u

fh

i σϑ  
+geographic 
coordinates 
+ territorial 

variables 

ˆ(~
σϑ 2

u

S

i

 

)ˆ,ˆ(~
ρσϑ 2

u

S

i

+ territorial 
variables 

)ˆ(~ 2

u

fh

i σϑ  1      
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fh
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0.86 1     

)ˆ(~ 2

u

fh

i σϑ + 
territorial 
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0.75 0.82 1    

)ˆ(~ 2

u

fh

i σϑ +geograp
hic coordinates+ 
territorial 
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0.81 0.96 0.94 1   

)ˆ,ˆ(~
ρσϑ 2

u

S

i  0.91 0.89 0.73 0.83 1  

)ˆ,ˆ(~
ρσϑ 2

u

S

i + 
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0.82 0.88 0.94 0.94 0.89 1 

Table 4. Average Estimated MSE of EBLUP and Spatial EBLUP estimators  

Estimator mse g1 g2 g3 

a) )ˆ(~ 2
u

fh
i σϑ  3.238 2.983 0.162 0.044 

b) )ˆ(~ 2
u

fh
i σϑ +geographic coordinates 1.516 1.223 0.246 0.021 

c) )ˆ(~ 2
u

fh
i σϑ +territorial variables 1.643 1.141 0.454 0.020 

d) )ˆ(~ 2
u

fh
i σϑ +geographic coordinates+territorial 

variables 
1.429 0.804 0.586 0.015 

e) )ˆ,ˆ(~
ρσϑ 2

u
S

i  2.367 2.117 0.125 0.061 

f) )ˆ,ˆ(~
ρσϑ 2

u
S

i +territorial variables 1.407 0.934 0.409 0.029 
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Figure 2. Map of Tuscany with (a-b-c-d) EBLUP and (e-f) Spatial EBLUP 
estimates for average production of olives per farm (quintal) 

5. Final remarks 

In this paper the investigation has been focused on alternative specification 
of the models underlying the EBLUP and SEBLUP predictors in order to 
incorporate geographic information into the model-based estimation of the small 
area parameters. Our point is that in the presence of spatial dependence, better 
estimates can be obtained by using the spatial information both in the fixed part of 
the models and in the random part, even by specifying models with spatially 
correlated random area effects.  

The evidence from the case studies is that Spatial EBLUP, with correlated 
random area effects following a SAR process performs better when the spatial 
correlation in the study variable is high. However, the inclusion of covariates that 
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capture the spatial effects may be useful even when the strength of spatial link is 
weak. 

The methodology presented allows us to make use of all the informative 
components of the survey data including the geographical ones. This is a relevant 
opportunity for environmental and agro-environmental studies where geographic 
information plays a fundamental role for a better understanding of the spatial 
pattern of the phenomena under analysis. 

The spatial approach presented here is not free from limitations. Both 
EBLUP and SEBLUP are variable specific solutions: it is a matter of fact that 
geographic information relevant for a study variable can not be relevant for 
another. Nevertheless even if geographic information is not informative by itself, 
we have to accept that the spatial conformation of a study area (land use, 
elevation, percentage of hill, mountain and plain) are likely to influence deeply 
many environmental and socio-economic phenomena and their distribution by 
small area of interest.  

In addition, the findings are sensitive to the definition of the geographical 
units under analysis. The Modifiable Areal Unit Problem (MAUP - Unwin, 1996) 
is a potential source of error that can affect spatial studies which utilize aggregate 
data sources and also the small area estimation results. A simple strategy to deal 
with the problem of MAUP in small area estimation is to undertake analysis at 
multiple scales or zones. This can conflict with budget and time constraints which 
often condition the small area statistics production process.  

Furthermore, there is no unique way of defining the matrix of spatial 
interaction, and the results may be sensitive to the choice of spatial interaction 
matrix. Further work is needed to explore the performance of Spatial EBLUP 
using more complex spatial contiguity matrices. 
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SMALL AREA ESTIMATION  
UNDER VARYING AREA BOUNDARIES  
USING THE SYNTHETIC ESTIMATOR 

Fernando Moura1, Philip Clarke2 and Danny Pfeffermann3      

ABSTRACT 

This paper investigates the use of hierarchical models for small area 
estimation with varying area boundaries, employing the synthetic estimator. 
The paper shows how area estimates and corresponding MSE estimates can be 
obtained at a variety of nested and intersecting boundary systems by fitting a 
model at the lowest possible level. The estimates are obtained by aggregating 
from the lowest level and are therefore internally consistent. The methodology 
is illustrated by presenting results of a simulation study that uses hierarchical 
models built at the lowest area level defined by the UK 1991 census. 

Key words: Hierarchical models, Intersecting areas, MSE estimation.  

1. Introduction 

This paper develops a methodology for producing internally consistent small 
area estimates and appropriate MSE estimates and confidence intervals for 
varying boundary systems. The current methodology employed by the UK Office 
for National Statistics (ONS), known as the Small Area Estimation Programme, 
(SAEP) is outlined in Heady et al. (2000). This methodology uses a two level 
hierarchical model for computing estimates and MSE estimates at the upper 
modelling level. This level is defined as ‘ward’, an administrative area which 
averages about 2,500 households. Area covariates at ward level are used in the 
modelling process. The synthetic estimator rather than the EBLUP is employed 
principally because the tightly clustered survey sampling design employed by the 
ONS results in having samples from only a small proportion of the wards. Heady 
et al. (2000) note that the design cluster units (postcode sectors) follow a quite 
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different and incompatible geography. Postcode sectors are of similar sizes as 
wards, which results in having each ward generally intersecting with several 
postcode sectors. Consequently, the sample in a ward is in fact a sample from the 
intersection of the ward and a sampled postcode sector, and the overall sample 
consists therefore of samples from smaller sized areas that are likely to exhibit 
greater between area variability than between wards. To overcome this problem, 
the standard two level model is modified in the following manner,  

2 2
( , ), ,     ~ (0, ),  ~ (0, )T
d i k d i ik i v ik ey X v e v eβ σ σ= + + ,                  (1) 

where k indexes respondents (households or individuals), d indexes the ward in 
which the respondent resides ( T

dX  defines the mean of the auxiliary variables in 
the ward), and i  indexes postcode sectors. Thus the fixed effects are built on the 
ward hierarchy and the random effects on the postcode sector/respondent 
hierarchy. The estimates 2ˆvσ  then represent variability between postcode sectors. 

Noting that wards and postcode sectors are of the same order of size, SAEP 
carried out empirical testing on a large non-clustered dataset with areas formed 
both by ward boundaries and postcode sector boundaries. Models were fitted 
using both the model in (1) and a standard two level ward/household model. It 
was found that variability between wards is similar to, or slightly smaller than 
variability between postcode sectors.  
The output from SAEP consists of: 

• ward estimates computed as ˆ ˆT
d dY X β= .  

• mean squared error estimates given by ( ) 2ˆ ˆT
d d vX Var Xβ σ+   

• 95% confidence intervals computed as 

( )( )2ˆ ˆ1.96* T
d d vSQRT X Var Xβ σ± + .  

Estimates at higher level can be computed by aggregation, but no theory has 
been developed for MSE estimation, or for estimating the means at lower levels 
and for areas which intersect with the upper areas. The purpose of this paper is to 
address these problems  while maintaining the use of the synthetic estimator, 
which as explained above, is the preferred estimate by virtue of the fact that the 
cluster sampling design employed by the ONS  results in having no samples from 
the vast majority of areas of interest. 

In section 2 we define a three level hierarchical model, similar to the model 
considered by Stukel and Rao (1999). The model accounts for an upper area level 
geography at which we wish to estimate, a nested lower area level and individual 
respondent variation. We then develop the synthetic estimator at the upper 
modelling level and a corresponding estimate of its mean squared error. In 
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Section 3 we extend this estimation procedure in order to derive estimates and 
MSE estimates at alternative boundaries which build from the lower modelling 
level. In Section 4 we report the results of a simulation study based on realistic 
UK survey data and boundary systems. Section 5 sums up with conclusions. 

2. Three Level Model 

Suppose that there are T upper level areas indexed 1,...,i T= ; each area is 
made up of iM  lower level areas indexed  1,..., ij M= . with ijN   population 
units in lower level area ( , )i j . 
The population model can be formulated as, 

2 2 2,  ~  (0, ),  ~  (0, ),  ~  (0, )T
ijk ijk i ij ijk i v ij u ijk ey x v u e v iid N u iid N e iid Nβ σ σ σ= + + +  (2) 

1,..,i T= ; 1,..., ij M= ; 1,..., ijk N= . 

The random effects ,i ijuν  and the residual errors ijke  are mutually independent. 
Saei and Chambers (2005) study models that permit spatial correlations between 
the random effects. For generality, we consider the covariate values ijkx  to be 
unit specific. The model for the sample is assumed to be the same as in the 
population, (i.e., the sampling scheme is noninformative), with t , im  and ijn  as 
the respective sample sizes. (For a recent treatment of situations where the 
sampling of areas or within the areas is informative, see the article by 
Pfeffermann and Sverchkov published in this volume.) 

Stukel and Rao (1999) show that for known variances, the optimal 
generalized least square (GLS) estimator of β  under the model (2) is given by 

1A bβ −=%  where, 
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2.1. Synthetic estimator 

The estimator of β  defined by (3) is used for computing the synthetic 
estimator of the true mean in upper level area i ,  

 

T
i iY X β=% %   for Ti ,..,1=                    (4) 

  

Notice, however, that this estimator uses the true variance components, 
2 2 2, ,v u eσ σ σ . 

2.2. Mean squared error 

Denote by iN  the population size of upper level area i , i.e., 

1
iM

i ijj
N N

=
= ∑ . We assume that iN  is sufficiently large such the means ie  of the 

respondent level random terms ijke  are negligible. Then, the mean squared error 
of the synthetic estimator in (4) is,  
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(6) 
if upper level area i  is sampled. 

2.3. Empirical estimators  

The synthetic estimator defined by (4) uses the true variance components 
2 2 2, ,v u eσ σ σ . However, in practice, these variances are unknown. If we substitute 

estimates of the variances in (3) we obtain the empirical GLS estimator β̂  and 
hence the corresponding empirical synthetic estimator, 

ˆ ˆT
i iY X β= ,  Ti ,..,1=                                            (7) 
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For the mean squared error of the empirical synthetic estimator we need to 
estimate, 

2 2ˆ ˆ ˆ( ) ( ) ( ) ( )i i i i i iMSE Y E Y Y MSE Y E Y Y= − = + −% %  + )]
~ˆ)(

~
[(2 iiii YYYYE −−   ,(8) 

where iY% is defined by (4). We assume that the population sizes ijN  are known 
for all lower level areas (sampled and unsampled). An estimator of the first term 
in the right hand side of (8) is given by, 

( )
2

1 2 2
2
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ˆˆ ˆ
iM

T u
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ji

mse Y X A X N
N
σσ−

=

= + + ∑%                     (9) 

if upper level area i  is not in the sample,  and 

( ) ( )
2

1 2 2 1 1
ˆ ˆ2

1 1

ˆ 2ˆ ˆ ˆˆ ˆ ˆˆ 2
i iM m

T T Tu
i i i v ij i i i ij ij ij ii i

j ji i

mse Y X A X N X A x X A N x x
N Nγ γ
σσ γ γ γ− − −

= =

⎛ ⎞
= + + − − −⎜ ⎟

⎝ ⎠
∑ ∑%     (10) 

if upper level area i  is sampled. 

Note that (9) and (10) use estimates of the variance components (see Section 4).  

The second term in the right hand side of (8) can be shown to be of order 
2( )O t− , but the cross-product (third term) is of order 1( )O t−  and thus cannot in 

general be ignored, although our empirical investigations so far show that it is 
negligible compared to the first term.  

3. Alternative Boundary System 

Consider an alternative boundary system denoted by Λ, that can be built up 
from the low level geographical areas. We let Λ be composed of L areas, which 
we index by l . Each area l  is composed of lS  low level areas which we index 
sequentially by s. 

3.1. Notation 

In order to cater for the overlapping of areas of the different geographies, we 
use the following notation: 
• ijU  defines the set of population units in lower level area j of upper level area 

i  of the original geography of size ijN . 

• lsU defines the set of population units in lower level area s of upper level area 
l  of geography Λ of size lsN . 



630                                      F.Moura, P.Clarke, D.Pfeffermann: Small Area Estimation… 

 

 

• 
1

iM

i ij
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U U
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1
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i ij
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s
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• ( )( )ls ijU  defines the intersection of lower level areas lsU  and ijU .  

Since both upper level geographies are composed of the same lower level 
areas, we have that either,  

(i) ( )( )ls ij ls ijU U U= =   of size ( )( )ls ij ls ijN N N= = , or (ii) ( )( )ls ijU = Φ , i.e. the 

null set with 0ijN = .  

•  ( )( ) ( )( )
1

lS

l ij ls ij
s

U U
=

=U  of size ( )( )l ijN  defines the set of population units in lower 

level area j of upper level area i  of the original geography, within area l  of the 
new geography Λ.  

Here again, we have that either, 

(i) ( )( )l ij ijU U=  with ( )( )l ij ijN N=  or (ii) ( )( )l ijU = Φ , i.e., the null set with 

0ijN = .  

We define accordingly the indicator function ( , , )I i j l ,  

( )( ) ( )( )( , , ) 1 if ; ( , , ) 0 if l ij ij l ijI i j l U U I i j l U= = = = Φ                (11) 
 

• ( )( ) ( )( ) ( )( )
1 1 1

i i lM M S

l i l ij ls ij
j j s

U U U
= = =

= =U UU  of size ( )( )l iN  defines the intersection of 

population units in upper level i  of the original geography and upper level 
area l  of geography Λ. 

We assume that the same three-level model defined by (2) holds under the 
new geography.  

Using the notation defined above, the true mean in area l  can be written 
therefore as, 
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3.2. Synthetic estimator 

Assuming known variances, the synthetic estimator of the mean lY  in area l  
is defined as,  

1 1 1
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where β% is the GLS estimator of β  defined by (3).  

3.3. Mean squared error 

The mean squared error of the estimator in (13) can be computed similarly to 
the MSE of the estimator iY% defined by (4).  
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if none of the original areas i  with which area l  intersects is sampled,  
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 (15) 

if at least one original area i  with which area l  intersects is sampled. As under 
the original boundaries, we have found that the cross product expectation in (8) is 
negligible.          

3.4. Empirical estimators for new boundaries 

As in the previous section, we consider the practical case where the 
unknown variances are replaced by sample estimates (see Section 4). Denoting as 
before by β̂  the empirical GLS estimator, we obtain, 

 ˆ ˆT
l lY X β=                                                                  (16) 

The MSE estimators are, 
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if none of the original areas i  with which area l  intersects is sampled,  
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if at least one original area i  with which area l  intersects is sampled. 

4. Simulation Study 

A simulation study was carried out using a dataset based on realistic ONS 
survey data. The purpose of the study was to investigate empirically the 
performance of estimators based on low level modelling under different boundary 
systems. 

4.1. Boundary systems 

Four boundary systems were considered for the analysis. They represent 
approximately one quarter of England and Wales.  
• 1991 enumeration districts (ED) – (30,387 EDs in total), 
• 1991 wards (which build up from enumeration districts) – (2,289 wards in 

total), 
• 1991 Local authority district (LAD) – (98 LADs in total) 

Local authorities build up from wards. Most of the LADs contain between 20 
and 30 wards. 

• Pseudo postcode sectors (PC) – (2,483 PCs in total). 

Actual postcode sectors are a postal geography which intersects with both 
wards and enumeration districts. The pseudo postcode sectors defined here are a 
modification specifically constructed in order to intersect with wards and also 
build up from enumeration districts. For simplicity, this geography is termed 
postcode sectors (PC) hereafter. 

4.2. Respondent variable, covariates and model 

We used a large multi-year survey dataset constructed from Labour Force 
Survey for generating a realistic variable behaviour for the simulation experiment. 
The specific variable we chose represents weekly household income. We 
generated data from the population model (2), using wards as the upper area level 
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and EDs as the lower level. The model contains five area level covariates at both 
ward and ED levels, and the following random effects at ward, ED and individual 
levels:  ~ (0, 1111.43),  ~  (0,2930.38),i ijv N u N  ~  (0,92624)ijke N , with the 
three variances derived from the real data set. 

The five covariates are : proportion of households with at least one person 
with a long term limiting illness, proportion of households with head of 
household married, average number of adults in each household, proportion of 
households with head of household aged over 40 and proportion of single parent 
households. 

The simulation study consists of the following steps: 

1. We generated 500 independent sets of normally distributed random 
variables{ }iv ,{ }iju  for the upper and lower level areas, wards and EDs. 

2. From these we obtained 500 sets of true area means for all the wards, LADs 
and PCs under the model, assuming that the means of the disturbances ijke  
within these areas are negligible (thus setting them to zero).  

3. We then used PPS sampling based on household population size to select 300 
PCs as primary sampling units (PSUs). This was done in order to follow the 
sampling design adopted by the clustered household surveys at the ONS. All 
EDs falling within the selected PSUs were selected as secondary sampling 
units, yielding 5197 selected EDs within 770 wards. These selections remained 
constant for the 500 simulation sets. Holding the selected sampling areas 
constant is in the spirit of a ‘model based approach’ that conditions on the 
selected areas. Resampling PCs on each simulation wouldn’t change the 
results in any significant way, given the large sample of PCs selected.  

4. We generated respondent outcome values for three households in each selected 
ED for each of the 500 simulation sets by generating random disturbances 
{ }ijke  and computing, T

ijk ijk i ij ijky x v u eβ= + + +  with the appropriate 
covariates and ward and ED random effects. Since the covariates are defined 
only at the two area levels, their values remained fixed in each selected ED for 
all the simulations. 

5. Models were fitted for each sample using the estimators developed in sections 
2 and 3. The variances 2 2 2, ,v u eσ σ σ  were estimated for each simulation by 
restricted maximum likelihood (REML), using PROC MIXED in SAS. The 
use of REML is very common in small area estimation and yields unbiased 
estimators under the model. We didn’t consider any weighted estimators since 
the sampling scheme is noninformative.  

 
6. We computed estimates for the following three boundary systems: 
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Wards — the upper level model boundary system, 
Postcode sectors (PC) — a boundary system intersecting with wards (and of 
similar size), building out of the low level model boundary system, 

Local authorities (LAD) — a higher level boundary system building from wards. 

4.3. Analysis of results 

We study the performance of estimators of both the modelled areas (wards) 
and the alternative areas derived from the different boundary systems. In 
particular, we focus on:  

i) bias of the small area estimators, 

ii) mean square error of estimators, 

iii) bias of mean squared error estimators, 

iv) coverage of the conventional nominal 95% confidence intervals. 

The ‘true’ mean squared error of the estimators have been obtained by 
computing the empirical MSE over the 500 simulations for each area. Thus, for 
wards for example, the MSE is computed as, 

( ) ( )
2500

( ) ( )

1

1ˆ ˆ
500

m m
M i i i

m
MSE Y Y Y

=

= −∑ , where ( )m
iY  is the true value for ward i  in 

simulation m and ( )ˆ m
iY  is its estimator using estimated variance components.  

 

The main outcomes from the simulation study are as follows: 

1. For all three boundary systems (geographies) considered, the bias of the small 
area estimators was of the order of 0.03, yielding an approximate 0.02% relative 
bias for wards and PCs, and 0.012% relative bias for the larger LADs. 

2. The MSEs of the small area estimators reduce substantially as the area size 
increases, ranging from around 1500 for wards, down to about 88 for local 
authorities. 

3. For all the three boundary systems, the MSE estimators ˆ( )imse Y  perform well, 
with very small and essentially negligible bias. When regressing the (empirical) 
MSEs against the estimators, the regression lines are very close to the 045  line, 
with 2R  of 0.94 for wards, 0.99 for PCs and 0.97 for LADs.  

4. The conventional 95% confidence intervals under normality assumptions for 
the true area means yield satisfactory results. Figures 1-3 below depict histograms 
for wards, PCs and LADs respectively, showing for each of the estimated areas 
the proportion of times out of the 500 simulations that the confidence interval 
contains the true area value. In all the cases these empirical coverage rates are 
between 91% and 97%. Figure 3 shows a somewhat more erratic performance, but 
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this can be attributed to the smaller number of LADS, compared to the number of 
wards and PCs. Note that large departures from the nominal 95% level would 
have indicated either a bias of the small area estimators and/or of the mean 
squared error estimates in particular areas.  
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Fig 1 : Coverage rates of nominal 

95% confidence areas for 2289 wards 
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Fig 2 : Coverage rates of nominal 95% 

confidence areas for 2483 postcode sectors 
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Fig 3: Coverage rates of nominal 95% confidence areas for 98 local authorities 

5. Conclusions 

We have shown how a low area level modelling approach and using the 
synthetic estimator allows internally consistent estimation at the top area level and 
other boundaries that build from the low level system. We have developed 
appropriate small area estimates and corresponding MSE estimates and have 
validated and illustrated their performance.   

This development will enable the ONS to adapt its current SAEP 
methodology (equation (1)) so that the fixed and random effects follow the same 
area hierarchy. By ensuring that the low level is sufficiently small with respect to 
the small areas of interest, valid area estimators, MSE estimators and confidence 
intervals can be computed for any aggregated boundary system, overcoming the 
current SAEP restrictions. 
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COMPARING EBLUP AND C-EBLUP 
FOR SMALL AREA ESTIMATION 

Hukum Chandra and Ray Chambers1 

ABSTRACT 

Several methods for small area estimation have been proposed in the 
literature (Rao, 2003). However, research continues on the identification of 
small area estimation techniques that are efficient and also simple to 
implement, with estimation of mean squared error a particular problem. We 
describe the calibrated empirical best linear unbiased prediction (C-EBLUP) 
or calibrated approach to small area estimation introduced in Chambers 
(2005). In this paper we present results from a simulation study that compares 
the mean squared error estimates generated under the C-EBLUP approach 
with those generated under the EBLUP approach. Our results show that the 
proposed C-EBLUP mean squared error estimator performs well and 
represents a real alternative to the usual EBLUP estimator. We also note that 
in case of model misspecification, the C-EBLUP approach appears to provide 
a more robust set of small area estimates. 

Key words: Small area, calibrated weighting, prediction approach, MSE 
estimation, model-based estimation. 

1. Introduction  

Small area estimation is now very common in survey sampling, with several 
methods proposed in the literature (Rao, 2003). However, research continues on 
the identification of small area estimation techniques that are efficient and also 
simple to implement, with estimation of mean squared error a particular problem. 
Unit level random effect models are often used in small area estimation, and the 
empirical best linear unbiased prediction (EBLUP) based approach is widely used 
for the estimation of small area means under such models. However, this 
approach does not lead to small area estimators that are weighted linear functions 
of the sample data from these areas. As a result, several practical advantages of 
                                                           
1 Southampton Statistical Sciences Research Institute, University of Southampton, Southampton 

SO17 1BJ, United Kingdom. Email: hchandra@soton.ac.uk and R.Chambers@soton.ac.uk 
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using such weighted estimators are lost, with probably the most important being 
the relative simplicity of their mean squared error estimation. The calibrated 
empirical best linear unbiased prediction (C-EBLUP) approach introduced in 
Chambers (2005) overcomes some of these limitations. This approach uses 
sample weights derived from a population level version of the random effects 
model to define weighted linear small area estimators as well as a simple 
expression for their mean squared error. The objective of this paper is to provide 
some empirical results that compare the mean squared error estimates generated 
under the C-EBLUP approach with those generated under the EBLUP approach. 
The robustness of the two approaches to model misspecification is also examined. 

2. Small Area Estimation Based on a Linear Mixed Model 

Let iY  be the 1iN ×  vector of values of variable of interest in small area i 
and let iX  be the iN p×  matrix of values of the auxiliary variables associated 
with. We consider the following linear mixed model specification for the 
distribution of iY  given iX : 

      i i i i iY X Z u eβ= + + .                         (1) 
Here iN  is the number of the population units in small area i, β  is a 1p×  

vector of fixed effects, iZ  is a iN q×  matrix of known covariates characterising 
differences between small areas, iu is a random area effect associated with the ith 

small area and ie  is a 1iN ×  vector of individual level random errors. The 
random variables iu  and ie  are assumed to be independently distributed, with 

zero means and with variances ( )iVar u = Σ  and 2( )
ii e NVar e Iσ=  respectively. 

Normality of these two random variables is often also assumed. The covariance 
matrix of iY  is 2( ) 

ii i e N i iVar Y V I Z Zσ ′= = + Σ , which depends on a 1k ×  vector 
of fixed parameters θ , usually called the variance components of the model. 
Finally, it is usually assumed that sampling is uninformative given the values of 
the auxiliary variables, so the sample data also follow the population model (1). 

By grouping the area-specific models (1) over the population, we are led to 
the population level model 

     Y X Zu eβ= + +                          (2) 
where 1( , , )mY Y Y′ ′ ′= … , 1( ,..., )mX X X′ ′ ′= , ( ;1 )iZ diag Z i m= ≤ ≤ , 

1( , , )mu u u′ ′ ′= … and 1( , , )me e e′ ′ ′= … . The variance-covariance matrix of Y is 
( ;1 )iV diag V i m= ≤ ≤ . We assume that X has full column rank p. This is the 

general linear mixed model, which includes most of the small area models used in 
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the literature (Rao 2003, pp 107). In practice the variance components that define 
V are unknown and must be estimated from the sample data. We use a “hat” to 
denote an estimate and put ˆ ˆ( ;1 )iV diag V i m= ≤ ≤ , with 2ˆ ˆˆ

ii e N i iV I Z Zσ ′= + Σ . In 
this paper we shall only consider the restricted maximum likelihood (REML) 
method of variance components estimation. 

We consider the following decomposition of Y, X, Z, e and V into sample and 
non-sample components: 

s
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Y
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Here sX  is the n p×  matrix of sample values of the auxiliary variables, sZ  is 
the corresponding n q×  matrix of sample components of Z and ssV  is the n n×  
covariance matrix associated with the n sample units that make up the 1n×  
sample vector sY . A subscript of r is used to denote corresponding quantities 
defined by the N n−  non-sample units, with rsV  denoting the ( )N n n− ×  matrix 
defined by ( , )r sCov Y Y . In what follows we denote 1N , 1n and 1r  as vectors of 
1’s and NI , nI and rI  as identity matrices of order N, n and N n−  respectively. 
We use similar notation at the small area level by introducing an extra subscript i 
to denote small area. For example, we denote by is  the set of in  sample units in 
area i, ir  the corresponding i iN n−  non-sampled units in the area and put 

2
iiss e n is isV I Z Zσ ′= + Σ  and isr is irV Z Z ′= Σ . 

Given this notation, and assuming (1) holds, the EBLUP for the ith small area 
mean iY  is 

-1
,

ˆ ˆ ˆˆˆ(1 )[  ( )]i EBLUP i is i ir ir is iss is isY f Y f X Z Z V Y Xβ β′ ′ ′= + − + Σ −   (3) 

where i i if n N=  and irX  and irZ  are 1p×  and 1q×  vectors respectively of 
means for the i iN n−  non-sampled units in small area i. An approximately 
unbiased estimator of the MSE of (3) is 

2 2
, 1 2 3

(1 )ˆ ˆ ˆ ˆ ˆ( ) (1 ) ( ) ( ) 2 ( ) i
i EBLUP i i i i e

i

fmse Y f g g g
N

θ θ θ σ−⎡ ⎤= − + + +⎣ ⎦  (4) 

where 

( )-1
1

ˆ ˆˆ ˆ ˆ( ) -i ir is iss is irg Z Z V Z Zθ ′ ′= Σ Σ Σ  

( ) ( )
-1

-1
2

1

ˆ ˆ( )  
m

i ir i is is iss is ir i is
i

g X b X X V X X b Xθ
=

⎛ ⎞ ′′ ′ ′ ′ ′= − −⎜ ⎟
⎝ ⎠
∑  
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( ) ( ){ }3
ˆ ˆ( ) ( )i i iss ig tr b V b Varθ θ′= ∇ ∇  

with -1ˆˆ i ir is issb Z Z V′ ′ ′= Σ , i
i

bb
θ
′∂′∇ =

∂
 and where ˆ( )Var θ  is the asymptotic 

covariance matrix of θ̂  given by the inverse of the relevant information matrix. 
See Prasad and Rao (1990) and Rao (2003, pp 107-110). 

In contrast, under the population level linear mixed model (2), the sample 
weights that define the EBLUP for the population total of Y are 

( ) ( ) 1ˆ ˆ ˆ ˆ1 1 1 1EBLUP n N s n n s ss sr rw H X X I H X V V−′ ′ ′ ′ ′= + − + −                (5) 

where ( )
1

11 1 1 1

1 1

ˆ ˆ ˆ ˆ ˆ 
m m

s ss s s ss is iss is is iss
i i

H X V X X V X V X X V
−

−
− − − −

= =

⎛ ⎞ ⎛ ⎞′ ′ ′ ′= = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∑ ∑ .  

These sample weights are calibrated on X, i.e. 1s EBLUP NX w X′ ′= , and define an 
unbiased linear predictor of the population total of Y (Royall, 1976). They depend 
on the random area effects structure of the mixed model (2) via the covariance 
structure in the sample/population, with extension to more complex covariance 
structures only requiring that 1

ŝsV −  and ŝrV  be recomputed under these more 
complex models. 

The C-EBLUP estimator of the ith small area mean is then defined as 

,
ˆ

i i

i CEBLUP j j j
s s

Y w y w=∑ ∑
                           (6) 

where the weights in (6) are those associated with the sample units in small area i 
in (5). This estimator is referred to as the C-EBLUP estimator for small area i 
since it is based on the calibrated EBLUP sample weights in the ith small area. It 
is important to note that the EBLUP (3) and C-EBLUP estimator (6) are not the 
same. See Chambers (2005). 

In order to estimate the mean squared error (MSE) of (6), we follow the 
approach of Chambers (2005) and treat this expression as a simple weighted 
domain mean estimate under the usual uncorrelated model for the linear 
regression of Y on X at population level. This is the model that would be used to 
predict the population total of Y, and also, typically, any domain totals associated 
with this variable. Under this approach the EBLUP weights derived from (5) are 
treated as fixed and the prediction variance of (6) estimated using a standard 
robust variance estimator. A “plug-in” estimate of the squared bias of (6) under 
this model is added to this estimated prediction variance to finally define a simple 
estimate of the MSE. Note that under this approach the EBLUP weights 
underlying (6) “borrow strength” via the assumed small area model (2), but this 
model is not used in inference. In contrast, standard methods for estimation of the 
MSE (4) of the traditional EBLUP are based on the linear mixed model (2) and 
can be quite complicated because of the need to account for the estimated random 
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effects in this model (see, e.g., Prasad and Rao, 1990). The choice between these 
two approaches is largely philosophical and depends on how much one “believes” 
(2). In particular, Chambers (2005) treats (2) as a vehicle for generating 
estimation weights, but bases inference on the model used for population level 
inference, thus ensuring consistency with the way mean squared errors are 
estimated at population level. In particular, the MSE of the C-EBLUP estimator 
(6) is then written 

2
, , ,

ˆ ˆ ˆ( ) ( ) [ ( )]i CEBLUP i CEBLUP i i CEBLUPMSE Y Var Y Y Bias Y= − +  

where ( ) 2 2
,

ˆ ( ) ( )
i i

i CEBLUP i i j j j
s r

Var Y Y N a Var y Var y− ⎛ ⎞
− = +⎜ ⎟

⎝ ⎠
∑ ∑  is the prediction 

variance of (6) under the usual population level model, with 

i i

j i j j j
s s

a N w w w
⎛ ⎞ ⎛ ⎞

= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ∑  and , ,
ˆ ˆ( ) ( )i CEBLUP i CEBLUP iBias Y E X X β′= −  is 

the bias of (6) under the same model. Here ,
ˆ

i CEBLUPX  denotes the weighted 
average of the sample values of the auxiliary variables in area i. 

A robust estimator of the mean squared error of (6) is therefore 

( )2

, , ,
ˆ ˆ ˆ ˆˆ( ) ( ) ( )i CEBLUP i CEBLUP i CEBLUP imse Y V Y X X β′= + −    (7) 

where 
2

,
ˆ ˆˆ( ) ( )

i

i CEBLUP j j j
s

V Y y xλ β′= −∑ , with 2 2

1
i i

j i j
i

N nN a
n

λ − ⎛ ⎞−
= +⎜ ⎟−⎝ ⎠

.  

See Royall and Cumberland (1978) for more detail on robust prediction variance 
estimation. In the next section we provide empirical results that compare (7) with 
MSE estimation under the standard approach as set out in Prasad and Rao (1990). 

3. An Empirical Study 

The basis of the empirical results reported here is the same sample of 1652 
Australian farms that were used for the empirical evaluation reported in Chambers 
(2005). In particular, we use the same target population of 81982 farms (obtained 
by sampling with replacement from the original sample of 1652 farms with 
probabilities proportional to their sample weights). The same 1000 independent 
stratified random samples as used in Chambers (2005) were then drawn from this 
(fixed) population, with total sample size in each draw equal to the original 
sample size (1652) and with the small areas of interest defined by the 29 
Australian agricultural regions represented in this population. Sample sizes within 
these regions were fixed to be the same as in the original sample. Note that these 
varied from a low of 6 to a high of 117, allowing an evaluation of the 
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performance of the different methods considered across a range of realistic small 
area sample sizes. 

Our aim is to estimate average annual farm costs (A$) in these regions. 
These regions are grouped into three zones (Pastoral, Mixed Farming, and 
Coastal), with farm size (hectares) assumed known for each farm in the 
population. Although the linear relationship between the annual farm costs and 
farm size is rather weak in the original sample data, this improves when separate 
linear models are fitted within six post strata. These post-strata are defined by 
splitting each zone into small farms (farm area less than zone median) and large 
farms (farm area greater than or equal to zone median). Figure 1 shows the 
average farm costs and average farm size in the 29 regions. Figure 2 shows the 
log-scale relationship between annual farm costs and farm size in each of these 
six post-strata. 

Figure 1. Average farm costs and farm size in different regions 

10

11

12

13

14

5 6 7 8 9 10 11 12 13 14

log(Average Farm Area(hectares) )

lo
g(

A
ve

ra
ge

 F
ar

m
 C

os
t(

A
$)

 )

Population  size < 1000

Population  size> 1000 and <= 3000

Population size > 3000

 



STATISTICS IN TRANSITION, December 2005                                                             

 

643 

Figure 2. Relationship between farm costs and farm size in six post-strata 
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The matrix X of auxiliary variable values in (1) was defined so as to include 
an effect for farm size, effects for the post-strata and effects for interactions 
between farm size and the post strata. Two different specification for X 
(corresponding to whether an intercept was included or not) and two different 
specifications for Z (corresponding to whether a random slope on farm size was 
included or not) were then used to specify (1) and hence the EBLUP and C-
EBLUP estimators based on this model. These four special cases of (1) are set out 
below. 

Model Model Type Xi Zi 

I Random Intercepts  Intercept included Intercept 
II Random Slopes  Intercept included Intercept + farm area 
III Random Slopes with 

fixed intercept 
Intercept included Farm area 

IV Random Slopes with 
zero intercept 

Intercept excluded Farm area 

For the farm data, models I and II are appropriate (with II fitting marginally 
better) while models III and IV are badly specified. We use REML estimates of 
random effects parameters throughout, obtained via the lme function in R. 
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Table 1 presents the average percentage relative biases, average percentage 
root mean squared errors (RRMSE) and average nominal 95% coverage rates 
(averaged over the 29 small areas), generated by the EBLUP and C-EBLUP 
estimators under the four different models. These results show that the relative 
biases of the C-EBLUP estimator are smaller than the relative biases of the 
EBLUP estimator for all models except IV. However, the average percent root 
mean square errors of the C-EBLUP estimator are marginally higher than those of 
the EBLUP estimator for I and II and smaller for III and IV. The coverage rates 
(which should nominally be around 95 percent) for the C-EBLUP estimator are 
relatively higher than those of the EBLUP estimator for all models. Although 
neither estimator dominates the other, it seems clear that the C-EBLUP approach 
appears to be more robust than EBLUP approach. 

Table 1. Average relative biases, average RRMSE and average coverage rates 

Model Estimators %RB %RMSE CR 

EBLUP  4.24 19.92 0.90 
I 

C- EBLUP -2.49 20.56 0.92 

EBLUP  2.98 19.87 0.85 
II 

C- EBLUP -2.13 20.15 0.93 

EBLUP  4.52 23.89 0.69 
III 

C- EBLUP -3.84 21.14 0.94 

EBLUP  1.17 23.38 0.65 
IV 

C- EBLUP  2.20 22.35 0.97 

Table 2. Median relative biases and median RRMSE 

Model Estimators %RB %RMSE 

EBLUP  1.55 15.74 
I 

C- EBLUP -0.82 14.45 

EBLUP  0.61 16.40 
II 

C- EBLUP -0.47 13.16 

EBLUP  1.95 19.94 
III 

C- EBLUP  0.13 14.44 

EBLUP -2.63 19.73 
IV 

C- EBLUP  2.06 20.61 
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Figures 3–5 show the region-specific performances generated by the EBLUP 
and C-EBLUP approaches (ordered by increasing population size). Figure 3 
shows the relatively better performances of both the EBLUP and C-EBLUP 
estimators under I and II and their relatively poor performance under IV. In 
particular, both estimators are badly biased under this model. Figure 4 shows that 
the regional estimates generated by C-EBLUP approach are comparable with 
those generated under the EBLUP approach in terms of efficiency, with neither 
approach dominating the other. Overall, with the exception of two regions (3 and 
21), it seems that the C-EBLUP estimator under II performs marginally better 
overall. 

Figure 3. Region-specific Percentage Relative Biases of EBLUP and C-EBLUP 
approaches 

In the two regions (3 and 21) where this C-EBLUP approach fails, inspection 
of the population and sample data indicated that this is because of a few outlying 
estimates. In fact, the outlying estimates for region 21 are all caused by presence 
of a single massive outlier (farm costs > A$30,000,000) in the original sample. 
This outlier was included in the simulation population (twice) and then selected 
(in one case, twice) in 37 of the 1000 simulation samples. If we discard the outlier 
driven estimates in region 21 then the C-EBLUP approach definitely seems the 
method of choice for regional estimation in our simulation study. 
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Figure 4. Region-specific Percentage RRMSE of EBLUP and C-EBLUP 
approaches 

Figure 5 summarizes region-specific variation in the 2-sigma confidence 
interval coverage rates generated by EBLUP and C-EBLUP estimators. If we 
ignore the outlier driven results for region 21, the results displayed in Figure 5 
show that the C-EBLUP approach gives marginally better coverage rates under I 
and II. A close look at these results also indicates that in the event of model 
misspecification (e.g. under models III and IV) the C-EBLUP coverage rate is 
more robust. 

As pointed out above, the C-EBLUP estimators are influenced by the 
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estimators. It is also obvious that this performance does not seem to depend on the 
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Figure 5. Region-specific Coverage Rates of EBLUP and C-EBLUP approaches 

4. Conclusions and Future Research 

Our empirical results indicate that the C-EBLUP estimator (6) performs well 
and represents a real alternative to the EBLUP. Furthermore, the simple C-
EBLUP MSE estimator (7) appears to provide good coverage performance. 
However, some caution is required when interpreting these conclusions. The 
EBLUP predictor (3) approximates the BLUP under (1) and hence will be 
preferable if this model holds. Our results explore the more realistic situation 
where (1) is a working model, rather than the (unknown) true model underpinning 
the data. In this case it appears that the C-EBLUP approach is more robust and 
hence preferable. 

It should also be pointed out that the weights underpinning the C-EBLUP 
estimator (6) are essentially variable specific. Furthermore, the data set used in 
section 3 involved skewed data as well as a potential nonlinear relationship 
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approach for small area estimation when variables are linear on a transformed 
scale. Furthermore, although the C-EBLUP weights are variable specific and 
therefore efficient for estimation related to the variable on which they are based, 
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development of general-purpose (i.e. not variable specific) C-EBLUP weights has 
the potential to make the method even more useful. The authors are currently 
working on these two issues, and results obtained so far are very encouraging. 
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DOES THE MODEL MATTER?  
COMPARING MODEL-ASSISTED  

AND MODEL-DEPENDENT ESTIMATORS OF CLASS 
FREQUENCIES FOR DOMAINS  

Risto Lehtonen1, Carl-Erik Särndal2 and Ari Veijanen3 

ABSTRACT 

An estimator of a total for a population subgroup or domain is usually 
constructed with an underlying model in mind. Important features of the model 
include the mathematical statement of the model and the set of parameters 
allowed in it. The objective of this paper is to see how the features of model 
affect the bias and accuracy of common estimator types. We study two 
estimator types, the model dependent type and the model-assisted type. 
Synthetic (SYN) estimators and generalized regression (GREG) estimators are 
used to represent these types. The parameters of interest are class frequencies 
of binary or polytomous response variables for domains of different sizes, 
some large, some small. Logistic models are used, and we consider fixed-
effects models as well as mixed models (the latter contain both fixed and 
random effects). We are interested in seeing how the choice between fixed-
effects models on the one hand and mixed models on the other will affect the 
properties of the two domain estimator types. For a fair comparison, we use a 
similar underlying model structure for both estimator types. Our simulation 
experiments consisted of repeated draws of simple random samples from two 
finite populations, one artificially constructed, the other derived from real data 
from the Finnish Labour Force Survey. Our results indicate that the choice of 
model affects the two estimator types in very different ways. The choice 
between a fixed-effects model and a corresponding mixed model has a large 
impact on SYN, whereas the GREG estimator remains virtually unaffected. In 
particular, the mixed model formulation accentuates the tendency of the 
distribution of the SYN estimates to be highly concentrated, but the 
distribution is often away from the true domain total. GREG, on the other 
hand, maintains its property of approximate design unbiasedness whatever the 
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model choice, and the variance does not change much. As a result, GREG is 
much less sensitive to model choice.  

Key words: Binary response; Generalized regression estimators; Logistic 
mixed models; Polytomous response; Survey sampling; Synthetic estimators; 
Unit-level models. 

1. Background and Objectives 

The production of reliable statistics for regions and other types of population 
subgroups has high priority for producers of official statistics. Such subgroups are 
often called domains of interest, or simply domains. The term small area 
estimation is used in the large literature devoted to the special techniques needed 
when a domain contains very few observed units. 

Regardless of the domain size, the use of powerful auxiliary information is 
of crucial importance in building efficient domain estimators. When the available 
information specifies domain membership as well as a known auxiliary vector 
value for every population unit, we can construct different types of domain 
estimator. The generalized regression (GREG) estimator type is one possibility. A 
GREG estimator is design-based, therefore essentially unbiased over repeated 
samples. It is constructed from an assisting model. Other possibility for the same 
information is the Synthetic (SYN) estimator type. A SYN estimator is also built 
on a model but is model dependent. Its bias may be considerable for a less-than-
perfect model specification; on the other hand, its variance is often quite small. 

Särndal, Swensson and Wretman (1992) discuss GREG estimators when the 
assisting model is a fixed-effects linear regression model. Several recent 
contributions extend the GREG family to other types of assisting models. 
Lehtonen and Veijanen (1998) examine GREG domain estimators for a binary or 
polytomous response variable when the assisting model is a binomial or a 
multinomial logistic fixed-effects model. Lehtonen and Veijanen (1999) studied 
GREG estimators for a continuous or binary response variable using linear mixed 
models as assisting models. Further, Lehtonen, Veijanen and Särndal (2003) 
compared GREG and SYN estimators in regard to bias and accuracy. In model 
specification, linear fixed-effects and mixed models were used. An additional 
possible direction for extension of the GREG concept is explored in Breidt and 
Opsomer (2000) and in Montanari and Ranalli (2003). These authors use 
nonparametric regression techniques to obtain the fitted values necessary for a 
GREG type estimator. Zheng and Little (2003, 2004) use penalized spline 
nonparametric mixed models for a similar purpose. Wu and Sitter (2001) consider 
GREG as a special case of a model-calibration estimator. Estevao and Särndal 
(1999, 2004) address a number of issues in design-based domain estimation, 
especially in the context of calibration techniques. 

In this paper we question the importance of the model specification, or 
model choice, for estimating class frequencies of a polytomous response variable 
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for a number for domains, large or small. We will address the following specific 
questions related to model choice: Should we use a fixed-effects model or a 
mixed model formulation in an attempt to account for the possible domain 
differences? Further, given the model formulation, should we allow domain-
specific slopes in addition to the domain-specific intercepts? And finally, how do 
these aspects of model choice affect the question of whether a GREG estimator or 
a SYN estimator should be used? 

A typical practical example is a Labour Force Survey, as conducted in many 
countries, where the target of estimation is the number of ILO unemployed (a 
binary response), or the number of persons employed, unemployed and outside 
the labor force (a polytomous response), and the objective is to provide estimates 
of class frequencies for a number of areas of a country. A linear model 
formulation can be said to be inappropriate for such response variables, because 
the resulting predictions can take values outside the natural range of variation of 
the response variable. More realistic is a logistic model formulation, because for 
example for a binary response variable, the predictions necessarily fall between 0 
and 1. 

Hence the objective in this paper is to see how the different aspects of model 
choice affects the performance of SYN and GREG estimators of class frequencies 
of a binary or polytomous response variable for domains and small areas of a 
finite population. The models we use belong to the family of generalized linear 
mixed models (Breslow and Clayton 1993; McCulloch and Searle 2001). The use 
of such models for small area SYN estimators is discussed for example in Rao 
(2003). We extend the range of possibilities for GREG estimation for domains by 
allowing assisting models in the class of generalized linear mixed models. 

The paper is organized as follows. Section 2 considers options for model 
choice for binary and polytomous response variables. We introduce a number of 
special cases of models that aim at accounting for the domain differences, by 
using either a fixed-effects or mixed model formulation. Guided by this 
discussion we formulate domain estimators of GREG type and SYN types. Their 
performance is studied empirically, by Monte Carlo experiments, in Section 3. 
Section 4 contains a summary and a concluding discussion. 

2. Models and Estimators of Domain Totals 

2.1. Model Choice and Estimator Type 

At least three considerations enter into model choice: the mathematical form 
of the model, the set of parameters or effects allowed in the model, and the fixed-
effects model versus mixed model formulation (in the latter at least some of the 
effects are random). As already noted, for a binary or polytomous response 
variable, a logistic form is arguably a more logical mathematical form than the 
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linear. The effect of this aspect was examined in Lehtonen, Särndal and Veijanen 
(2003). In this paper we concentrate on the logistic form. 

A second aspect of model choice is the parameterization, or the set of 
effects, allowed in the model. A model is better than a competing one if it can 
better explain the variation in the data. To allow domain specific effects should be 
a step in the right direction. One of our objectives is therefore to see how the 
inclusion of domain specific effects is reflected in the performance of the 
resulting domain estimators. 

A third aspect of model choice is how the domain specific effects are 
included, as fixed effects or as random effects. We consider alternatives for 
balancing the fixed-effects part as against the random-effects part of the model. 
We want to know whether improved estimation necessarily follows from allowing 
some of the domain specific effects to be random rather than fixed. This aspect of 
model choice is of interest because often in the context of small area estimation, 
domain specific variation is allowed by a mixed model type.  

We examine two estimator types, GREG estimators and SYN estimators. We 
study the effect of model choice on the bias and on the accuracy (the MSE). Our 
different model choices generate ten different estimators, five of each type. 

Table 1 presents the ten estimators in a two-way arrangement: estimator type 
by underlying model. The table also introduces the notation that we shall use. 
Each of the five table rows corresponds to a different choice of model. The CC 
model is characterized by common intercepts and common slopes for all domains 
of interest. The two SC models involve separate intercepts, defined at the domain 
level, but slopes are common for all domains. In the fixed-effects SC models, the 
domain-specific intercepts are fixed effects. In the mixed SC models, the domain-
specific intercepts include a common intercept and a domain-specific random 
effect. In the two SS models, both the intercepts and the slopes are domain 
specific. In the fixed-effects SS models, all effects, intercepts as well as slopes, 
are fixed. In the mixed SS models, intercepts as well as slopes include a common 
fixed effect and a domain-specific random effect. The CC model is our baseline 
model. It disregards any domain differences and serves here primarily as a 
reference with which we can compare the other, more accommodating model 
formulations. 

 
 
 
 
 
 
 
 
 



STATISTICS IN TRANSITION, December 2005                                                             

 

653 

Table 1. Schematic presentation of the logistic SYN and logistic GREG 
estimators for a binary or polytomous response variable by model 
choice and estimator type. 

Model choice Estimator type 
Model 

abbreviation 
Model 

specification 
Effect type Model-dependent 

synthetic 
Model-assisted 

generalized 
regression 

CC Common 
intercepts  
Common slopes  

Fixed effects  
LSYN-CC 

 
LGREG-CC 

Fixed effects LSYN-SC LGREG-SC SC Separate 
intercepts 
Common slopes  Fixed and 

random 
MLSYN-SC MLGREG-SC 

Fixed effects LSYN-SS LGREG-SS SS Separate 
intercepts 
Separate slopes Fixed and 

random 
MLSYN-SS MLGREG-SS 

2.2. Definitions and Notation  

Consider a finite population of N units, { }NkU ,...,,...,1= , and a set of D  
mutually exclusive and exhaustive domains (sub-populations) of U, denoted dU , 

Dd ,...,1= . A second sub-division of U arises because we study binary or 
polytomous response variables. For an m-class polytomous response variable, the 
population is also sub-divided into classes denoted CiU , mi ,...,1= . For the class 

CiU , denote the response variable as iy  with value 1=iky  if CiUk ∈  and 0=iky  

otherwise. We want to estimate the class frequencies or totals ∑ ∈
=

dUk ikid yY , 

mi ,...,1= , for all domains Dd ,...,1= . For the case 2=m  considered in our 
empirical experiments, the domain totals of the binary response variable y to be 
estimated are denoted by ∑ ∈

=
dUk kd yY . 

The auxiliary information at our disposal for building the estimators consists 
of an auxiliary x-vector and a domain membership specification for every unit 

Uk ∈ . Letting kx  denote the value of the auxiliary vector for unit k, we thus 
assume that both kx  and domain membership is known for every Uk ∈ .These 
strong assumptions can be unrealistic under the survey conditions in some 
countries. But there are two good reasons here to use this starting point for our 
study: (a) a number of papers on small area estimation take these assumptions for 
granted, and (b) the assumptions are fulfilled in a number of countries, notably in 
Scandinavia, where high quality registers of total population serve as sampling 
frames for surveys on individuals, households and business firms. These registers 
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contain a wealth of information on individuals or enterprises, permitting both a 
classification into domains of interest and the specification of a powerful auxiliary 
vector for every unit. Such information is of vital importance for strengthening 
the estimators for not-so-large domains. Moreover, many countries, both in the 
European Union and elsewhere, are progressing in the development of reliable 
population and business registers. They can be built by merging different existing 
registers or administrative sources, with the aid of identification keys or other 
unique identifiers. 

From the population U , a probability sample s  is drawn by a sampling 
design that gives unit k  the sampling weight kka π/1= , where kπ is the 
inclusion probability of unit k . The part of the sample falling in the domain dU  
is dd Uss ∩= . We do not assume that the design controls the sampling in the 
domain, so the size of ds  is random. We observe iky  for sk ∈  and  mi ,...,1= . 
Note that in this setting, the domains are fixed set of entities, and not a random 
selection (a design with first-stage sampling from the population of domains is 
discussed for example in Moura et al. 2005 and Pfeffermann and Sverchkov 
2005).  

2.3. Basic Multinomial Logistic Models 

Consider first an m-class polytomous response variable modeled by the 
multinomial logistic fixed-effects model  

∑
=

′+

′
= m

r
rk

ik
ikm yE

2
)exp(1

)exp()(
βx

βx
  (2.1) 

for CiUk ∈ , mi ,...,1= , where iβ  is an unknown vector of fixed effects, kx  is a 
known vector value for every Uk ∈ , and mE  refers to expectation under the 
model. This model formulation involves fixed effects only. We need several 
special cases of (2.1). They are defined below. To avoid identifiability problems, 
we set 01 =β .  

The corresponding multinomial logistic mixed model, involving some fixed 
and some random effects, is defined as 

∑ +′+

+′
=

=

m

r
rdrk

idik
dikm yE

2
))(exp(1

))(exp()|(
uβx

uβxu   (2.2) 

for dCiid UUUk ∩=∈ , mi ,...,1= , Dd ,...,1= , where iβ  is a vector of fixed 
effects, )'',...,',...,'( 1 mdiddd uuuu =  and idu  a vector of random effects, as 
further specified in the following for a number of special cases. The unknown 
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effects, iβ  in (2.1) and iβ  and idu  in (2.2), will be estimated under the model 
specifications given in the next section. 

2.4. Detailed Model Specifications 

Special cases of models (2.1) and (2.2) to be considered are the following. 
Let Akx  denote an auxiliary vector composed of the values, for unit k, of a given 
set of auxiliary variables. The same vector Akx  is used in different ways to form 
the vector kx  in the models (2.1) and (2.2). 

Fixed effects CC model with common intercepts and slopes for all domains. 

This model is the special case of (2.1) with ),1( ′′= Akk xx  and 
),( 0 ′′= iAii β ββ , where ),...,,...,( 1 ′= JkjkkAk xxxx , and ),...,,...,( 1 ′= iJijiiA ββββ , 

mi ,...,1= . The model has common intercepts and common slopes for all 
domains, all effects being of fixed type.  

Fixed-effects SC model with separate intercepts and common slopes. 

This model is the special case of (2.1) with ),,...,,...,( 1 ′′= AkDkdkkk xx δδδ  
and ),,...,,...,( 0010 ′′= iAiDidii βββ ββ  and 1=dkδ  if dUk ∈  and 0=dkδ  if 

dUk ∉ . Here slopes are common for all domains but intercepts are domain 
specific, and all effects are of fixed type.  
Fixed-effects SS model with separate intercepts and separate slopes. 

This model is a special case of (2.1) with 
),...,...,,,...,,...,( 11 ′′′′= AkDkAkdkAkkDkdkkk xxxx δδδδδδ  and 

),...,,...,,...,,...,( 1,0010 ′′′′= iADiAdiAiDidii ββββ βββ , where  iAdβ  is of dimension  J  
for  .,...,1 Dd =  The model specification involves domain-specific intercepts and 
domain-specific slopes as the fixed effects.  

Mixed SC model with random intercepts. 

This model is the special case of (2.2) with ),1( ′′= Akk xx  and 
),( 00 ′′+=+ iAidiidi uβ βuβ  is a vector of effects for class i. The model contains 

domain-specific random effects, but for the intercepts only. The common slopes 
are fixed effects.  
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Mixed SS model with random intercepts and random slopes. 

This model is the special case of (2.2) with ),1( ′′= Akk xx  and 
),...,,...,,( 1100 ′++++=+ idJiJidjijidiidiidi uuuu ββββuβ . The 

model specification involves both random intercepts and random slopes. 

2.5. Estimators of Domain Totals 

The unknown class i population frequency in domain d is given by 
∑= ∈ dUk ikid yY . For mi ,...,1=  and Dd ,...,1= , the SYN estimator of that 

frequency is  
  ∑=

∈ dUk
ikidSYN yY ˆˆ     (2.3) 

and the GREG estimator is 
  ∑ −+∑=

∈∈ dd sk
ikikk

Uk
ikidGREG yyayY )ˆ(ˆˆ .  (2.4) 

The predictions needed for the LSYN and LGREG type estimators are given for 
CiUk ∈  by  

∑ ′+

′
=

=

m

r
rk

ik
iky

2
)ˆexp(1

)ˆexp(ˆ
βx

βx ,  (2.5) 

and those for the MLSYN and MLGREG type estimators are given for idUk ∈  by  

∑ +′+

+′
=

=

m

r
rdrk

idik
iky

2
))ˆˆ(exp(1

))ˆˆ(exp(ˆ
uβx

uβx ,  (2.6) 

where, for mi ,...,2= , Dd ,...,1= , iβ̂  and idû  are suitable estimators of the 
corresponding parameters, obtained from the fit of (2.1) or (2.2). Note that the 
predictions (2.5) and (2.6) are computed for every population unit. This becomes 
possible because unit level x-data are assumed available.  

Equations (2.1) and (2.2) express a general formulation, valid for any 2≥m . 
In our empirical experiments, we concentrate on the case 2=m . For 2≥m , we 
found the polytomous case to be computationally feasible for the fixed-effects 
model formulations, but impractical for mixed-effects model formulations. In 
particular, this holds for not-so-large domains. We fitted the models (2.1) and 
(2.2) for 2=m  by the SAS procedure NLMIXED. This procedure fits nonlinear 
mixed models by maximizing an approximation to the likelihood integrated over 
the random effects. In the experiment with an artificial population, we used the 
adaptive Gaussian quadrature approximation (Pinheiro and Bates 1995) with the 
trust region optimization technique (Dennis, Gay and Welsch 1981). The default 
maximum number of iterations (50) yielded poor results in preliminary 
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simulations; therefore, we replaced the default by a maximum of 200 iterations. 
For the SS model, the true values of the variances and the covariance of the 
random effects were used as initial values. In the experiment with LFS 
population, we used the quasi-Newton optimization.  

In this setting, iβ̂  in (2.5) are maximum likelihood estimates of iβ  of 

equation (2.1), and iβ̂  in (2.6) are maximum likelihood estimates of iβ  and idû  
are empirical Bayes estimates of idu  of equation (2.2). Technical details and 
additional references on computational aspects can be found in the documentation 
of SAS software (Version 8). 

It should be noted that in this computational setting, the bias adjustment term 
in (2.4) vanishes for GREG estimators that use a logistic fixed-effects SC or SS 
model as the assisting model. 

3. Empirical Examination of the Effect of Model Choice by Monte 
Carl o Experiments 

3.1. Experiments and Monte Carlo Summary Measures 

The data for Experiment 1, presented in Section 3.2, was generated from a 
specified model. It has no basis in any real data. The variable of interest is binary, 
corresponding to m = 2. For the 100 domains of this data set we compared the 
SYN estimator type (2.3) and the GREG estimator type (2.4) under different 
model choices. We fitted logistic fixed-effects CC, SC and SS models (which 
created LSYN-CC, LSYN-SC and LSYN-SS, and LGREG-CC, LGREG-SC and 
LGREG-SS estimators) and compared the results with those obtained from the 
fitting of logistic mixed SC and SS models (which created MLSYN-SC and 
MLSYN-SS, and MGREG-SC and MLGREG-SS estimators). 

In constructing the population for Experiment 2, presented in Section 3.3, we 
took real data on ILO unemployment from Finland's Labour Force Survey (LFS) 
as a starting point for creating a larger artificial population with 84 regional 
domains. There also, the variable of interest is binary (unemployed or not). We 
fitted logistic fixed-effects CC and SC models (which created LSYN-CC and 
LSYN-SC, and LGREG-CC and LGREG-SC estimators) and logistic mixed SC 
models (which created MLSYN-SC and MLGREG-SC estimators).  

In Experiments 1 and 2, repeated Simple Random Without Replacement 
samples were drawn, and the estimators under study were computed for every 
sample. Let dŶ , Dd ,...,1= , be one of the estimators of domain totals dY  of the 

binary variable of interest, and let )(ˆ
vd sY  be its value for the sample 

Kvsv ,...,2,1; = . In both experiments, we used 1000=K . We computed several 
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Monte Carlo summary measures of bias, accuracy and relative improvement in 
MSE. These measures are defined as follows for an estimator dŶ : 

(i) Absolute relative bias (ARB), defined as the ratio of the absolute value of bias 
to the true value: 

)ˆ( dYARB  = d

K

v
dvd YYsY

K
/)(ˆ1

1
∑ −
=

     (3.1) 

(ii) Relative root mean squared error (RRMSE), defined as the ratio of the root 
MSE to the true value:  

)ˆ( dYRRMSE  = dd YYMSE /)ˆ(       (3.2) 

where )ˆ( dYMSE  = ∑ −
=

K

v
dvd YsY

K 1

2))(ˆ(1   

(iii) Relative improvement in the MSE of dŶ   (RELIMP) in the transition from 

model 1 ( )ˆ(1 dYMSE ) to model 2 ( )ˆ(2 dYMSE ): 

)ˆ(MSE/))ˆ(MSE)ˆ(MSE()ˆ( 221 dddd YYYYRELIMP −=   (3.3) 

Each of the two experiments involved a fairly large number of domains, 100 
in Experiment 1 and 84 in Experiment 2. We therefore report the Monte Carlo 
summary measures in the next section as (unweighted) averages over size-based 
categories of domains, minor, medium and major domains. The tables in the next 
section therefore contain the headings Average ARB, Average RRMSE and 
Average RELIMP. 

3.2. Experiment 1: Data Generated from a Model  

Monte Carlo design 

The generated population consists of one million units distributed over 
100=D  domains. Population size of a domain is directly proportional to exp(u), 

where u is uniformly distributed over (0, 2.9). There were 47 minor domains, 19 
medium-sized domains and 34 major domains. These three classes were defined 
on the basis of expected sample size: less than 70, 70-119 and 120 or more units, 
respectively. The smallest domain of the generated population had 1,711 units and 
the largest had 28,296.  

The one million values kx  of an auxiliary variable x were realized 
independently from an N(−2, 1) distribution. Thus Akx = kx  in the five model 
specifications in Section 2.4. We define the binary random variable kY  by 

)exp(1
)exp(}1{
k

k
kYP

η
η

+
==  

with 
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kddk xvu )5.1(1 +++=η . 
In each domain d , the joint distribution of the random intercept du  and 

random slope dv  was bivariate multinormal with zero expectation, variances equal 
to 0.25 and correlation coefficient .5.0),( −=dd vuCorr  Random effects in 
different regions were independent. 

The value ky  of the binary variable of interest for unit k was determined as 
follows: If a random number generated from the uniform distribution over (0,1) 
was smaller than the computed value }1{ =kYP , then ky was set to 1; otherwise, 
it was set to 0. 

The population mean, ∑ ∈Uk k Ny / , was 0.15. From the population we drew 
1000=K  independent samples, each of size 000,10=n  units, with Simple 

Random Sampling Without Replacement (SRSWOR). In the estimation 
procedure, the random effects were assumed independent whenever the 
correlation of random intercept and slope could not be estimated (this happened in 
less than 3% of all experiments). For each estimator and for each domain, we 
computed the Monte Carlo summary measures defined in Section 3.1. These 
measures were then averaged over the three domain size classes, minor, medium-
sized and major. 

Results 

Results on the bias and accuracy of SYN and GREG estimators are given in 
Table 2. Some of the main points are: In SYN, the largest bias is for LSYN-CC. 
This is because the reference CC model does not account for any domain 
differences. The bias of LSYN-CC remains large when the domain sample size 
increases. Because of the large squared bias component in the MSE, the accuracy 
figure also is very large, for all domain size classes. The bias also is large for 
SYN estimators that use a mixed SC or SS model formulation. This holds for the 
smallest domains in particular. However, the accuracy figures are smallest for 
these SYN estimators. 

All GREG estimators are approximately unbiased, as expected. This also 
holds for the estimator that is assisted by the reference CC model. The accuracy 
of LGREG-CC is better than that of LSYN-CC. All GREG estimators are of 
approximately equal accuracy. However, a tendency to slight improvement in 
accuracy can be seen when moving from LGREG-CC to estimators that are 
assisted by SC or SS models, which recognize domain differences. In GREG, best 
accuracy is obtained for estimators that use a mixed SC or SS model as the 
assisting model. 

We were also interested in knowing how the presence of domain specific 
effects influences the accuracy. The results show that for SYN, this aspect also is 
of some importance. For both SC and SS models, the accuracy of SYN estimators 
is better for mixed models than for fixed-effects models. But, as a drawback, both 
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mixed-model based SYN estimators suffer from a serious bias. A probable reason 
is that the estimated random effects tend to be biased towards zero. A similar 
tendency was noted in Lehtonen, Särndal and Veijanen (2003) in the case of 
linear mixed models. 

When comparing SYN and GREG estimators, it can be noted that accuracy 
figures come close when domain sample size increases. This is due to the fact that 
for SYN estimators, the bias does not approach zero with increasing domain 
sample size. A similar observation for SYN and GREG estimators that use a 
linear model formulation was reported in Lehtonen, Särndal and Veijanen (2003). 

Table 2. Average ARB (%) and average RRMSE (%) of SYN and GREG 
estimators of totals for minor, medium-sized and major domains of the 
generated population. 

Average ARB (%) Average RRMSE (%) 
Domain size class Domain size class 

 
 
Estimator Minor 

(20-69) 
Medium 
(70-119) 

Major 
(120+) 

Minor 
(20-69) 

Medium 
(70-119) 

Major 
(120+) 

SYN estimators 
LSYN-CC 45.5 36.0 29.5 45.7 36.1 29.7 
LSYN-SC 1.1 0.6 0.4 42.6 24.0 16.1 
MLSYN-SC 20.9 9.8 4.7 31.1 20.1 14.3 
LSYN-SS 1.1 0.5 0.4 43.8 24.2 16.1 
MLSYN-SS 20.7 9.6 4.6 31.3 20.2 14.4 
GREG estimators 
LGREG-CC 0.1 0.6 0.4 43.6 24.3 16.3 
LGREG-SC 1.1 0.6 0.4 42.6 24.0 16.1 
MLGREG-SC 1.0 0.6 0.4 41.4 23.8 16.0 
LGREG-SS 1.1 0.5 0.4 43.8 24.2 16.1 
MLGREG-SS 1.1 0.5 0.4 41.4 23.8 16.0 

The RELIMP measure (3.3) is used in Table 3 to quantify the two important 
aspects of model choice: the effect of moving from a CC model to a SC or SS 
model (which allow domain specific effects), and the effect of the transition from 
a fixed-effects SC or SS model to a mixed SC or SS model. 

The effect of moving from CC to SC or SS is large for SYN estimators, but, 
even though noticeable, it is much less prominent for GREG estimators (Table 3, 
Part a). For SYN estimators, the effect increases with domain sample size. For 
GREG estimators, the tendency is the opposite. These observations confirm 
results in Lehtonen, Särndal and Veijanen (2003). 

The results in Table 3 (Part b) show that for SYN, a mixed model 
formulation improves dramatically the accuracy in the smallest domains, 
compared to a fixed-effects model, for both SC and SS models. This might 
indicate that in the smallest domains, the estimation of fixed effects becomes very 
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unstable, and a mixed model formulation tends to decrease the variability of the 
estimates. For GREG, the improvement is small. 

Table 3. Average RELIMP (%) of SYN and GREG estimators of domain totals in 
minor, medium-sized and major domains of the generated population. 
Reference models: (a) CC model, (b) Fixed-effects SC and SS models. 

Average RELIMP (%) 
Domain size class  

Minor  
(20-69) 

Medium 
(70-119) 

Major 
(120+) 

SYN estimators 
(a) Reference model: CC 
LSYN-SC vs. LSYN-CC 124 179 400
MLSYN-SC vs. LSYN-CC 49 226 413
LSYN-SS vs. LSYN-CC 105 173 396
MLSYN-SS vs. LSYN-CC 47 225 411
(b) Reference models: 
Fixed-effects SC and SS 
MLSYN-SC vs. LSYN-SC 278 51 27
MLSYN-SS vs. LSYN-SS 284 52 27
GREG estimators 
(a) Reference model: CC 
LGREG-SC vs. LGREG-CC 2.1 2.3 3.2
MLGREG-SC vs. LGREG-CC 6.9 3.8 3.6
LGREG-SS vs. LGREG-CC 2.8 0.5 2.3
MLGREG-SS vs. LGREG-CC 6.9 3.8 3.6
(b) Reference models: 
Fixed-effects SC and SS 
MLGREG-SC vs. LGREG-SC 6.7 1.5 0.5
MLGREG-SS vs. LGREG-SS 12 3.3 1.2
    
    

3.3. Experiment 2: Data Adapted from Finland’s Labour Force Survey 

Design of the Monte Carlo experiment 

The empirical data for Experiment 2 was obtained from the Finnish Labour 
Force Survey (LFS), conducted monthly by Statistics Finland. In this experiment, 
the target of estimation is the number of unemployed in 84 administrative regions 
of Finland, based on the NUTS4 classification (European Union’s Nomenclature 
of Territorial Units for Statistics).  

To emulate the sampling design of the Finnish LFS, in a fairly realistic 
manner, we generated a large artificial population by expanding a one-quarter 
sample data set of the Finnish LFS. The original data set of 29,024 respondents 
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was replicated by Simple Random Sampling With Replacement until we had 
reached a total of 3 million records, which approximates the size of the labor 
force in Finland. We call it the generated LFS population. The smallest domain 
had 3,371 units, and the largest had 355,467. 

The variable of interest y in this experiment is a binary variable with value 
1=ky  if k is unemployed person and 0=ky  otherwise. In the LFS, the ILO 

(International Labour Organization) definition of “unemployed” is used. The 
population mean, ∑ ∈Uk k Ny / , was 0.0897, representing an unemployment rate of 
very nearly 9%. Our population data included three auxiliary variables available 
from administrative registers: sex, age and the job-seeker indicator. The latter is a 
dichotomous variable indicating whether or not a person is registered as an 
unemployed job-seeker in the administrative records of Finland’s Ministry of 
Labour. It is a strong predictor for the y-variable. We used age as a three-category 
variable (15-24 years, 25-49 years and 50 years or over). These register-based 
data were merged with the survey data at micro level by using personal 
identification numbers, which are unique in both data sources. 

The objective of the experiment is to estimate the number of unemployed, 
∑=

dU kd yY , in each of the 84 domains defined by the NUTS4 classification, 
84,...,1 == Dd .  

Six estimators were studied in this experiment, three of each of the two 
types, SYN and GREG. Referring to Table 1, they were LSYN-CC, LSYN-SC 
and MLSYN-SC of the first type and LGREG-CC, LGREG-SC and MLGREG-
SC of the second type. We defined the corresponding models to include main 
effects of three factors, namely, sex (2 groups), age (3 groups) and job seeker 
status (2 groups). We also included the two-variable interaction of age group with 
the job-seeker status. The vector Akx  in the model statements in Section 2.4 is 

therefore ),,,,,( 654321 ′= kkkkkkAk xxxxxxx , where 1x  codes the sex variable, 

2x  and 3x  code the age groups, 4x  codes the job seeker status, and 5x  and 6x  code 
the interaction effects. (The SS estimators, MLSYN-SS and MLGREG-SS were 
left out, because of computational instability.) 

The Monte Carlo experiment consisted of drawing 1000=K  independent 
SRSWOR samples, each of size 000,12=n  units, from the generated LFS 
population. For each estimator and for each domain, we computed the Monte 
Carlo summary measures defined in Section 3.1. These measures were then 
averaged with respect to a classification of the domains by size into minor, 
medium-sized and major domains, as shown in Table 4. 
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Table 4. Domain characteristics in the Monte Carlo experiments for the generated 
LFS population. 

Domain  
size class 

Expected domain 
sample size  

Number of 
domains 

Minor 20-69 37 
Medium-sized 70-119 21 
Major 120+ 26 
All 84 

Results 

Table 5 gives the results on bias and accuracy of the estimators for the 
generated LFS population. The differences between the estimators are less clear-
cut than for the generated population in Experiment 1. For the SYN estimators the 
bias decreases considerably in moving from the CC reference model to the fixed-
effects SC model, but the accuracy deteriorates. On the other hand, moving from 
the CC model to the mixed SC model slightly improves the accuracy, but the bias 
remains unacceptably large, especially in the minor domains. These results hold 
for all domain sample size classes.  

The very large bias of MLSYN-SC also was noticed in Experiment 1. We 
illustrate this graphically later in this section for a few selected domains. 

For GREG estimators, the use of a logistic mixed SC model as the assisting 
model improves accuracy, when compared to the reference LGREG-CC 
estimator. All three GREG estimators are very nearly without bias, as expected. 
All three have very nearly the same average RRMSE within one and the same 
domain sample size class. 

Table 5. Average ARB (%) and average RRMSE (%) of SYN and GREG 
estimators of the number of unemployed in minor, medium-sized and 
major domains of the generated LFS population.  

Average ARB (%) Average RRMSE (%) 
Domain size class Domain size class 

 
 
Estimator Minor 

(20-69) 
Medium 
(70-119) 

Major 
(120+) 

Minor 
(20-69) 

Medium 
(70-119) 

Major 
(120+) 

SYN estimators 
LSYN-CC 32.3 20.0 13.5 32.5 20.3 13.9 
LSYN-SC 2.7 1.0 0.3 43.0 28.7 16.3 
MLSYN-SC 17.2 9.7 3.6 28.8 17.8 11.9 
GREG estimators 
LGREG-CC 0.1 0.7 0.3 41.4 28.5 16.4 
LGREG-SC 2.7 1.0 0.3 43.0 28.7 16.3 
MLGREG-SC 0.8 0.7 0.3 40.6 28.1 16.2 
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Table 6 shows the effect of model improvement, measured by RELIMP 
given by (3.3). The accuracy of the SYN estimators improves substantially in 
going from a fixed-effects model to a mixed model. The improvement of the 
GREG estimators is much smaller and negligible in major domains. 

Table 6. Average RELIMP (%) of SYN and GREG estimators of the number of 
unemployed in minor, medium-sized and major domains of the 
generated LFS population. 

Average RELIMP (%) 
Domain size class  

Minor 
(20-69) 

Medium 
(70-119) 

Major 
(120+) 

MLSYN-SC vs. LSYN-SC 488 371 118
MLGREG-SC vs. LGREG-SC 12.3 4.5 1.2

To illustrate the behavior of the estimators for specific domains, we selected 
two of the minor domains (domains 32 and 15) and two of the major domains 
(domains 31 and 1). For these domains, Table 7 gives descriptive statistics as well 
as means of the 1,000 estimated domain totals. The means are reasonably close to 
the true domain totals except for MLSYN-SC. There is a distinctly positive bias, 
particularly pronounced in domains 32 and 31. We selected these domains for a 
closer inspection. 

Table 7. Descriptive statistics for a binary response for the selected domains (by 
ascending domain size). 

Minor domains Major domains  
Domain 32 Domain 15 Domain 31 Domain 1 

Domain size 11689 16950 40699 299978 
Expected domain sample size 46.8 67.8 162.8 1200 
True domain mean 0.040 0.110 0.080 0.079 
True domain total 466 1866 3263 23672 
Means of estimated domain 
totals over simulations 
MLSYN-SC estimates 693 1825 3946 23968 
MLGREG-SC estimates 468 1870 3308 23687 

In Figure 1, the distributions of the relative error of MLSYN-SC and 
MLGREG-SC estimators are illustrated graphically for the selected two minor 
domains. Relative error of an estimator dŶ  for sample Kvsv ,...,2,1; = , in 

domain d is defined as ddvd YYsY /))(ˆ( − . Note that the response variable is 
binary, and we are estimating the total number of ILO unemployed people in a 
domain. The graphs are based on 1000=K  simulated samples.  
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For the minor domain 32, the MLSYN estimator that uses a mixed SC model 
formulation suffers from a large positive bias, and the bias disappears for a 
MLGREG estimator that uses the same model as the assisting model (Figure 1). 
The large squared bias component of MLSYN-SC causes that for this domain, the 
average RRMSE of MLSYN-SC is close to the average RRMSE of MLGREG-SC 
(50.0 for MLSYN-SC and 61.0 for MLGREG-SC), but the variance of MLSYN-SC 
will be much smaller than for MLGREG-SC. For the minor domain 15, both 
estimators show similar bias behavior, but the accuracy of MLSYN is better. 

The major domain 31 also is an exception (Figure 2). The average RRMSE 
figures of MLSYN-SC and MLGREG-SC are approximately equal (24.0 for 
MLSYN-SC and 21.0 for MLGREG-SC). Again, the MLSYN-SC estimator 
possesses large positive bias, but the variance will be somewhat smaller than for 
the MLGREG-SC estimator. The MLGREG-SC estimator indicates design 
unbiasedness for both domains, and the variance is smaller for the major domain 
as expected. And for the major domain 1, both MLSYN and MLGREG indicate 
similar accuracy. 

Figure 1. Distribution of relative error (%) of MLSYN-SC and MLGREG-SC 
estimators in minor domains 32 and 15 of the generated LFS 
population. 

(GRAPH 1) 
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(GRAPH 4) 

 

4. Summary and Discussion 

In many important surveys, the response variables are of the binary or 
polytomous kind, and estimates are required for the class frequencies of such 
variables for population subgroups or domains. For example in a Labour Force 
Survey, the targets of estimation are the number of persons employed, 
unemployed and outside the labour force, for a set of specified population 
subgroups such as regional areas. 

We have addressed such situations in this paper. We have extended the use 
of generalized regression (GREG) estimators to cases where the assisting model 
belongs in the family of generalized linear mixed models. In particular we have 
studied a binomial logistic mixed model. 

We know from Lehtonen, Särndal and Veijanen (2003) that the accuracy of 
the GREG estimator depends, although to a modest extent, on the assisting model. 
One objective in this paper was to see if a perceived lack of sensitivity to the 
model also holds for logistic fixed-effects models and logistic mixed models. 
Another objective is to compare the accuracy of a GREG estimator (assisted by a 
given model) with the accuracy of the synthetic (SYN) estimator (dependent on 
that same model).  
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Our conclusions are derived from simulation experiments with repeated 
simple random samples drawn from two finite populations, one artificially 
constructed, the other constructed from real data from the Finnish Labour Force 
Survey.  

The title of this paper asks “Does the model matter?” It is a well-stated but 
complex question with many aspects, and this paper does not claim to give a 
complete answer. We can however give a partial answer. Yes, the model matters, 
but the model choice (more specifically the parameterization of the model) affects 
the accuracy of GREG type and SYN type estimators in very different ways. The 
impact of model choice also depends heavily on the size of the domain concerned, 
that is, on the number of sampled units in a domain. Three more specific aspects 
of the impact of model choice on GREG and SYN were addressed: choice 
between a fixed-effects model or a mixed model formulation, choice between SS, 
SC or CC type parametrization, and choice between a SYN type or a GREG type 
estimator. We summarize next our observations and conclusions on these points. 

An important aspect of model choice is whether a mixed model would be 
preferable over a fixed-effects model formulation. More specifically, we can ask: 
• Should we choose a mixed model rather than a model with all effects fixed? 

The intuitive answer is that mixed models permit greater flexibility, and are 
therefore preferable, although it can be argued that in a typical survey, the 
domains are fixed set of entities, and not a random selection. We found that the 
transition from a fixed-effects model formulation to a mixed model formulation 
improves accuracy in a very noticeable way for SYN estimators, but only 
negligibly for GREG estimators. The effect on the SYN estimator is striking in 
both Experiment 1 and Experiment 2. In Experiment 2, the SC mixed model 
gives the SYN estimator an extremely concentrated distribution, but its center 
can be distinctly off the target value dY . When that happens, the estimation is 
almost certainly wrong for a number of domains, but the variance of the 
estimator is extremely small. Unfortunately, the user can not identify the 
domains which are prone to yield estimates that are almost certainly off target. 
Despite the bias, SYN has a smaller MSE for the SC mixed model than for the 
SC fixed effects model. The choice facing the statistician is therefore a difficult 
one: Should one favor an approach, namely, SYN estimation with a mixed 
model, that is almost certain to be off target, but whose mean squared error is 
nevertheless smaller on average?  

All of the estimators examined in the paper require the same auxiliary 
information, namely, a known value of the auxiliary vector Akx  and a known 
domain membership for every unit k  in the population U . It follows that both 

Akx  and domain membership are known for every sk ∈ . This information is 
needed (in addition to the y-values observed for sk ∈ ) for fitting the SC and the 
SS models. But fitting the CC model does not use the full information: The values 
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Akx  for sk ∈  are needed, but not the information available about domain 
membership. This begs the next question: 
• Should we choose an SS model rather than an SC model or a CC model? The 

intuitive answer is that an SS model is preferred to an SC model, which is in 
turn preferred to a CC model, because the three model types rank in that order 
in regard to the number of parameters available for fitting. What we found is 
that for the GREG type estimators, which are design-based, SS gives no MSE 
improvement over SC, and only slightly over CC. This suggests that the model 
choice is not an essential question for GREG estimators. For the SYN 
estimators, which are model dependent, the improvement vis-à-vis CC is 
substantial. Model choice is of crucial importance for SYN estimation. It is 
imperative to identify an accurate, “nearly perfect”, model. Failing this, the 
SYN estimator is highly inaccurate. In this paper we have not studied situations 
that could be described as intermediate to SS and SC in that they allow 
common slopes of the majority of the domains and separate slopes for the rest 
of the domains. 

Our final aspect addressed the selection of the estimator type, limited to the 
choice between the GREG type and the SYN type: 
• How does the model choice affect the question of whether a GREG type 

estimator or a SYN type estimator should be used? For SYN estimators, model 
improvement (the transition from a weaker model to a stronger model when 
measured by the RELIMP statistic) has a large impact on the accuracy, and it 
increases with increasing domain sample size. That impact is much smaller for 
GREG estimators, and it decreases with increasing domain sample size. It 
argues in favor of GREG estimation that one is relatively independent of the 
differences caused by the choice between more or less appropriate models. For 
SS and SC, the accuracy in Experiment 1 of GREG is near that of SYN, and the 
difference decreases as the domain size increases. In Experiment 2, the 
situation is similar for fixed effects SC formulation. This reasoning favors the 
use of GREG estimators, because they are so little affected by the choice of 
model.  
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Figure 2. Distribution of relative error (%) of MLSYN-SC and MLGREG-SC 
estimators in major domains 31 and 1 of the generated LFS population. 

(GRAPH 5) 

 
 
(GRAPH 6) 
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(GRAPH 7) 

 
 

(GRAPH 8) 
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SMALL AREA ESTIMATION UNDER  
INFORMATIVE SAMPLING 

Danny Pfeffermann1 and Michail Sverchkov2 

ABSTRACT 

In this article we show how to predict small area means and compute 
valid MSE estimators in situations where the areas represented in the sample 
are sampled with unequal probabilities that are possibly related to the true 
(unknown) area means, and the sampling of units within the selected areas is 
with probabilities that are possibly related to the outcome values. We illustrate 
the proposed procedures by means of a simulation study.  

Key words: Bootstrap, Prediction bias, Sample distribution, Sample- 
complement distribution, Sampling weights. 

1. Introduction 

It is generally accepted that small area estimation should be based on 
statistical models that imply borrowing information across areas or over time. See 
the recent book by Rao (2003) for a comprehensive account of available methods 
with thorough discussion. However, all the models and estimators considered so 
far assume that the sampled areas are selected with equal probabilities. Only few 
studies consider the case where the sampling of units within the selected areas is 
with unequal selection probabilities, see e.g., Prasad and Rao (1999). In this 
article we consider situations where the selection of the sampled areas is with 
unequal probabilities that are possibly related to the true (unknown) area means, 
and the sampling of units within the selected areas is with probabilities that are 
related to the outcome values, even when conditioning on the model covariates.  

The problem with this kind of sampling designs is that the model holding in 
the population no longer holds in general for the sample data, giving rise to 
‘informative sampling’. Failure to account for the effects of an informative 
sampling scheme may result in severe bias of the small area predictors. Notice 

                                                           
1 Hebrew University and University of Southampton. 
2 Bureau of Labor Statistics and BAE Systems IT. 
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also that randomization based inference is not applicable for the prediction of 
specific nonsampled area means.  

We use relationships between the population distribution, the sample 
distribution and the sample-complement distribution of an outcome variable 
developed in Pfeffermann and Sverchkov (1999) and Sverchkov and Pfeffermann 
(2004) in order to derive approximately unbiased predictors for the means of 
sampled and nonsampled areas under informative sampling schemes. We consider 
also estimation of the variances of these predictors. Empirical results illustrate the 
performance of the proposed predictors and variance estimators.  

2. The sample and sample-complement distributions 

Consider a finite population U consisting of N units belonging to M areas, 
with iN  units in area i , 

1

M
ii

N N
=

=∑ . Let y define the outcome variable with 

value ijy  for unit j in area i  and denote by ijx  the corresponding values of 
auxiliary (covariate) variables. In what follows we consider the population y-
values as random outcomes of the following two level model: 

First level values (random effects) 1 2{ , ,..., }Mu u u  are generated 
independently from a distribution with probability density function (pdf) ( )p if u  

for which  2 2( ) 0 ; ( )p i p i uE u E u σ= = , where pE  defines the expectation 

operator with respect to )(⋅pf .  

Second level values 1 2{ , ,..., }
ii i iNy y y  are generated independently given iu  

from a distribution with pdf  ( | , )p ij ij if y x u , for 1,...,i M= . 
We assume a two-stage sampling scheme by which m areas are selected in 

the first stage with probabilities Pr( )i i sπ = ∈ , where s  defines the sample of 
areas, and in  units are sampled in the second stage from first stage area i  with 
probabilities | Pr( | )j i ij s i sπ = ∈ ∈ , where is  defines the sample of units in 
sampled area i . Notice that the sample inclusion probabilities at both stages may 
depend in general on all the population or area values of y and x, and possibly 
also design variables z used for the sample selection but not included in the 
model. Denote by iΙ  and ijΙ  the sample indicator variables at the two stages 

( 1iΙ =  iff i s∈ , 1=ijI  iff isj∈ ), and by 1/i iw π=  and | |1/j i j iw π=  the 
corresponding first and second stage sampling weights. 

Following Pfeffermann et. al (1999), we define the conditional sample pdf of 
iu , i.e., the first level pdf  of iu  for area i s∈  as, 
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Pr( 1 ) ( )
( ) ( | 1)

Pr( 1)

def Bayes
i i p i

s i i i
i

u f u
f u f u

Ι =
= Ι = =

Ι =
.                               (2.1) 

Similarly, the conditional sample-complement pdf of iu , i.e., the conditional pdf 
for area i s∉  is obtained from Sverchkov and Pfeffermann (2004) as, 

Pr( 0 ) ( )
( ) ( | 0)

Pr( 0)

def Bayes
i i p i

c i i i
i

u f u
f u f u

Ι =
= Ι = =

Ι =
.                                         (2.2) 

The second level sample pdf and sample-complement pdf of ijy  for a sampled 
area are defined similarly to (2.1) and (2.2) as, 

Pr( 1 , , ) ( , )
( | , ) ( | , , 1)

Pr( 1 , )i

def ij ij ij i p ij ij i
s ij ij i ij ij i ij

ij ij i

y x u f y x u
f y x u f y x u

x u

Ι =
= Ι = =

Ι =
,       (2.3)  

 
Pr( 0 , , , 1) ( , )

( | , ) ( | , , 1, 0)
Pr( 0 , , 1)i

def ij ij ij i i p ij ij i
c ij ij i ij ij i i ij

ij ij i i

y x u I f y x u
f y x u f y x u I

x u I

Ι = =
= = Ι = =

Ι = =
,        (2.4) 

assuming ( , , 1) ( , )p ij ij i i p ij ij if y x u I f y x u= = . 

3. Optimal Small Area Predictors 

The target population parameters are the small area means 

1
/iN

i ij ij
Y y N

=
= ∑  for 1,...,i M= .  

Let |{( , , )s ij j i iD y w w= , ( , ); ( , , ),i k kl kli s j s x∈ ∈ Ι Ι ( , ) }k l U∈  define the 
known data. (We assume that the first and second stage sampling weights are only 
known for the sampled units, which is common in a secondary analysis.) The 

MSE of a predictor ˆ
iY  with respect to the population pdf given sD  is minimized 

when ˆ ( | )i p i sY E Y D= . In what follows we distinguish between sampled areas 

( 1iΙ = ) and nonsampled areas ( 0iΙ = ). For a sampled area, 

( | , 1)p i s iE Y D Ι = = 1 [ ( | , 1)]
ii i

ij c il s ij s l s
i

y E y D
N ∈ ∉

+ Ι =∑ ∑ ,              (3.1) 

where ( )
icE ⋅ is the expectation with respect to ( )

icf ⋅ . For area i  not in the 

sample, 
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( | , 0)p i s iE Y D Ι =  
1

1 ( | , 0)iN
c ik s ik

i

E y D
N =

= Ι =∑ .                        (3.2) 

4. Inference 

The first step of the proposed approach is to fit a model to the sample data, 
which of course is a necessary step in any small area estimation problem. Notice 
that although we consider informative sampling, the sample model can be 
identified from the sample data using standard diagnostic techniques.  

In what follows we suppose therefore that an adequate model has been fitted 
to the sample data and in order to illustrate the proposed estimation procedure we 
assume that this model is the ‘nested error regression model’, 

2' ; ( | 1) ~ (0, )
ind

ij ij i ij i i uy x u e u Nβ σ= + + Ι = ,   2( | 1) ~ (0, )
ind

ij ij ee N σΙ = . (4.1) 

The model defined by (4.1) is in common use for small area estimation 
problems, see e.g., Battesse et al. (1988). Finally, assume that, 

| |( | , , ) ( | , )
i is j i ij ij i s j i ij ijE w x y u E w x y= exp( )i ij ijd ax by= + ,       (4.2) 

where id >0, a and b  are fixed parameters.  

Comment: As with the sample model (4.1), the expectation in (4.2) refers to the 
sample distribution within the sampled areas. The relationship between the 
sampling weights and the observed data can be identified and estimated therefore 
from the sample data, see Pfeffermann and Sverchkov (1999, 2003) for discussion 
and examples. No assumption is made regarding the relationship between the 
weights iw  and the true area means. 

The optimal predictor for a sampled area is defined in (3.1). Using 
relationships between the population distribution, the sample distribution and the 
sample-complement distribution developed in Pfeffermann and Sverchkov (1999) 
and Sverchkov and Pfeffermann (2004) yields that for given parameters 

2 2{ , , , , , }i u ed a bβ σ σ , the optimal predictor of iY  for sampled area i  is, 

( | , 1)p i s iE Y D Ι = = 1 ˆ{( ) [ ( ) ' ]i i i i i i i
i

N n n y X x
N

θ β− + + −
2( )i i eN n bσ+ −  

2 2

ˆexp(
2

e e
i

i

b b
bu

d
σ σ

+ − −  
2 2

) exp( ' )}
2 i

i i
il ill s

b
ax bx

σ γ
β

∉
+ − −∑ ,            (4.3) 
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where 
1

/iN
i ij ij

X x N
=

= ∑  is the population mean in sampled area i , 

1
( , ) ( , ) /in

i i ij ij ij
y x y x n

=
= ∑  are the sample means, ˆ [ ' ]i i i iu y xγ β= − , 

2 2 / ( | )i e i s i in Var y uσ σ= =  and 2 2 2/[ ]i u u iγ σ σ σ= + . The quantity 
ˆ ˆi i iu Xθ β= +  is the optimal predictor of the mean 

' ( | )
ii i i s i iX u E Y uθ β= + =  under the model (4.1). The terms in (4.3) that are 

multiplied by b correct for the sampling bias.  

The optimal predictor for a nonsampled area is defined in (3.2). Using again 
the existing relationships between the three distributions yields for given 
parameters 2 2{ , , , , , }i u ed a bβ σ σ  the following predictor for area i  not in the 
sample, 

ˆ ( | , 0)p i s iE Y D Ι = = 2'i eX bβ σ+ +

ˆ( 1)

( 1)

i i
i s

i
i s

w u

w
∈

∈

−

−

∑
∑

.                   (4.4) 

The last expression in the right hand side of (4.4) is an estimator of 
( 1)

[ | ]
( | ) 1

i i
s s

s i s

w u
E D

E w D
−

−
 featuring in the optimal predictor, 

( | , 0)p i s iE Y D Ι = .  

5. MSE estimation 

Estimating )]|)ˆ[()|ˆ( 2
siipsi DYYEDYMSE −=  for the predictors 

defined in section 4 requires strict model assumptions that could be hard to 
validate.  In order to deal with this problem, we estimate instead 

ˆ( | , )i iMSE Y X I =  ],|)|ˆ([ isip IXDYMSEE , where { ;( , ) }ijX x i j U= ∈ .  

Let ˆ
iY  denote the predictor defined by (4.3) if i s∈  or by (4.4) if i s∉ .  

For what follows we make the following mild assumption,  

Assumption  

A: v[ , | 1, 0] 0 ; v[ , | , 0] 0ij mk i m ml mk m mCo y y Co y y uΙ = Ι = = Ι = = ,           
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Assumption (A) implies that observations in sampled areas are uncorrelated with 
observations in nonsampled areas and that observations in the same nonsampled 
area are uncorrelated conditional on the value of the random effect.  

Consider first sampled areas and denote 
i i

c i ijj s
Y Y y

∈
= −∑  where i i iY N Y= , 

such that ˆˆ
i i

c i i ijj s
Y N Y y

∈
= −∑ . Let, 

( , )i sA u D = 2 2ˆ( [ ])
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c il e

l s il

Y u b
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− + +
−∑  

2 4
2

2[ ]
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l s il

bλ σ
σ

λ∉

−
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where 'il il iu x uβ= +  and 
2 2

|( | , ) exp[( / 2) ]
iil s l i il i i e il ilE w x u d b ax buλ σ= = + + . It can be shown that 

2ˆ( | , 1) (1/ ) [ ( , ) | ]i i i s i sMSE Y X I N E A u D X= =  and hence it can be estimated by a 
parametric bootstrap procedure as,  

== )1,|ˆ(ˆ
ii IXYESM ∑ =

B
b i

bsb
i

b NDuA
B 1

2/),(1
,                      (5.2)  

where B denotes the number of bootstrap samples.  

Next consider nonsampled areas. Noting that ˆ
iY  in (4.4) uses only sample data it 

follows from Assumption (A), 
2ˆ{( ) | , 0}p i i iE Y Y X I− =  

2ˆ[{( [ | , 0])p i c i iE Y E Y X I= − = + 2( [ | , 0]) } | , 0]i c i i iY E Y X I X I− = =  

ˆ( | , 0) ( | , 0)p i i p i iVar Y X I Var Y X I≅ = + = ,                                             (5.3) 

where the last equality assumes that ˆ
iY  is approximately unbiased for 

[ | , 0]c i iE Y X I = . The first variance in (5.3) is in fact with respect to the sample 

distribution of ˆ
iY  and can be estimated therefore similarly to the estimation 

of )1,|ˆ( =ii IXYMSE above, that is, by use of parametric bootstrap,  

== )0,|ˆ(ˆ
iip IXYarV 2

1

1 ˆ ˆ( )B b m
i ib

Y Y
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1
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Y Y
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The second variance in (5.3) can be estimated as,  
ˆ ( | , 0)p i iVar Y X I =

2 21 1 1 1ˆ ˆ ˆ[ ] ( )
( 1) ( 1)
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where 
1 ˆˆ ( ' )

i
i ij ijj s

i

r y x
n

β
∈

= −∑ . The development of the estimator (5.5) is more 

involved. Details can be obtained from the authors. 

6. Monte-Carlo simulation study 

In order to illustrate the biases that can occur when ignoring an informative 
sampling scheme (employing standard predictors), and to assess the performance 
of the predictors proposed in this article that account for the sampling process and 
the corresponding MSE estimators, we designed a small simulation study. The 
study consists of the following steps: 

1- Generate area indexes 1,..., 50i M= = , and population sizes,  
{1000 (0.5 )}i iN Int ξ= × + , where iξ  is distributed uniformly on [0,1] . 

Generate auxiliary variables, (50, )ij ijx t ′= , 

50 31 3 ( [ ]) /10 5
3 50ij ijt Int i Int i ς= + × − × × + × ,  iNj ,...,1= , where ijζ  is 

distributed uniformly on [0,1]  . Stratify the areas into 3 strata; stratum 1 consists 
of areas 1 17i≤ ≤ , stratum 2 of areas 17 34i< ≤  and stratum 3 of areas 
34 50i< ≤ . 

2- Generate population random area effects 2~ (0, )i uu N σ , 1,...,i M= , 
2 100uσ = .    

3- Generate y-values using the model (4.1) with 2' (1,1), 100eβ σ= = . 

4- Select 10 areas from each of the three strata with probabilities 

10 /
h

i i jj s
z zπ

∈
= ∑ , where )]8/exp(1000int[ uii uz σ−×= . 

5- Sample in  units from selected area i  with probabilities 

∑ =
= iN

k ikijiij zzn
1| /π , where exp{[ ( ) / / 5] / 3}ij ij ij ijz y x εβ σ δ′= − − +  and 

)1,0(~ Nijδ . These selection probabilities satisfy the relationship (4.2). The 

area sample sizes are fixed in a given stratum; 5in =  if 1i s∈ , 25in =   if 2i s∈  
and  50in =  if 3i s∈ .The overall sample size is therefore 
n=10× (5+25+50)=800. 

6- Repeat Steps 2-5 10,000 times. 
For each sample we computed the following 3 predictors of the area means: 
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A -  ‘Ordinary’ small area estimators,  

ˆ
1ˆ ˆˆ[ ( ) ( )o

i i i i i i i i i i GLS
i

Y n y N n u N X n x
N

β′= + − + − ] if  si∈ , ˆ ˆo
i i GLSY X β=  for 

si∉ ,  

ˆ
ˆˆˆ ( )i i i i GLS

u y xγ β′= − , 2 2 2ˆ ˆ ˆ ˆ/[ / ]i u u e inγ σ σ σ= + ; 2 2ˆ ˆ( , )u eσ σ  computed  by the 

method of moments (fitting of constants) and β  by Generalized Least Squares 
(GLS) with the unknown variances replaced by their estimators; see Prasad and 

Rao (1990) for details. The predictors { ˆ o
iY } are the ordinary predictors for this 

model under noninformative sampling.  

B- ‘Design-based’ estimators,   

, ,
ˆ ˆ( )D
i i w i i w pwY y X x β′= + −  if  si∈ ,  ˆ ˆ'D

i i pwY X β=   for si∉ ; 

, , | |( , ) ( , ) /
i i

i w i w j i ij ij j ij s j s
y x w y x w

∈ ∈
= ∑ ∑ , 

1
| |, ,

ˆ [ ]pw i j i ij ij i j i ij iji j s i j s
w w x x w w x yβ −

∈ ∈
= ∑ ∑ . The predictor ˆ D

iY  for si∉  is 

not really a design based estimator and is similar to the ordinary predictor 
ˆ ˆo
i i GLSY X β= . As noted in the introduction, design based theory is not suited for 

prediction problems. 

C- Proposed predictors. The predictors are defined by (4.3) for sampled areas and 
by (4.4) for nonsampled areas. The unknown model parameters have been 
replaced by sample estimates: 2 2ˆ ˆ( , )u eσ σ  computed by the method of moments and 

ˆ
ˆ

GLS
β  by GLS, with the unknown variances replaced by the sample estimators. 

The coefficients a , b  and id  indexing the relationship between the weights |j iw  
and the outcome and auxiliary variables were estimated by fitting the model  
(4.2), using the REG and NLIN procedures of SAS.  
In addition to the three predictors we computed also for each sample the MSE 
estimators presented in Section 5 for the sampled and nonsampled areas.  

Table 1 shows the empirical prediction bias and root mean square error 
(RMSE) of the three predictors over the 10,000 simulations averaged by sample 
size when the selection of areas and sampling within the areas are informative, 
separately for sampled and nonsampled areas.  
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Table 1. Prediction Bias, Root Mean Square Error (RMSE) and Mean of RMSE 
Estimates. Informative selection of areas and within areas 

Sampled Areas Nonsampled Areas  

Ordinary Direct S.Para Ordinary Direct S.Para 

5in =  -3.25 -0.71 -0.02 -6.36 -2.00 -0.32 

25in =  -3.27 -0.14 -0.09 -6.10 -1.73 -0.06 

 
 
Bias 

50in =  -3.27 -0.07 -0.15 -6.10 -1.73 -0.06 

5in =  5.26 4.88 4.14 11.77 10.04 9.85 

25in =  3.80 2.19 1.95 11.70 10.08 9.93 

 
 
RMSE 

50in =  3.54 1.54 1.39 11.71 10.11 9.96 

5in =    4.28   9.90 

25in =    2.02   9.91 

 
Mean 
RMSE 
Estimate 50in =    1.46   9.91 

 
The following conclusions emerge from Table 1. 

1- Ignoring an informative sampling scheme can result in severe prediction bias 
and hence large RMSE for both sampled and nonsampled areas.  

2- The ‘design based’ estimators are approximately unbiased in sampled areas but 
are biased when estimating the means of nonsampled areas.  

3- The use of the proposed approach yields unbiased predictors for both the 
sampled and nonsampled areas.  

4- The RMSEs of the three predictors for sampled areas decrease as the sample 
sizes within the areas increase. The corresponding RMSEs for nonsampled areas 
don’t change when increasing the sample sizes within the selected areas. 

5- The RMSEs of the proposed predictors for nonsampled areas are lower than the 
RMSEs of the other two estimators but they seem high, particularly when 
compared to the RMSEs obtained for the sampled areas. Notice, however, that for 
nonsampled areas, the standard deviation of the random effect is, 

( ) 9.76c iStd u = , which is only slightly smaller than the RMSEs of the 
predictors. 

6- The RMSE estimators for the proposed predictors presented in Section 5 are 
literally unbiased for both sampled and nonsampled areas.  
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GENERALISED STRUCTURE PRESERVING 
ESTIMATION FOR SMALL AREAS 

Ayoub Saei1, Li-Chun Zhang2 and Ray Chambers3 

ABSTRACT 

Structure preserving estimation (SPREE) leads to improved small area 
estimates for cross-classifications when no auxiliary information other than 
from a past census is available. However, the use of SPREE is subject to as-
sumptions that may not be consistent with the cross-classification of the avail-
able survey estimates. In this paper we describe two models that generalise 
SPREE. In the first model we introduce coefficients that allow for possible 
changes in the association structure. In the second we add area random effects 
to account for variation not explained by auxiliary information. These random 
effects are allowed to vary with response category. 

Estimates of the parameters in the models are obtained via maximum 
likelihood and residual/restricted maximum likelihood methods, and the result-
ing small area estimates are called empirical best linear unbiased-type 
(EBLUP-type) estimates. We report results from simulation study of the per-
formance of the new models in small area estimation. 

Key words: EBLUP, Labour Force Survey, REML, Structure Preserving 
Estimation 

1. Introduction 

It is often the case that the survey variable of interest in small area estimation 
is not normally distributed. In particular, this is the case where data are counts 
that are cross-classified by one or more socio-economic characteristics of interest, 
e.g. labour force status (unemployed, employed, inactive). Direct estimates are 
available for some areas with reasonable sample sizes. However, small sample 
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sizes in many areas limits the use of these estimates. Application of standard 
methods (see Rao, 2003) for small area estimation based on linear models also 
fails in this situation because the response variable is polytomous. 

In addition to sample survey data, past census information (or equivalent 
administrative records) is available. In order to use this information, Purcell and 
Kish (1980) introduced Structure Preserving Estimation (SPREE) for small area 
estimation. SPREE improves small area estimates for a cross-classification when 
the only auxiliary information available is the corresponding counts from a past 
census, and is an extension of synthetic estimation (Gonzalez and Hoza, 1978). In 
particular, SPREE uses iterative proportional fitting (Deming and Stephan, 1940) 
to update the cells in the cross-classification at the previous census so that these 
counts sum to estimates of current margins estimated from sample survey data. 

Note that identical estimates to those generated via SPREE can be obtained 
by fitting a log-linear model to the survey cross-classification with all interaction 
terms constrained to agree with the corresponding interactions in the previous 
census cross-classification. Zhang and Chambers (2004) generalise the SPREE 
log-linear model in order to allow this assumption to be relaxed. They also intro-
duce area random effects into the model. These models are called generalised 
linear structural models (GLSM) and generalised linear structural mixed models 
(GLSMM) respectively. They can be fitted to the sample data and population 
covariate information via iteratively reweighted least squares (IRWLS), with 
standard errors of the resulting estimates calculated via a bootstrap. 

This paper develops an alternative generalisation of SPREE by assuming a 
parametric sampling distribution for the survey data. This sampling distribution is 
product-multinomial, and models analogous to GLSM and GLSMM are proposed. 
These models belong to the generalised linear model (GLM) and generalised lin-
ear mixed model (GLMM) families respectively. Estimates of the parameters of 
these models are obtained using maximum likelihood (ML) and restricted/residual 
maximum likelihood (REML), and are referred to as empirical best linear unbi-
ased-type (EBLUP-type) in what follows. 

In section 2 we describe our notation and the new models. We provide re-
sults from a simulation study that examines their performance and the method of 
estimation in section 3. In the last section we provide a discussion about the mod-
els and the estimation method. 

2. Model 

We start with the simplest cross-classified table, i.e. a two-way table. The re-
sponse categories define the columns of the table with the other characteristic of 
interest (area here) defining its rows. Let d = 1, 2,…, D index the areas and j = 1, 
2,…, J index the categories of the response variable. The response variable is then 

   
y = [ydj ]  with actual population counts mdj , direct survey estimates mdj

s  and 
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past census counts mdj
c . The actual population values mdj  are unknown and the 

direct survey estimates mdj
s  are not reliable because of small sample sizes. How-

ever, the small area populations md =  mdjj∑ = md
s  are known and the national 

level estimates for each category of the response, mdj
s

d∑ = mj
s , are assumed to 

be accurate. The parameters of interest are the within-area proportions 
θdj = mdj / md  where 1θ =∑ dj

j
. 

Purcell and Kish (1980) introduced Structure Preserving Estimation 
(SPREE) for this situation. Under SPREE the census counts mdj

c  are called the 

association structure and the survey values md
s  ( mj

s ) are called the allocation 
structure. In its original description, SPREE used iterative proportional fitting to 
update the counts mdj

c  at the previous time period in order to make these agree 

with both md
s  and mj

s . 
SPREE estimates can also be obtained by fitting a particular type of general-

ised linear model (GLM) to the survey data. Let the survey counts y = [ydj ]  fol-

low a product-multinomial distribution, and assume that the parameters of interest 
are the corresponding population proportions rather the corresponding population 
counts. Within-area proportions for the previous census values yc  are defined 

similarly to (1) and are denoted by θdj
c . A flexible and commonly used model for 

multinomial data is a generalised logistic model. This is 
log(θdj / θdJ ) = τ dj  

for j = 1, 2,…, J - 1. Under a log-linear specification, 

  
log(mdj ) = β0

* + βd
* + β j

* + βdj
*  

so we then have 
 
τ dj = β j + βdj , where β j = β j

* − βJ
*  and βdj = βdj

* − βdJ
* . 

Equivalently, 

  
θdj = (exp(τ dj )) / (1+ exp(τ dk )

k =1

J −1

∑ ) . 

A similar model for the census proportions can be defined, 

  
log(θdj

c / θdJ
c ) = τ dj

c = β j
c + βdj

c . 
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The SPREE model for the actual proportions θdj  is then based on the restric-

tion, 
 
βdj = βdj

c  and is of the form 

  
log(θdj / θdJ ) = γ j + log(mdj

c / mdJ
c )                         (1) 

where c
j j jγ β β= − . Parameter estimates for this model can be obtained using 

software for fitting multinomial data. However, the basic assumption underlying 
SPREE, that interaction parameters remain constant over time, is problematic, 
particularly where there is a big gap between the current time and the time of the 
previous census. For this reason Zhang and Chambers (2004) introduce a natural 
extension of the SPREE model (1) by replacing the restriction, βdj = βdj

c  by 

 
βdj = αβdj

c . This leads to a generalised SPREE model 

  
log(θdj / θdJ ) = γ j + α log(mdj

c / mdJ
c )       (2) 

that includes SPREE as a special case (α  = 1). Note that the generalised SPREE 
model (2) includes only fixed effects. An extension that allows for area random 
effects leads to the mixed effects model 

  
log(θdj / θdJ ) = γ j + α log(mdj

c / mdJ
c ) +  ud .     (3) 

Under (3), the area random effects ud are mutually independent normal vari-
ables with zero mean and variance ϕ. The model (3) can be generalised to allow 
the area random effects to depend on the response categories. This category-
specific random effects model is 

log(θdj / θdJ ) = γ j + α log(mdj
c / mdJ

c ) +  udj .      (4) 

In this case the random effects udj are mutually independent over areas (d) 
but correlated across categories within an area. The random vector 

   ud = [ud1  ud 2 ,...udJ −1 ′]  then follows a multivariate normal distribution with zero 
mean and variance-covariance of [ ]ϕ ′=d kkΩ . Note that a special case of (4) that 
is of some interest is where α is equal to 1. This corresponds to a “pure” random 
effects generalisation of SPREE, and is specified by the model 

log(θdj / θdJ ) = γ j + log(mdj
c / mdJ

c ) +  udj .       (5) 

The extension of these models to tables with higher dimension follows a 
similar pattern to their two-way specification. As one might expect, the number of 
possible models increases when we increase the dimension of the table. For ex-
ample, for a three-way table let i = 1, 2,…, I index a third dimension in addition 
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to d and j. Let θdij  denote the within-area proportions in such a three-way table. A 

generalised logistic model for these proportions is  

  
log(θdij / θdiJ ) = τ dij = β j + βdj + βij + βdij  

for j = 1, 2,…, J–1 and 
  
β j = β j

* − βJ
* , βdj = βdj

* − βdJ
* , * *β β β= −ij ij iJ  and 

  
βdij = βdij

* − βdiJ
* . Note that in building this model we used the log-linear specifi-

cation, 
log(mdij ) = β0

* + βd
* + βi

* + β j
* + βdi

* + βdj
* + βij

* + βdij
* . 

Similarly, the model for the within-area census proportions θdij
c  is 

  
log(θdij

c / θdiJ
c ) = τ dij

c = β j
c + βdj

c + βij
c + βdij

c . 

In this case a generalised SPREE model without area random effects is 

  
log(θdij / θdiJ ) = γ j + γ ij + α log(mdij

c / mdiJ
c )      (6) 

where 
 
γ j = β j − αβ j

c  and 
 
γ ij = βij − αβij

c . Model (6) with α  = 1 is a SPREE 

model for a three-way table. A generalised SPREE model for a three-way table 
with a category-specific area random effect is then 

  
log(θdij / θdiJ ) = γ j + γ ij + α log(mdij

c / mdiJ
c ) + udj     (7) 

where the udj are normally distributed. A more general version of (7) allows the 
coefficient α to vary with the categories defined by the third dimension i. The 
model is then 

log(θdij / θdiJ ) = γ j + γ ij + α i log(mdij
c / mdiJ

c ) + udj .    (8) 

As was the case with the two-way table, we are also interested in (8) when 
α  = 1, which then corresponds to an extension of the three-way SPREE model to 
include area random effects. See Zhang and Chambers (2004) for other possible 
models for a three-way table. 

Models (1) — (8) are either generalised linear models (GLMs) or general-
ised linear mixed models (GLMMs). Consequently, estimates of the parameters in 
these models can be obtained via maximum likelihood (ML) or residual/restricted 
maximum likelihood (REML) methods. Having fitted either a GLM or a GLMM 
to the survey data, we obtain estimates of γ j , γ ij , α  or α i , udj and the variance-

components  ϕk ′k . Replacement of these estimates in (1) — (8) then yields esti-
mates of the within-area proportions θdj  or θdij . We then multiply these estimates 
by the small area population count to obtain the cross-classified counts for the 
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small area. This estimation process is in the same spirit as empirical best linear 
unbiased prediction under a linear mixed model. Consequently we refer to these 
small area estimates as empirical best linear unbiased-type (EBLUP-type) esti-
mates. 

3. Simulation Results 

In this section we use simulation to demonstrate how the Generalised Struc-
ture Preserving Estimation (GSPREE) models outlined in the previous section 
provide improved results when compared with the SPREE method for small area 
estimation. In these simulations the population values were generated from a 
GSPREE model with a category-specific area random effect and the response 
variable had three categories, inactive, unemployed, employed. The model was 
defined by 

log(θdij / θdiJ ) = γ j + γ ij + α log(θdij
c / θdiJ

c ) + udj      (9) 

where j = 1 = inactive, j = 2 = unemployed, i = 1 = male, i = 2 = female and d = 1, 
2,…,D = 20. We used γ 1 = 1 , γ 2 = 0.5 , γ 11 = 0.5 , γ 12 = −0.5  with different 

values of α  (0.1, 0.3, 0.5, 0.8, 1). The values θdij
c  were generated from a uniform 

distribution between 0 and 1. The values u = [ ′u1,..., ′ud ,..., ′uD ′]  were generated 
from a multivariate normal distribution with zero mean vector and a block diago-
nal covariance matrix 

   
Ω = ID ⊗

ϕ11 ϕ12

ϕ21 ϕ22

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= ΙD ⊗
1.0 0.3
0.3 0.5

⎡

⎣
⎢

⎤

⎦
⎥ . 

Here ud = [ud1,ud 2 ′]  and ID  is the identity matrix of order D. The values of 

 
θdij  were then obtained from the right hand side of (9). Two sets of small area 

population sizes, each of size 20, were generated by randomly sampling from 
uniform distributions over (8000, 18000) and (7500, 17500) and were kept fixed 
throughout the simulations. These values were used as the current population 
sizes and the past (census) population sizes respectively, with the latter used as 
auxiliary information in fitting the SPREE and GSPREE models. The overall 
population totals (N) were 263480 and 238774 for the current time and the cen-
sus. Values of ydij  (current population) and ydij

c  (previous census) were then gen-

erated from multinomial distributions with parameters θdij  and θdij
c  respectively. 

Sample sizes within the small areas were randomly generated so as to lie between 
1 and 150 and were kept fixed throughout the simulations. The total sample size 
(n) was 1170. The sample data were then generated from a multinomial distribu-
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tion with parameters 
 
θdij  and ndi. These data were used to estimate the model 

parameters via ML or REML. 
We considered four ways of obtaining the small area estimates. The first cor-

responded to standard SPREE and we refer to this as method A below. The sec-
ond is a GSPREE, i.e. there are no area random effects, and is denoted method B 
below. The third method is model (9) with α fixed at 1. We refer to this as method 
C. Finally, the fourth method, denoted D, corresponds to the GSPREE with area-
specific random effects that was actually used to generate the population data, i.e. 
model (9). 

The process of generating population and sample data, estimation of model 
parameters and calculation of estimates via methods (A) – (D) was independently 
replicated 1000 times. For each set of estimates μ̂  (inactive, unemployed, and 
employed) and each small area d we then calculated the actual and average esti-
mated mean squared errors 

1000

1

ˆ ˆ( )( ) /1000
=

⎛ ⎞′= − −⎜ ⎟
⎝ ⎠
∑d d k k k k
k

ActMSE diag μ μ μ μ  

( ) ⎟
⎠

⎞
⎜
⎝

⎛
= ∑

=

1000/ˆ
1000

1
k

k
dd MCPEdiagEstMSE μ  

where    diagd (X)  denotes the dth element of the main diagonal of X and 
( )kMCPE μ̂  denotes the estimated mean cross product error matrix for ˆ kμ . The 

actual coefficient of variation 

  

ActCVd = 100 ×
ActMSEd

μdk / 1000
k =1

1000

∑
 

and the estimated coefficient of variation 

1000

1

100
ˆ /1000

=

= ×

∑
d

d

ddkk
k

EstMSEEstCV
μ

 

were also calculated, as was the average coverage of the area d total by the nomi-
nal 95% confidence intervals defined by these estimated mean squared errors. 

Table 1 shows the average values of both the actual coefficient of variation 
(ActCV) and estimated coefficient of variation (EstCV) for the four GSPREE 
methods we considered. These show that for Method A in particular, estimated 
CVs are far from their actual values for all three categories (inactive, unemployed 
and employed), and the distance between actual and estimated CVs increases as 
α  moves away from 1. This problem persists, albeit in a somewhat reduced form, 
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with Method B. The results also indicate that Method C performs better than 
Method B for all three categories. However, this method behaves similarly to the 
methods A and B with respect to α , i.e. the difference between actual and esti-
mated CVs gets larger as α  moves away from 1. Method D — as one would 
expect — performs much better in this regard, with estimated and actual CVs for 
all three categories. Note also that average values of ActCV for Methods C and D 
in Table 1 are the same for α  equal to 1, but use of Method D leads to substantial 
gains in efficiency as α  moves away from 1. 

Table 1. Estimated coefficients of variation (EstCV) and actual coefficients of 
variation (ActCV) for different methods of estimation, averaged over 
the small areas.  

  Method A Method B Method C Method D 

 Alpha ActCV EstCV ActCV EstCV ActCV EstCV ActCV EstCV 

0.10 50.49 1.33 40.07 1.52 6.34 4.38 4.67 4.68 

0.30 45.98 1.34 39.10 1.51 5.57 4.38 4.61 4.63 

0.50 42.49 1.35 38.09 1.51 5.04 4.41 4.57 4.59 

0.80 37.45 1.37 36.15 1.48 4.48 4.36 4.42 4.43 

Inactive 

1.00 35.18 1.38 34.72 1.46 4.32 4.35 4.32 4.35 

0.10 47.70 1.38 34.75 1.58 6.82 4.61 4.91 4.90 

0.30 42.12 1.38 33.77 1.56 5.89 4.59 4.84 4.83 

0.50 37.32 1.39 32.48 1.54 5.25 4.55 4.73 4.73 

0.80 32.01 1.41 30.74 1.52 4.61 4.52 4.55 4.59 

Unem-
ployed 

1.00 29.59 1.41 29.23 1.50 4.41 4.45 4.41 4.45 

0.10 71.86 2.45 50.95 2.58 10.57 7.97 8.22 8.31 

0.30 64.12 2.43 50.37 2.56 9.30 7.89 8.08 8.17 

0.50 56.06 2.36 48.28 2.50 8.32 7.62 7.70 7.83 

0.80 46.77 2.27 44.75 2.40 7.14 7.23 7.09 7.32 

Employed 

1.00 42.69 2.21 42.19 2.32 6.74 6.99 6.74 6.99 

Irrespective of potential increases in efficiency, an important advantage of 
Generalised Structure Preserving Estimation (GSPREE) with area-specific ran-
dom effects is better estimation of mean squared error. This is confirmed in Table 
2 where we see that prediction intervals generated under Methods A and B gener-
ally lead to severe undercoverage because they are based on conditionally biased 
synthetic estimators, with under-estimated mean squared error. In contrast, inter-
vals generated under Method C have good coverage for all three labour force 
categories when α  is close to 1. However, this coverage gets worse as α  moves 
away from 1. On the other hand, Method D records coverage very close to the 
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nominal 95% level for all three categories. Furthermore, this overall good per-
formance holds across all values of α  investigated. In Figure 1 we show the ac-
tual coverages achieved for Methods A, B, C and D by area for α  equal to 0.1 
for estimates of unemployed. These confirm the overall superiority of Method D. 

Table 2. Confidence interval width and coverage of nominal 95% confidence 
intervals (95%Coverage) generated by different methods of estimation, 
averaged over the small areas.  

Method  Alpha A B C D 
0.10 3.97 5.25 81.33 94.89 
0.30 4.59 5.22 86.25 95.09 
0.50 4.91 5.79 90.42 95.09 
0.80 5.50 5.67 94.07 94.90 

Inactive 

1.00 6.07 6.17 95.18 95.20 
0.10 4.34 6.33 79.93 94.86 
0.30 4.99 6.84 85.45 95.09 
0.50 5.76 7.34 89.93 94.96 
0.80 7.10 7.41 94.29 95.24 

Unemployed 

1.00 7.62 8.04 95.21 95.18 
0.10 5.29 7.67 85.58 95.17 
0.30 6.22 7.56 89.67 95.23 
0.50 6.85 7.71 92.43 95.38 
0.80 8.24 8.61 95.04 95.61 

Employed 

1.00 8.54 8.75 95.44 95.46 

We also generated data sets from the GSPREE model (9) without area-
specific random effects for the same set of values of α  shown in Table 1. The 
results (not presented here) indicates Method D yields slightly larger CVs in 
comparison to Method B, but does work much better than Methods A and C. Fig-
ures 2 and 3 show CV and coverage respectively for unemployed estimates by 
area for α  equal to 0.1 in this case. 
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Figure 1. Coverage of nominal 95% confidence intervals (95%Coverage) by area 
for alpha value of 0.1. Small-dash line is Method A, dot-dash line is 
Method B, large-dash line is Method C and solid line is Method D. 
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Figure 2. Coefficients of variation by area for alpha value of 0.1. Small-dash line 
is Method A, dot-dash line is Method B, large-dash line is Method C 
and solid line is Method D. 
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Figure 3. Coverage of nominal 95% confidence intervals (95%Coverage) by area 
for alpha value of 0.1. Small-dash line is Method A, dot-dash line is 
Method B, large-dash line is Method C and solid line is Method D. 
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4. Discussion 

This paper generalises the SPREE method for small area estimation. The 
model we use relaxes the SPREE assumption and includes category-specific area 
random effects. Our simulation results indicate that the generalised SPREE 
(GSPREE) method has the potential to lead to substantial increases in prediction 
efficiency over “standard” SPREE. This gain increases as the SPREE assumption 
of fixed interactions becomes less and less realistic, i.e. as the parameter α  
moves away from 1. Our results also show that a GSPREE model with category-
specific area random effects performs best, in the sense that a GSPREE model 
without random effects (Method B) did not perform well when applied to a data 
set generated from an area random effects model. However, our results also show 
that simply adding a random effect to the SPREE model is insufficient if we want 
to protect ourselves against misspecification of the SPREE model. In particular, a 
GSPREE model with area random effects and α  fixed at 1 (Method C) generated 
a large CV when applied to a data set arising from a model without area specific 
random effects. 

Our results also show that our estimates of the mean squared error of the 
EBLUP-type estimators are in close agreement with their actual mean square er-
rors under the correct model for the data. As a consequence, confidence intervals 
based on these estimates of mean squared error tended to be more accurate, in the 
sense of achieving their nominal level of coverage. Note however that these con-
clusions are based on simulation results just for 20 areas with a single set of vari-
ance components. More research and empirical evaluation is necessary. 
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A RESTRICTED MODEL APPROACH TO IMPROVE 
THE PRECISION OF ESTIMATORS 

Cristina Rueda and José A. Menéndez1 

ABSTRACT 

In this paper we propose a new approach to small area estimation that 
uses the methodology of constrained statistical inference to improve the 
precision of direct estimates. The idea is to formulate a linking model for 
related domains using prior knowledge that is incorporated as restrictions on 
the model parameters.  

The proposed estimators are indirect domain estimators and can be 
developed using explicit or implicit models, which will be called restricted 
models. 

We focus on the estimation of domain means, '),...,( 1 mYYY =  and the 

total mean Y . The corresponding sample means based on a sample on each 

domain give the direct estimators, ')ˆ,...,ˆ(ˆ
1 mYYY =  and Ŷ respectively. In 

this first attempt we have considered the simplest model where only the 
information 0≥Y  is available. An “empirical restricted” estimator is 
defined in this setting. We study some properties of this restricted estimator 
and compare it with other classical counterparts through simulation.  

Key words: restricted inference, circular cones, James-Stein estimator, 
small areas. 

1. Introduction  

Consider a typical small area setting with m domains where their means, 
'),...,( 1 mYYY =  and the total mean Y , are the parameters of interest. The 

corresponding sample means based on a sample on each domain give the direct 
estimators, ')ˆ,...,ˆ(ˆ

1 mYYY = . One of the simplest statistical models where direct 
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estimators “borrow strength” from related areas could be defined using a model 
where restrictions among the parameters are included.  

In most standard models in constrained statistical inference (CSI) the 
restrictions are mathematically formulated using closed convex cones. Properties 
of these cones are very important to derive properties of the restricted maximum 
likelihood estimator because the estimators are defined in terms of projections 
onto the cones. The restrictions represent prior knowledge on the domains of 
interest that could be obtained from different sources.  

Although the idea is very intuitive, as far as we know there have been no 
small area applications where restrictions on the model parameters are 
incorporated to improve the precision of direct estimates. In this paper we propose 
to define restricted normal models to solve small area estimation problems. The 
CSI methodology that has been developed to analyse these models will be the 
most important tool for the research of the new procedures.  

There is an extensive literature on CSI. Among the most relevant references 
to study properties of restricted estimators are those by Robertson et al (1988), 
Hwang and Peddada (1994), Fernández et al (1999), Chaudhuri and Perlman 
(2005) and other references therein. 

Traditional indirect estimators in small area problems are classified as based 
on implicit linking models or as model-based estimators. These ones use explicit 
models, and can be obtained using auxiliary information or not (Rao (2003)). The 
restricted approach can be used in both cases. We will comment on these 
proposals in next section. However, we only analyse the simpler case when the 
information 0≥Y  is included in the model and no other auxiliary information is 
provided. In this setting we will define an “empirical restricted” estimator and 
we will compare it, using a simulation experiment, with other classical 
counterparts.  

Among the most important candidates to compare with the new estimator 
that also applies in the case of no auxiliary information is the James-Stein (or 
shrinkage) estimator. This estimator has attracted much attention also in other 
statistical areas. Several shrinkage restricted estimators have been defined in the 
CSI literature (Sengupta and Sen (1991), Kuriki and Takemura (2000), Ouassou 
and Strawderman (2002) and Fourdrinier at al (2003)). The idea introducing this 
estimator is to improve the restricted maximum likelihood estimator by shrinkage 
towards the origin in a restricted normal model. Therefore we will consider the 
cJS+ (corrected James Stein plus estimator, defined in Ouassou and Strawderman 
(2002)) instead of the usual James-Stein plus version for comparative purposes. 
The cJS+ is a proposal to use traditional methods of small area problems into 
constrained statistical estimation problems and the idea of this paper is the reverse 
one: to use the methodology of CSI to solve small area problems. It is clear that 
both approaches should be related.  

In order to better explain the procedure and the results we have reduced the 
simulation study in this paper to normal distributions, equal and known variances 



STATISTICS IN TRANSITION, December 2005                                                             

 

699 

and three areas. However the methodology is also applicable in more complex 
cases and we have planned to study in the future the performance of estimators 
using more areas, unequal and unknown variances and additional restrictions. We 
conjecture that similar results to those in the simpler cases will be found 

The layout of the article is as follows: in section 2 the definition of restricted 
estimators is given and a brief view of possible proposals for restricted 
approaches to small area problems is commented. In section 3 the concrete 
proposal for the simple model 0≥Y  is given leading to the definition of the 
‘empirical restricted’ estimator and finally in section 4 the simulation study is 
presented where the new estimator is compared with other counterparts.  

2. A view to the restricted approach 

We begin considering the restricted model when the information 0≥Y  is 
included. The corresponding restricted estimator is )/ˆ(ˆ

+
+ = CYpY , where 

{ }∑ ≥∈=
=

+

m

i
i

m vRvC
1

0:  is the cone that mathematically contains the 

information 0≥Y  and )/( Cyp is the projection of y onto a cone C . A more 
complex model can be introduced when supplementary information in the form of 
an auxiliary variable '),....,( 1 mXXX =  is available and a monotone relationship 
between X and Y, jiji YYXX ≤⇒≤ , exists. Statistically, this information is 

incorporated in the estimation process through the order relationship X≤  induced 
by X, the order cone { }jivvRvC Xji

m
X ≤≤∈=  if :  and the restriction 

XCY ∈ . The corresponding estimator is then )/ˆ(ˆ
X

r CYpY = . Intuitively, we 
would expect to do better by incorporating such additional information than by 
ignoring them.  

In a similar way a restricted model can be defined using an explicit linear 
mixed constrained model given by Xiiii CevY ∈++= μμ   ,ˆ . In this case we 
would obtain a new restricted estimator that has not been referenced before in the 
literature. Other approaches resembling this idea are now emerging in the small 
area literature as the one by Opsomer et al (2005) where a new small area 
estimation procedure that combines random effects with nonparametrics trends is 
proposed.  

In these and other similar models the properties of restricted and related 
estimators must be compared with classical alternatives to small area estimation. 

The properties of the restricted estimator )/ˆ(ˆ
X

r CYpY =  have been 
extensively studied in the literature. The more relevant result for the small area 
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context is that using the criterion of the Mean Square Error (MSE), 
2

1
)ˆ( i

r
i

m

i
YYE −∑

=
, the restricted estimator performs much better than the direct 

estimator when the hypothesis XCY ∈  is true. (Robertson et al.(1988), Rueda et 
al (1997)) 

Taking into account constraints in the models produces a reduction of the 
parameter or sample space. We think that it would be possible to design methods 
that properly incorporate the constraints in the models, producing efficient 
estimators for small area applications. 

3. A first proposal: an “empirical restricted” estimator 

In this first attempt we have considered the simplest model where only the 
information 0≥Y  is available. To estimate Y, consider the direct estimator Ŷ  
and assume it is Nm(Y, σ2I) with known σ.  

We consider a family of circular cones, Cw, with a common central direction 
c. )'1,...,1(1

m
c =  

{ }vwvcRvC m
w )cos(,: ≥∈= , [ ]2/,0 π∈w . 

Circular cones are used in this section for computational convenience; they 
are not used to represent the additional information that is given by 0≥Y . 

We define a family of shrinkage restricted estimators by the projections onto 
the cones Cw, )/ˆ(ˆ

w
w CYpY = .The shrinkage factor is the angle of the cone w. 

For w=0, we have the synthetic estimator Ŷ , since { }0:0 ≥== λλcCw  and 

YCYpY w
w ˆ)/ˆ(ˆ

0
0 == =

= . On the other side, when 2/π=w , we have 

+= = CCw 2/π  and )/ˆ(ˆ
2/

2/
π

π
=

= = w
w CYpY , which is the restricted estimator 

+Ŷ and also the direct estimator under restriction 0≥Y . Therefore 
wŶ )2/,0( π∈w  are interesting alternative estimators that could balance, like 

the composite estimators, the potential bias of the synthetic estimator and the 
instability of the direct estimator. In this section we present a method that gives an 
approximate optimal estimator within this family. 

The first step is to select the angle wopt, for which the estimator wŶ  has the 
minimum MSE 

2ˆminarg YYEw w

w
opt −=  

To obtain wopt we can assume that 1=Y , because 
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Let us denote Y
Y

Z 1
=  and Y

Y
Z ˆ1ˆ = , so that we have Ẑ  is ( )IZN Zm

2,σ , where 

1=Z  and 2

2
2

Y
Z

σσ = . Then 
22 ˆminargˆminarg ZZEYYEw w

w

w

w
opt −=−= . 

Now it is possible to get wopt, which only depends on the angle 
),arccos( Zc=α , formed by Y with the central direction c, and σ2, as far as we 

want to determine wopt for any fixed σ2.  

That is, wopt = f(α,σΖ), and we can consider the estimator optw
Ŷ provided α 

and σΖ are known. 
In applications the optimum angle wopt must be estimated because α and 

Y  are unknown. 

Taking )ˆ,0max(ˆ 22
σmYT −=  as an estimator of 2Y , we use 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
= Y

T
c ˆ

ˆ
1,arccosα̂  and also 

T
Z ˆ

ˆ
2

2 σσ =  for obtaining )ˆ,ˆ(ˆ Zopt fw σα= . 

Then the plug-in estimator optw
Y

ˆˆ  is an “empirical restricted” estimator of Y. 
For the comparisons that will be done in the next section, we also introduce a 

corrected version of the James-Stein plus estimator, cJS+. This is defined in this 
setting to be equal to the James-Stein plus estimator, using 0ˆ =wY  as a guess value 
(see Rao (2003)), when Ŷ  belongs to C+, or equal to +Ŷ  when Ŷ  does not 
belong to C+. This estimator is studied in Ouassou and Strawderman (2002). 

4. Simulation results 

In this section the performance of the procedure is shown when Ŷ  is  
N3(Y, σ2I) with known σ. 

Figure 1 shows the function f(α,σ) to determine wopt. The function was 
constructed by simulation. We explain it briefly. We consider σ fixed at 14 values 
between 0 and 1, and Z given by 1=Z  and angle α with c taking one of 20 

possible values in [ ]2/,0 π . At each point in this net of (α,σ) values we take a 
sample of size 500 in a N3(Z, σ2I) population. 
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To get wopt we considered 50 angles [ ]2/,0 π∈w , equally spaced, obtaining 

the projections wŶ  of every sample onto the cones Cw and then estimating the 
corresponding MSE of wŶ . Comparing the fifty values of the MSE we get 
wopt=f(α,σ) as the value of w for which the minimum MSE of wŶ  is attained. 

For any (α,σ) that it is not a knot of the above chosen net we use an 
interpolated value for f(α,σ). 

Figure 1. The optimum angle, wopt, as a function f(α,σ) of σ and the angle α 
formed by the mean with the central direction c. 

angle alpha

0.0

0.5

1.0

1.5

sig
ma

0.2

0.4

0.6

0.8

1.0

w
.opt

0.0

0.5

1.0

1.5

 
 
 
 
 



STATISTICS IN TRANSITION, December 2005                                                             

 

703 

Figure 2. The MSE of  optw
Y

ˆˆ , optw
Ŷ , cJS+, 0ˆ =wY  and 2/ˆ π=wY  

 
It is interesting to note that wopt is lower than α, with the function f(α,σ) 

tending towards zero as σ increases. We can also see that the function f(α,σ) falls 
towards zero for α close to 2/π  and 2/1>σ . This behaviour of the function f 
can be explained by the relation between the MSE of +Ŷ and 0ˆ =wY  and σ, at 

2/πα = . In this case it is easy to prove that the MSE of +Ŷ  is 25.2 σ , and the 
MSE of 0ˆ =wY  is 2/1 2σ+ , so that the minimum is attained by +Ŷ  when 

2/1≤σ  and by 0ˆ =wY when 2/1>σ . 
For comparison, the MSE of the proposed empirical restricted estimator, 

optw
Y

ˆˆ , was simulated, using the function showed in Figure 1 and the procedure 
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described in section 3. Also the MSE of the estimators optw
Ŷ , cJS+, 0ˆ =wY and 

2/ˆ π=wY was calculated. Figure 2 presents the results, showing the MSE versus the 
angle α formed by the mean with the central direction c of the cones Cw, for σ 
values 0.3, 0.5, 0.7 and 0.8. 

From Figure 2 the dominance of optw
Ŷ  independently of σ is clear, and also 

that the performance of the empirical restricted estimator, optw
Y

ˆˆ , is comparable to 
cJS+. It has lower MSE when α is small and higher MSE when α is big. 

It would be interesting to investigate properties of this estimator and to 
perform the simulation study in higher dimensions. 
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BIAS ADJUSTED SMALL AREA ESTIMATION  
WITH M-QUANTILE MODELS 

Nikos Tzavidis1 and Ray Chambers2   

ABSTRACT 

Small area estimation techniques are employed when sample data are 
insufficient for acceptably precise direct estimation in domains of interest. 
These techniques typically rely on regression models that use both covariates 
and random effects to explain between domain variation. However, such 
models also depend on strong distributional assumptions, require a formal 
specification of the random part of the model and do not easily allow for 
outlier robust inference. 

Chambers and Tzavidis (2005) describe a new approach to small area 
estimation that is based on modelling quantile-like parameters of the 
conditional distribution of the target variable given the covariates. This avoids 
the problems associated with specification of random effects, allowing inter-
domain differences to be characterized by the variation of area-specific M-
quantile coefficients. These authors observed, however, that M-quantile 
estimates of the small area means are biased. In this paper we propose a bias 
correction to the M-quantile small area mean estimate based on representing 
this estimate as a functional of the estimated distribution function within the 
small area. 

Key words: Multilevel models; Robust inference; Weighted least 
squares; Quantile regression. 

1. Introduction 

Sample surveys provide a cost effective way of obtaining estimates for 
characteristics of interest at both population and sub-population (domain) level. 
Such domains are typically defined in terms of geographic areas or by socio-
demographic groups. An estimator of a domain characteristic is called direct if it 
is based only on data from sample units in the domain. A domain is large if the 
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sample size within the domain is large enough to produce direct estimates of 
acceptable precision. In most practical applications, however, domain sample 
sizes are not large enough to allow direct estimation. The term “small areas” is 
typically used to describe such domains. 

When direct estimation is not possible, one has to rely upon alternative 
methods for producing small area estimates. Such methods depend on the 
availability of population level auxiliary information related to the variable of 
interest and are commonly referred to as indirect or model-based methods. 

The current industry standard for small area estimation is mixed (random) 
effects models that include area specific random effects to account for between 
area variation beyond that explained by the auxiliary information (Fay and 
Herriot, 1979; Battese et. al., 1988). Such models depend on Gaussian 
assumptions and require a formal specification of the random effects structure. In 
a recent paper Chambers and Tzavidis (2005), hereafter referred to as CT, propose 
a new approach to small area estimation based on modelling quantile-like 
coefficients of the conditional distribution of the target variable given the 
covariates. With M-quantile models we avoid imposing strong distributional 
assumptions. Formal specification of the random part of the model is also not 
required. Instead, inter-domain variation is captured by variation in area-specific 
quantile coefficents. However, CT also observed that M-quantile estimates of the 
small area means are biased, with the magnitude of the bias being related to the 
presence of outliers in the data. In this paper we therefore report preliminary 
results on the empirical performance of bias corrected M-quantile small area mean 
estimates, where the corrections are based on the representation of these mean 
estimates as functionals of corresponding small area distribution function 
estimates. 

2. Linear Mixed Effects Models for Small Area Estimation 

In what follows we assume that a vector of p auxiliary variables ijx  is 
known for each population unit i  in small area j  and that information for the 
variable of interest y  is available for units in the sample. The aim is to use these 
data to estimate various area specific quantities, including (but not only) the small 
area mean of y . However, the small area sample sizes are not large enough for 
reliable direct estimates, jm  and one needs to use alternative methods of 
estimation that effectively “borrow strength” from all the small areas in order to 
produce an estimate for a particular small area. The most popular of these 
methods uses linear mixed effects models for this purpose. In the general case a 
linear mixed effects model has the following form 

T T
ij ij ij j ijy ε= + +x zβ γ , i = 1, …, n, j = 1, …, d,            (1) 
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where jγ  denotes a vector of random effects and ijz  denotes a vector of auxiliary 
variables whose values are known for all units in the population. Domain specific 
means are estimated by 

{ }1 ˆ ˆˆ .
j j

T T
j j ij ij ij j

i s i r

m N y−

∈ ∈

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ x zβ γ                   (2) 

The estimator (2) is typically referred to as the Empirical Best Linear Unbiased 
Predictor (EBLUP) of jm  (Rao, 2003). 

3. M-quantile Models for Small Area Estimation 

The classical theory of linear statistical models is fundamentally a theory of 
conditional expectations. That is, a regression model summarises the behaviour of 
the mean of y at each point in a set of x’s. Unfortunately, this summary provides a 
rather incomplete picture, in much the same way as the mean gives an incomplete 
picture of a distribution. 

In a seminal paper Koenker and Bassett (1978) developed the idea of 
quantile regression. In the linear case, quantile regression leads to a family (or 
“ensemble”) of planes indexed by the value of the corresponding percentile 
coefficient (0,1)q∈ . For each value of q, the corresponding model shows how 

( )qQ x , the qth quantile of the conditional distribution of y given x, varies with x. 

A linear model for the qth conditional quantile y given x is ( ) T
q qQ =x x β . The 

vector qβ  is estimated by minimising 

( ) ( ){ }
1

(1 ) 0 0
n

T T T
i i i i i i

i
y q I y qI y

=

− − − ≤ + − >∑ x b x b x b  

with respect to b (Koenker and D’Orey, 1987). 

Quantile regression can be viewed as a generalisation of median regression. 
M-quantile regression (Breckling and Chambers, 1988) provides a “quantile-like” 
generalisation of regression based on influence functions (M-regression). There 
are technical differences between quantile and M-quantile regression models. For 
example, quantile models are fitted using linear programming methods, while M-
quantile models are fitted using an iteratively reweighted least squares algorithm. 
For the purposes of this paper we focus on M-quantile models. 

The M-quantile of order q for the conditional density of y given x is defined 
as the solution ( ; )qQ ψx  of the estimating equation ( ) ( | ) 0q y Q f y dyψ − =∫ x , 

where ψ  denotes the influence function associated with the M-quantile. A linear 
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M-quantile regression model is one where we assume that ( ; ) ( )T
qQ qψψ =x x β . 

That is, we allow a different set of regression parameters for each value of q. For 
specified q and ψ , an estimate ˆ ( )qψβ  of ( )qψβ  can be obtained by solving 

1
( ) ,

n

q iq i
i

r ψψ
=

=∑ x 0                            (3) 

where ˆ ( )T
iq i ir y qψ ψ= − x β , 

{ }1( ) 2 ( ) ( 0) (1 ) ( 0)q iq iq iq iqr s r qI r q I rψ ψ ψ ψψ ψ −= > + − ≤  and s is a suitable 

robust estimate of scale. 

CT extended the use of M-quantile models to small area estimation. Mixed 
effects models assume that variability associated with the conditional distribution 
of y given x can be at least partially explained by a pre-specified hierarchical 
structure, e.g. the small areas of interest. However, an alternative approach to 
modelling the variability in this conditional distribution is via M-quantile 
regression, which does not depend on a hierarchical structure. Consequently, 
following the development in CT, we index population units by i and characterise 
the conditional variability across the population of interest by the M-quantile 
coefficients of the population units. For unit i with values iy  and ix , this 
coefficient is the value iq  such that ( ; )

iq i iQ yψ =x . Note that these M-quantile 
coefficients are determined at the population level. Consequently, if a hierarchical 
structure does explain part of the variability in the population data, then we expect 
units within clusters defined by this hierarchy to have similar M-quantile 
coefficients. Consequently, if the conditional M-quantiles follow a linear model, 
with ( )qψβ a sufficiently smooth function of q , we can represent the small area 

mean jm  as 

 1 1( ) ( )
j j j j

T T
j j i i i j i i j

i s i r i s i r

m N y q N yψ ψ θ− −

∈ ∈ ∈ ∈

⎛ ⎞ ⎛ ⎞
= + ≈ +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑ ∑ ∑ ∑x xβ β , 

where jθ  is the average value of the M-quantile coefficients of the units in 

area j . Let ˆ
jθ  denote a suitable estimator of jθ . By replacing ( )jψ θβ  by 

ˆ ˆ( )jψ θβ  above, CT then use this representation to motivate an estimator of jm . 

An alternative way of looking at small area estimators is as functionals of 
estimated empirical distribution functions within the small areas. Consider a finite 
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population P  of N units clustered within small areas of interest. For a small area 
j  the area specific empirical distribution function is 

( )1( ) ( ) ,
j j

j j i i
i s i r

F t N I y t I y t−

∈ ∈

⎛ ⎞
= ≤ + ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑       (4) 

where js  and jr  denote sample and non-sampled units in small area j . The 

problem of estimating ( )jF t  therefore reduces to predicting the ijy ’s for the non-

sampled units in small area j . In particular, the estimator of jm  developed by 
CT is equivalent to an estimator of (4) of the form 

( )1 ˆ ˆˆ ( ) ( ) ( )
j j

T
j j i i j

i s i r

F t N I y t I tψ θ−

∈ ∈

⎛ ⎞
= ≤ + ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ x β     (5) 

since by integrating with respect to (5) we obtain the M-quantile model-based 
estimator 

1 ˆ ˆˆˆ ( ) ( )
j j

T
j j j i i j

i s i r

m tdF t N y ψ θ
∞

−

∈ ∈−∞

⎛ ⎞
= = +⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑∫ x β .     (6) 

CT observed that (6) can produce biased estimates of the small area means, 
particularly when small areas contain outliers. To correct for this bias we 
therefore consider the distribution function estimator proposed in Chambers and 
Dunstan (1986, hereafter CD), which for area j is given by 

[ ]( )1ˆ ˆ ˆ( ) ( )
j j j

CDj j i k i i
i s k r i s

F t N I y t I y y y t−

∈ ∈ ∈

⎛ ⎞
= ≤ + + − ≤⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑∑ ,   (7) 

where ˆiy  denotes a suitable predictor of iy . By integrating with respect to (7) we 
obtain the CD version of (6): 

1 ˆ ˆ ˆ ˆˆˆ ( ) ( ) [ ( )]
j j j

j jT T
j CDj j i i j i i j

i s i r i sj

N n
m tdF t N y y

nψ ψθ θ
+∞

−

∈ ∈ ∈−∞

⎛ ⎞−
= = + + −⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ∑ ∑∫ x xβ β .      (8) 

In what follows we refer to this estimator as the “adjusted” version of the 
original M-quantile model-based estimator (6). Note that since ˆiy  can also be 
derived via the mixed model (1), there is a corresponding “adjusted” version of 
the EBLUP (2). 
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4. Simulation Study 

In this section we present results from a small-scale simulation study that 
was used to compare the performance of small area estimators with and without 
the CD-based bias adjustment described in the previous section. Small area 
population and sample data were simulated based on a two level hierarchical 
linear model. Two scenarios for generating population data were used. Under both 
there were 30 small areas, with 500 ; 1,2, ,30jN j j= × = K , implying a 
population of size 232500N = . 

Scenario 1: 2~ ( , / 36)ij j jx N μ μ , ~ (0,100),j Nγ  ~ (0,1600)ij Nε , with 

~ [40,500]j Uμ  held fixed over simulations. 

Scenario 2: 2~ ( )ij jx dχ , 2~ (3)ijε χ , 2~ (1)jγ χ , with the 'ij sε  and 'j sγ  

centred around their means, and ~ [1,200]jd U , held fixed over simulations. 

Population ijy values were then generated using 5ij ij j ijy x γ ε= + + + . Small 
area mean estimates were computed using (6) and (8). For comparison reasons we 
also computed the bias adjusted and the unadjusted small area mean estimates 
under the linear mixed effects model used to generate the data. These were 
calculated using (2) and are referred to as “Rand.Intercepts” estimates below. The 
results are summarised in Table 1. 

Table 1. Relative Bias (%) and RRMSE (%) of the small area mean estimates 
(averages over simulations and areas). 

5. Conclusions 

The results from the simulation study indicate that small area estimation can 
be performed equally efficiently using both mixed effects and M-quantile models. 

Estimator Scenario 1 Scenario 2 
 Relative Bias (%) 
Rand.Intercepts Unadjusted 0.26 0.03 
Rand.Intercepts Adjusted 0.17 -0.02 
M-quantile Unadjusted 0.27 -1.80 
M-quantile Adjusted 0.17 -0.02 
 RRMSE (%) 
Rand.Intercepts Unadjusted 2.70 1.56 
Rand.Intercepts Adjusted 3.20 1.60 
M-quantile Unadjusted 2.73 2.00 
M-quantile Adjusted 3.20 1.60 
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As expected, the mixed effects model performs well when its model assumptions 
are met (Scenario 1). However, an important outcome of the simulation study is 
that the simple “random intercepts” mixed effects model also appears to be robust 
to departures from the model assumptions (Scenario 2). 

Deciding whether to adjust using the CD approach appears to depend on the 
nature of the data. When model assumptions are met (scenario 1) the unadjusted 
small area estimators under both the mixed and the M-quantile models are slightly 
more efficient than the corresponding adjusted small area estimators. This is due 
to the extra variance introduced by the CD bias adjustment. However, in many 
practical applications the model assumptions are not met (Scenario 2). In these 
cases ignoring the bias adjustment when using the M-quantile approach will 
introduce bias in the small area estimates, and an adjusted version of the M-
quantile adjusted approach should be preferred. 
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USING SMALL-AREA ESTIMATES 

Nicholas T. Longford1 

ABSTRACT 

Research in small-area statistics has thus far focussed on estimation of 
population quantities associated with small areas (a partition of the survey 
domain, such as a country), and on using empirical Bayes and fully Bayesian 
approaches for this purpose. This paper discusses some of the problems arising 
from the ambiguity over the replication scheme implied by the models, 
ignoring model uncertainty, the informative (ad hoc) choice of the target(s) 
and the essentially small-sample (non-asymptotic) nature of the task of small-
area estimation. Some solutions are outlined. An example related to the 
problem of allocation of a limited budget is presented, in which efficient 
estimation of the small-area quantities is associated with sub-optimal 
decisions. 

1. Introduction 

Small-area estimation is becoming a high-profile problem in official 
statistics as more and more national surveys acquire a long history of annual 
conduct with standardised procedures, analyses and reports, and the 
constituencies of users of the results of the primary and secondary analyses 
become wider and more diverse. The shift of the focus from inferences about 
national and regional quantities to quantities related to smaller geographical units 
and other subpopulations is a natural development in this context. Whilst survey 
design can ensure that inferences about a small number of critically important 
population quantities are of the required quality, the resources available are rarely 
sufficient to ensure satisfactory precision of estimators for every one of a large 
number of small areas, more so when these areas (districts) are not identified in 
advance. Clustered sampling design, in combination with stratification, invaluable 
in national surveys for inferences about national quantities, is problematic for 
small-area estimation because a district may be represented in the sample by 
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much fewer subjects than its population size would suggest, and at an extreme it 
may even have no representation in the sample.   

Borrowing strength or exploiting similarity of the districts is recognised as 
an effective device for supplementing the so-called direct information which is 
derived only from the variable and district concerned. More generally, it can be 
motivated as making use of some, or all, of the information relevant to the target. 
Thus, data from districts that are similar to the district in question can be used, as 
can other (related) variables, recorded in the same survey, a different survey, or 
which are available from other sources, including population registers and 
censuses. 

Many national-population quantities are estimated from a single source, a 
survey, with mean squared errors (MSE) so small that they can be used as if they 
were established with precision. By way of an example, suppose the estimate of 
the national unemployment rate at a particular time point in a country, obtained 
from the national Labour Force Survey, is 3.6%. If the estimator applied is 
unbiased and its standard error (square root of the sampling variance) is smaller 
than 0.05%, the population rate (the underlying percentage) is almost certainly 
smaller than 4.0% and greater than 3.0%, and smaller than a year ago, when it 
was estimated as 4.4% with standard error 0.05%. In brief, the uncertainty 
entailed in the process that derived the figure of 3.6% can be ignored.  In general, 
we cannot afford such luxury, because the properties of unbiasedness and 
efficiency are fragile, that is, they are easily lost, in this case by non-linear 
transformations. Even a comparison is a non-linear (in fact, a discontinuous) 
transformation, if its outcome is interpreted as equal to –1 (less than), 0 (the same) 
or +1 (greater than). 

This issue is highly relevant to small-area estimators. Only rarely can their 
MSEs be ignored in non-linear operations.  Shen and Louis (1998) demonstrated 
that efficient estimators dθ̂  of small-area quantities dθ , d=1, 2, ..., D, are not well 

suited for ranking; that is, the ranks of dθ̂  are not efficient estimators of the ranks 
of dθ . Similarly, any non-linear summary of the collection }{ dθ , such as their 
variance, maximum, or some other characteristic of the tail of their district-level 
distribution, is not represented (estimated) well by the same summary of the 
estimates. Maps of estimates have the same problem (Gelman and Price, 1999), 
routinely ignored. 

The operational consequence of this problem is that the analyst's work is no 
longer complete by evaluating the efficient estimators of the sought quantities dθ , 
because the good properties of these estimators may be undermined by an unwary 
user who treats them as known quantities. The analyst should inquire with every 
user about their prospective application, and provide a set of estimates }ˆ{ dθ  
tailored to each application. In many settings, this is not a realistic proposition. 
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An alternative, treating the problem as involving missing information, is 
discussed and applied in Section 5. 

A well fitting model, or the correct model for the data, is often regarded as a 
prerequisite for efficient inference, quoting from the theory of maximum 
likelihood (ML) that ML estimators are asymptotically efficient if based on a 
valid model. For finite samples, we insist on model validity but prefer more 
parsimonious valid models, acknowledging that model complexity is associated 
with inefficiency. In small-area estimation, we are in an ambiguous position. For 
some parameters, we are in the proximity of the asymptotic setting, as the 
analysed survey usually has a very large sample size, often in tens of thousands.  
However, the effective sample size associated with estimation of a district-level 
quantity is usually much more modest, e.g., in tens, and so asymptotics can hardly 
be regarded as relevant.   

Another class of problems is associated with selective reporting. The quoted 
properties of estimators are based on their unconditional distributions. If the 
reporting of an estimate is conditioned on its value or another function of the data, 
the conditional distribution of the estimator should be referred to for its sampling 
properties. This problem can be described as reporting bias. It is acknowledged 
very selectively; for instance, there is an extensive literature on publication bias in 
meta-analysis (e.g., Jackson, Copas and Sutton, 2005); we argue in Section 4 that 
it deserves a similar attention in small-area estimation.  

The next section challenges the commonly accepted premise that it is 
appropriate to associate districts with random effects, so as to enable borrowing 
strength across the districts. For simplicity, we assume that the sampling design is 
simple random with fixed within-district sub-sample sizes.  

2. Random-effects models for fixed effects 

In a typical problem in small-area statistics, there are a large number of areas 
(districts). Their representation by fixed effects is deemed by many to be 
inappropriate because the corresponding model entails a large number of 
parameters, one or a few for each district. Conventional inferences based on such 
models make no use of the information from outside the district, except for 
smoothing, as in analysis of covariance. In a series of papers, Efron and Morris 
(1971, 1972, 1973 and 1975) and Morris (1983) put forward cogent arguments for 
application of random-effects models, in Bayesian and empirical Bayes contexts, 
and coined the term ‘borrowing strength’ for inferences superior to those derived 
by the (fixed-effects) analysis of variance (ANOVA). The ensuing revolution in 
computing technology and the development of statistical software that exploits it 
have made the application of these models feasible not only in everyday practice 
but also for detailed study by simulations.   

The EURAREA project (EURAREA Consortium, 2004) conducted 
extensive simulations of small-area estimators by constructing artificial 
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representations of the populations of several European countries, and replicating 
the processes of sampling and estimation on them. The purpose of this exercise 
was to confirm, empirically, that random-effects (empirical Bayes) models are 
more efficient than their direct and synthetic counterparts. The study compared 
several implementations of the general idea of borrowing strength, and concluded 
that some empirical Bayes estimators of the district-level means (proportions and 
totals) are indeed more efficient than synthetic and direct estimators, but only on 
average — not for every district.   

In a set of replications, the country, its districts, as well as the values of the 
studied variables were fixed (hard-coded) for each member of the population. A 
sample was drawn according to the specified sampling design that entailed 
randomness; the sample was therefore random, varying across the replications, as 
did the values of the estimators. Thus, the implemented procedure concurs with 
the design-based perspective, in which the indicator of inclusion in the survey is 
the sole source of randomness. Each replication is associated with the same set of 
district-level quantities (targets) dθ , d=1, ..., D. 

In contrast, the preferred method of analysis is based on a model that refers 
to the re-sampling scheme in which the targets dθ  are regarded as random effects. 
With the assumption of normality, the model  

ddddd εδZβXy ++=                                                   (1) 

is considered, in which dδ , d=1, ..., D, are a random sample from a centred 
multivariate normal distribution, ),(~ Σ0δ Nd , independently, and ),(~ 2I0ε σNd , 
independently from one another as well as from each dδ . Here, the respective 
regression and variation design matrices dX  and dZ  are fixed; in the design-
based perspective they have the same replication status as dy  — they are 
governed by the sampling design, and therefore they are all random. 

The model in (1) is for an infinite super-population; a different population is 
drawn from it in every replication, and these populations have different partitions 
into districts. Thus, for a specific index d, district d in one replication is related to 
district d in another only by the same sampling design, but not by their values dθ . 
These quantities are like moving targets, and the re-sampling properties of an 
estimator of dθ  refer not to the specific district, but to districts like d, interpreted 
as districts with the same sample size and other characteristics of the within-
district sampling design dZ , but different values of dδ . 

The model in (1) assumes that the random terms dδ  have the stated 
distribution for the collection of D districts, but not necessarily for any subset, 
such as the districts with a particular sample size, or a narrow range of sample 
sizes. In contrast, the interpretation of the district-level estimates derived from 
these models refers to districts like the one in question. The number of such 
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districts may be very small even in a setting (country) with several hundreds of 
districts, so the reference to ‘districts like the one in question’ is problematic.  

In the model-based perspective, the mean for a district is estimated by the 
empirical Bayes linear unbiased predictor (EBLUP). Let dx  and dz  be the (row) 
vectors of population means of the regression and variation variables in district d; 

dz  is a sub-vector of dx . If the model parameters in (1), β , 2σ  and Σ , were 
known, or estimated with negligible sampling variation, the EBLUP would be  

)(ˆ T1 βXyZΩGzβx ddddddd −+= −μ                               (2) 

where ΣΩ 2−=σ  is the relative district-level variance matrix, and 
ΩΖZIG ddd

T+= . The estimator in (2) has unconditional expectation βx d . 
However, since we intend to use dμ̂  as an estimator (predictor) of a quantity 
associated with a specific district, it is more appropriate to consider the properties 
of the conditional distribution given the value of dδ . Thus,  

dddddddd δZZΩGzβxδ T1)|ˆ(E −+=μ ; 

dμ̂  is biased for dddd δzβx +=μ . When 1Z= , so that dd δ=δ  is univariate, 

d
d

d
ddd n

n
δ

ω
ω

δμ
+

+=
1

)|ˆ(E βx  , 

and the bias of dμ̂  in estimating ddd δμ += βx  is )1/( ωδ dd n+ . This is in contrast 
with the label ‘EBLUP’ attached to dμ̂ , which contains the qualifier ‘unbiased’. 
The origin of this is from the context of an assessment on average; the expected 
bias )}1/({E ωδ dd n+D , or its counterpart with multivariate dδ , with the 
expectation DE  over the distribution of dδ  (over the districts), vanishes; see 
Robinson (1991) for a discussion. In this expectation, we condition on dn  or 
more generally on dZ , adhering to the assumptions made in all regression models 
that the values of the regressors are fixed (set by design). In the setting of a 
survey, these assumptions are transparently violated; both dy  and dX  are 
random, determined by the vagaries of the sampling process. In fact, in many 
commonly applied sampling designs, even dn  varies, but conditioning on it is 
regarded as appropriate in both design- and model-based perspectives because, for 

a fixed d, dn  and dθ̂  are assumed to be uncorrelated — dn  is not informative for 
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dθ . We can interpret the sub-sample size dn  as the special case of ddZZT . When 
some covariates are associated with variation and Z  is multivariate, we should 
condition, by implication, on their values as well, exacerbating the conflict with 
the design-based perspective.  

As the MSE of dμ̂ , its conditional variance is commonly quoted.  It is equal 

to T1
ddd zΣGz − . This has the same problems related to the implied replication 

scheme as the bias of dμ̂ ; it is the MSE on average, with averaging over districts 

with the same sample size dn  or variation design ddZZT . Without such averaging, 
we have   

TT1TTT1

T1T1

TT1

)()(

 

|);(MSE  ) |;ˆMSE( }{

dddddddddd

dddddd

ddddddddddd

zIΩGZZδδIZZΩGz
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−−+

=
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−−

−−
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              (3) 

(In our notation for conditional MSE, we indicate the target, dμ , as well as the 
conditioning, also on dμ .) This expression differs from its model-based 

counterpart, and coincides with it only when T
ddδδ  is replaced by its expectation 
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, 
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−=
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             (4) 

using the identity 1T1 −− = dd ΩGΩG .  In summary, the conventionally used MSE in 
(4), and its various adjustments that address the uncertainty about the global 
model parameters ( 2 ,σβ  and Ω), are not appropriate when the focus of inference 

is a particular district. The appeal to the condition Σδδ =T
dd  is problematic 

especially when dδ  has several components (when several covariates are 
associated with variation), because this condition represents a very special case, 
more so in the context of a given (fixed) matrix T

ddZZ  on which the average MSE 
depends. 
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Longford (2005a) describes a method based on composition for estimating 
the MSE more efficiently, on average, than by a naive estimator of 

}{  ) |;ˆMSE(E ddd μμμD , and illustrates the nature of the improvement by a 
simulation study.   

3. Composition vs. model-based estimation 

In this section, we discuss the general principle underlying composite 
estimation, and compare its advantages and drawbacks with estimation based on 
mixed linear models.   

In the model-based approach, the vectors of outcomes dy  are related to the 
matrices of covariates dX  by a random-effects model with the usual assumptions 
of normality, 

),(~)|( 2IδZβXδy σddddd +N  

and ),(~ Σ0δ Nd , independently. The district-level population means of the 
outcomes Y are estimated by a linear combination of certain within-district and 
national quantities: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+= −

β
XyZΣGzβx

1  
 )  ( ˆ T1

dddddddμ ,                                 (5) 

so these quantities (sufficient data summaries) are ddyZT , ddXZT  and dx . When 

1Z= , these summaries are 1yT
d , 1XT

d  and dx  or, equivalently, the sample means 
of Y and the variables in X and the (within-district) population mean of X.  When 
Z contains some covariates (in addition to the intercept 1), this list has to be 
supplemented by the within-district means of the products of Y and X with the 
covariates that are associated with variation. When no covariates are available, 
X=Z=1, these summaries are the within-district and national sample means of Y. 

The discussion of these cases motivates the composite estimator of the linear 
combination dd ξuT=μ  for a given vector of constants u and a vector of (district-
level) population quantities dξ ,  

   ξbξbu ˆˆ)(~ TT
dddd +−=μ                                       (6) 

in which the vector of coefficients db  is selected so as to minimise the MSE of 
)(~

dd bμ  as a function of db  (Longford, 1999). Most practical cases correspond to 
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T)0, ,...0,1(=u , so that the first component of dξ  is the target and the remainder 
are the district-level means of the auxiliary variables.   

Both composite and model-based estimation have to face the issue of which 
variables to include in the model or in the vector dξ  in (6). However, composite 
estimation is free from the baggage of assumptions such as normality, linearity 
and homoscedasticity. Composite estimation has a version in which the districts 
are associated with fixed effects and one in which they are random. In contrast, 
model-based approaches are wedded to the contentious assumption of 
randomness. Random coefficient models may at first appear to be more flexible, 
because they can include random slopes. However, these correspond to within-

district means of products of variables in dξ . In composite estimation, dξ̂  can 
comprise any collection of variables: means of variables that would usually be 
regarded as regression covariates, but also variables with known or estimated 
population means for which the elementary-level values are not available.  

Further, dξ̂  may contain means of other outcome variables; see Longford (2005b) 
for several examples. 

The pivotal quantity in composite estimation is the between-district variance 
matrix, defined as  

∑
=

−−==
D

d
ddd D 1

T
 B ))((1)(var ξξξξξΣ D , 

referring to the D fixed vectors dξ  and the vector of their element-wise averages 

ξ . If BΣ  were known the shrinkage vector db  would be set to 

)()( 1
B

T
dddd CVΣCCVV −+−−+ − , where )ˆ( var dd ξV = , )ˆ( var ξV=  and 

)ˆ,ˆ(  cov ξξC dd = . In practice, V and dC  can be set to zero matrices because they 
are of smaller order of magnitude than dV . 

The variance matrix BΣ  is estimated by moment matching, in effect, 

adjusting the variance matrix )ˆ( var dξD  for the sampling variation of dξ̂ , dV , 
d=1, …, D. Some of the components of dξ  may be known; the variance sub-
matrix of such components is estimated with precision. Note that estimating the 
sampling variance matrices dV  and V is a task from classical sampling theory, so 
it presents no difficulties beyond those encountered in direct estimation. This task 
does not become any more complex as more variables are included in dξ , 
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although the efficiency of 1
B
−Σ  may be affected as inverting a matrix is a non-

linear operation. In contrast, incorporating the sampling design in model-based 
estimation remains a considerable analytical challenge.  

4. Reporting bias, model uncertainty and transformations  

In one type of application of small-area statistics, a party (client) in each 
district d has a stake in the inference (estimate and its estimated standard error) 
about its quantity dθ  in isolation from the other quantities ' dθ , ' dd ≠ . For 
instance, the party may have a prepared agenda for action, such as allocating 

funds according to an algorithm based on the values of dθ̂  and )ˆE(ŜM dθ . In such 
a setting, it is appropriate to refer to the unconditional sampling distribution of 

dθ̂ . Analysts and their clients often have an open agenda for the action to be 
taken following inference about the collection of quantities }{ dθ , and their report 
has an open format, usually focussing on ‘remarkable’ findings, such as extremes 

among the estimates dθ̂ . Also, parties concerned with the value of dθ  for their 

own d, may choose to report the ‘inference’ }{ );ˆ MSE( ,ˆ
ddd θθθ  depending on the 

value of dθ̂  (not dθ ). 

The sampling distribution (of dθ̂ ) refers to replications of the processes of 
sampling and estimation yielding values different from its realised version. If 

some of these replicate values of dθ̂  would be reported and others would not, we 

have to distinguish between the unconditional distribution of dθ̂  and the 

conditional distribution of dθ̂  given that it is reported. The two distributions 
usually differ, and often the latter is more appropriate for reference, even though 

its properties are more difficult to establish. Even if );ˆ E(ŜM dd θθ  is 

unconditionally unbiased, it may be conditionally biased given that dθ̂  is 

reported, because the decision to report dθ̂  is informative and dθ̂  and 

);ˆ E(ŜM dd θθ  may be correlated. 
All other forms of improvisation in how the estimates are treated entail the 

same problem. In the list of estimates or in an appropriate graph of the values of 

dθ̂ , we may identify a feature we regard as interesting that involves a particular 

district *d . From then on we regard the realised index *d  as fixed, not allowing 
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for the possibility that replications of sampling and estimation might yield the 
same feature with another district, with several districts, or with none. Any 
statement related to the realised feature and district *d  that refers to the 

conventional unconditional distribution of * 
ˆ
dθ  is incorrect because it fails to 

acknowledge that *d  is a random variable. We refer to this confusion of a given 

district with a district selected based on the values of dθ̂ , or more generally on 
the realised data, as personalisation (Longford, 2005c). A common example of 
personalisation is confusing the district with the highest (or lowest) value of the 

estimate dθ̂  with the district with the highest (lowest) population value dθ  and, 

consequently, confusing the distributions of dd θ̂max  and * 
ˆ
dθ  for a particular 

district *d . More subtle examples involve observations about neighbouring 
districts and districts that have some attributes in common. We should bear in 

mind that prior to our inspection of the values of dθ̂  we may have had an 
extensive list of features that we would regard as noteworthy, and so ‘something’ 
(at least one of the many potential features) would have turned out purely by 
chance.  

Whereas the maximum likelihood theory is a nearly universal source for 
unconditional inferences about model parameters, the conditional sampling 
distributions are much more difficult to derive and estimate, especially when the 
condition is not defined formally, because it is governed by the analyst's intuition 
and ‘common sense’ that defy any formulaic declaration. A more rigorous 
description of the estimator used is by the mixture,  

∑
=

=
D

d
ddI

1
 

* ˆˆ θθ , 

where dI  is the indicator of associating the observed feature with district d. 
Usually )1(P =dI  is very small for most of the districts, but often for fewer than 

1−D of them. The indicators dI  are correlated with dθ̂  (the selection of district d 

is highly informative), and so the properties of *θ̂  are difficult to establish. In 
particular,  

∑
=

=≠
D

d
ddI

1

* )ˆ1)E(P()ˆE( θθ  

and the MSE of the mixture is not equal to the combination of the MSEs. 
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Closely related to this problem is the issue of model uncertainty. We select 
one of several alternative models by a model-selection process, such as the 
Akaike Information Criterion (AIC), and regard the selected model as if it were 
specified a priori. Thus, the selected-model based estimator is not one of the 
alternative estimators, but their mixture, and the properties of this mixture cannot 
be derived straightforwardly; certainly, they cannot be directly related to the 
properties of the alternative estimators because the selection of the model is 
informative. For a more detailed discussion, see Longford (2005d) and references 
therein. 

The source of the difficulties is the selective attention to uncertainty.  
Uncertainty is associated with all the operations that are stochastic in nature.  
Properties of estimators are fragile — altered by conditioning, non-linear 
transformations and selection. The impact of this on the everyday practice of 
statistics is not appreciated fully. In the established mode of operation, the analyst 
evaluates estimators, and delivers the resulting estimates, together with the 
associated estimated standard errors, to the client. The client, not aware of this 
fragility, will apply transformations on the estimates, regarding them as if they 
were the original targets. In this way, the ‘good work’ of the analyst is lost, 

because for most non-linear transformations, )ˆ(θf  is not efficient for )(θf , even 

when θ̂  is efficient for θ . 
The solution to this problem lies in undoing the separation of the tasks 

between the analyst and the client. The client should understand the fragilities of 
the estimators, and specify in detail the context in which each estimator is to be 
used. This is best implemented by integrating statistical analysis within the 
processes in which decisions based on estimated quantities are made.  

5. Example. Allocating limited resources 

This section illustrates the fragility of efficient estimation in a particular 
context of distributing limited resources to the districts of an imaginary country. 
A government department wishes to allocate a fixed budget B to the country's D 
districts. In ideal circumstances, this would be done according to the district-level 
quantities (population means or proportions) dθ , d=1, ..., D, but these quantities 

are not known and have to be estimated. The department sets a threshold *θ  and a 
unit amount U, and would award to district d with (known) population size dN  a 
grant of size  

}{  )( 0, max *
ddd UNG θθ −= . 
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For instance, dθ  may be the unemployment rate, dN  the size of the labour 
force and dG  the value of the grant to implement measures to reduce 
unemployment in district d. In this context, dG  can be interpreted as comprising 
the amount U for every unemployed above the ‘tolerated’ level of unemployment 

*θ . Two problems are encountered: the quantities dθ  are not known, and so 
neither are dG , and the budget B may be insufficient, that is, possibly, 

DGGB ++< ...1 . 
The former problem is addressed by estimating the quantities dθ , from a 

survey or by combining information from several sources. The latter problem can 
be resolved by raising the threshold *θ , reducing the amount U, or by setting a 
shortfall dS , dd GS ≤≤0 , for each district and awarding the amount 

) (0,  max ddd SGA −= . 
In a typical setting, a government statistical agency supplies a set of (nearly) 

efficient estimates )ˆ ..., ,ˆ(ˆ
1 Dθθ=θ  to the department, and they apply an algorithm 

for allocating the budget, regarding the estimates θ̂  as if they were the population 
quantities ) ..., ,( 1 Dθθ=θ . We demonstrate here that such a two-stage strategy is 
sub-optimal, even if both stages, estimation of θ  and the algorithm for allocating 
B based on θ , if it were available, are optimal. We compare alternative 

allocations by their total squared shortfall, 22
1

2 ... DSSS ++=+ ; we prefer allocations 

with smaller 2
+S . The shortfall for a district is defined as 0=dS  when the award 

dA  exceeds the ideal amount dG , and as dd AG −  otherwise; that is, 

+−= )( ddd AGS .  
Optimal allocation is found by solving the optimisation problem 

∑
=

D

d
dS

1

2
12

 min 
10

1
                                           (7) 

subject to the constraints of the limited budget. (We use the divisor 1210  to avoid 
very large numbers.) Objective functions other than the sum of squares in (7) can 
be adopted; these may include exceptional arrangements for some districts, 
contributions (squared losses) according to different formulae for groups of 
districts (e.g., a region), a steeper loss function, such as 3|| dS , or a loss function 

with change points. In fact, the loss 2
dS  as a function of dA  has a change point at 
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dG ; for dd GA ≤ , the loss is equal to zero, and for dd GA <  it is a quadratic 

function, equal to 2)( dd AG − . 
When the ideal amounts dG  are known, the problem in (7) is easy to solve.  

The solution is trivial when DGGB ++≥ ...1 ; each district is awarded dG , so that 

02 =+S , and the distribution of the remainder is immaterial.  When 

DGGB ++< ...1  the method of Lagrange multipliers, or substitution 
of DSSBS −−−= ...21 , yields the condition 

const =dS  
for each district for which 0>dA . That is, the shortfall should be shared equally 
by the districts that are awarded a grant. If the shortfall is greater than dG  for a 
district, then this district is reassigned to those not receiving a grant, and the 
shortfall is distributed equally among the rest. Such a reassignment is carried out 
for one district at a time and repeated if necessary. 

5.1. The simulated version of a country 

The district-level quantities θ  for an fictitious country with 100=D  districts 
are plotted in Figure 1 against the population sizes dN  of the districts.  Both θ  
and }{ dN  are simulated, from a scaled bivariate beta distribution with correlated 
components. The maximum dN  is multiplied by 1.75 to represent the country's 
capital. The country's population size is 25...1 =++= DNNN  million. 
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Figure 1. The districts' population sizes dN  and unemployment rates dθ .  
Computer generated values 

 

The budget of the government department is 7=B  million units, and each 
unemployed in excess of the threshold rate of %12* =θ  (marked by dots in 
Figure 1) is associated with ideal grant of 25=U  units. The national 

unemployment rate ∑=
d

dd NN /θθ  is 9.65%, and the threshold is exceeded by 

22 districts with total population 5.72 million (22.9%). The ideal awards dG  for 
these districts add up to 9.343 million, a total shortfall of 2.343 million.  

If the quantities dG  were known the optimal allocation within the budget B 

would award grants to only nine districts, with total squared loss of 3664.02 =+S . 
The shortfall for each of these nine districts is 0.182 million. The other thirteen 
districts that would qualify for grants if sufficient resources were available would 
receive no awards from budget B. The capital is allocated 3.969 million, more 
than half of the total budget, and the second most populous district 1.562 million, 
leaving only about 1.5 million for the remaining seven districts.  

A survey with sample size 9000=n  is the sole source of information about 
θ . The survey has a stratified sampling design with simple random sampling 
within each district, with sub-sample sizes dn  proportional to the subpopulation 
sizes. The sub-sample sizes for the four least populous districts are 12, 18, 18 and 
29; the capital is represented in the survey by 365 subjects.  
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5.2. Simulations 

We consider the respective direct and composite estimators of θ , θ̂  and θ
~

, 

and use them to allocate the total budget naively, that is, by treating θ̂  or θ
~

 as the 
underlying quantities θ . We replicate the processes of sampling and estimation of 
θ , followed by the allocation algorithm according to (7). Each simulation 
comprises 5000 replications.  

The expected squared loss with the vector of direct estimators θ̂  is 
068.12

dir =+S . The difference 702.022
dir =− ++ SS , or the 91.2/ 22

dir =++ SS -fold 
increase, can be interpreted as the price of incomplete information.  Given a 
survey of respectable size, 9000=n , this price is quite high, although a 

comparison on the square-root scale, as 71.1/ 22
dir =++ SS , may reflect the price 

more appropriately. It is therefore natural to look for estimators more efficient 

than θ̂ . However, with the vector of composite estimators θ
~

 we fare no better.  

Using it instead of θ̂  results in expected squared loss 163.12
cmp =+S , exceeding 

2
dir +S  by 0.095. 

Shen and Louis (1998) showed that the district-level variation of }{ dθ  is 
under-represented by the composite estimates based on the shrinkage coefficients 

)1/(1 ωdd nb +=  in  

θθθ ˆˆ)1()(~
ddddd bbb +−= ,                              (8) 

where θ̂  is the national mean and the coefficients db  are estimated naively. The 

estimates )(~~ **
ddd bθθ =  based on dd bb −−= 11*  are more appropriate for 

representing the district-level variation of dθ ; that is, the D estimates *~
dθ  are 

dispersed as much as the estimated between-district variance 2
Bσ . This motivates 

our exploration of the shrinkage estimators (8) with coefficients q
d

q
d bb )1(1)( −−=  

for 0>q . These sets of coefficients generate a continuum of estimators between 
the direct and composite estimators. The exponent 1>q  corresponds to shrinkage 
greater than in the composite estimators. We summarise the efficiency of these 
sets of D  estimators based on an exponent q by the total of the MSEs, 

∑=
d

q
d

q )( )()( ~MSEMSE θ , estimated empirically, with the between-district 

variance 2
Bσ  estimated in each replication. 
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The left-hand panel of Figure 2 summarises the expected squared loss 2
+S  as 

a function of q. It confirms that shrinkage is detrimental to effective allocation of 
the budget B. For completeness, the right-hand panel depicts )(MSE q  as a 
function of q, confirming that the shrinkage estimators ( 0>q ) are much more 
efficient on average than the direct estimators ( 0=q ). In fact, )(MSE q  is 
minimised for 15.1=q , in excess of 1=q  which is optimal according to a 
different criterion, averaging over the (estimated) distribution of the deviations 

θθ −d . The expected squared loss 2
 +S  is minimised for a negative shrinkage 

exponent, 15.0−=q , moving the estimates dθ̂  away from the estimated national 

mean θ̂ , although the gain over the direct estimator ( 0=q ) is only slight (1.0645 
vs. 1.0683). 

Figure 2. The expected squared loss 2
+S  and the square root of the total MSE, 

)(MSE q , as functions of the shrinkage exponent q 

 

Figure 2 conveys a discomforting message. Efficient estimators do not yield 
optimal decisions (allocation). An alternative class of shrinkage estimators is 
based on the coefficients dd fbb =ο  for a positive constant f. It yields results very 

similar to those for )(q
db . 
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5.3. Altering the threshold 

The naive allocation scheme explored in the previous section may be sub-

optimal because failure to allocate funds when dd θθθ << *ˆ , or similarly for dθ
~

, 
leads to a substantial contribution to the squared loss. This suggests that erring on 
the side of a positive award (when none should be given) may be less severe.  A 

simple way of arranging this is by using, in conjunction with dθ̂  or dθ
~

, a 

threshold lower than *θ . 

Figure 3. The expected squared loss )} E{S( οθ  and the standard deviation 

)} var{S( οθ , as functions of the altered threshold οθ  

 

The expected values and the standard deviations of the squared loss, with the 
threshold set at 0.13 080 ≤≤ οθ. , are plotted in Figure 3 for the direct and 
composite estimators and for the shrinkage estimator based on the exponent 

5.0=q . The expected squared loss attains its minimum for slightly different 

values of οθ  for the three sets of estimators, at around 0.091 for the composite, 
0.095 for the direct, and 0.094 for the (compromise) shrinkage estimators based 
on 5.0=q . In all three instances, the gain over allocation schemes based on 

0.12 =οθ  is substantial. The optimal allocation with the direct estimators has 
expected squared loss 0.959, reduced from 1.068 when 0.12 =οθ , about one-
seventh of the way toward the loss of 0.366 based on θ . The composite and 
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compromise shrinkage estimators have respective expected squared losses 0.967 
and 0.971. The set of direct estimators remains superior to the set of composite 
and compromise-shrinkage estimators, although the advantage is reduced. 

5.4. Multiple imputation 

Although the problem at hand is easy to formulate as involving missing 
information, the EM algorithm (or data augmentation) is difficult to implement, 
because there is no convenient shortlist of sufficient statistics for the complete-
data problem, in which the quantities dθ  are regarded as known. In contrast, 
multiple imputation (MI) is easy to apply. The optimal allocation, with the 
original threshold 0.12 * =θ , is applied to several plausible values of θ , drawn 

from a plausible sampling distribution of the estimators θ̂ . Such a plausible 
distribution is a distribution in which the unknown parameters are replaced by 
their plausible values drawn from their estimated (joint) sampling distributions; 

see Rubin (2004) and Longford (2005b, part I). Instead of θ̂ , a plausible sampling 
distribution of θ

~
 could be used, but this is much more complicated because, 

unlike the components of θ̂ , those of θ
~

 are correlated. A difficulty common to 
the two approaches, EM and MI, is that the sampling distribution of each 
component depends on its target, a small probability dθ  in most cases, and so it is 
estimated with only modest precision. MI is easy to apply, since it involves 
repeated application of the complete-data method, that is, allocation of funds with 
a plausible vector )(mθ  regarded as the true vector θ , m=1, …, M.  The number of 
imputations, M, is usually set to a small number, such as 5 or 7, depending on the 
anticipated fraction of the missing information.  Our application differs from the 
stereotype in two important aspects: the complete-data method is not an 
estimation task and the objective function 2

+S  is not a smooth function of the 
missing data.  Although we cannot rely on the theoretical results about MI, we 
can check the performance of the method empirically. 

The expected squared loss 2
+S , established by 5000 replications, is equal to 

1.064 with M=10 imputations and to 1.019 with M=100, 200 and 300 
imputations. Although the expectation of 2

+S  is nearly constant, its standard 
deviation keeps falling (from 0.055 for M=100 to 0.037 for M=200 and 0.029 for 
M=300). The need for many imputations is not a serious drawback, because it 
entails no additional programming effort, and the analyst can easily check 
whether a sufficiently large M has been selected by repeating the procedure with a 
greater M, such as 1.5M. 
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The results of MI are rather disappointing because they yield values of 2
+S  

higher than with altered thresholds. The two aspects, MI and altered thresholds 
are easy to combine. The results, using M=10, 100, 200 and 300 sets of plausible 
values, are summarised in Figure 4. They show that altering the threshold yields 
substantial reduction in )E( 2

+S ; compare with Figure 3. The differences of the 
expected squared losses between using 100 and 300 imputations are negligible, 
although higher M results in reduced dispersion of the estimators. The minimum 

)E( 2
+S  is attained for the threshold 0.092 =οθ , and is equal to 0.747. The 

associated standard deviation is 0.017, established with M=300; for M=200 it is 
equal to 0.021. 

Figure 4. The expectation and standard deviation of the squared loss 
2
+S  using 

multiple imputation with altered thresholds 

 

6. Discussion 

We have presented a simulation-based method for improving the naive 
allocation of a fixed budget to the districts of a country based on a set of 
estimated district-level quantities (rates of unemployment). We assumed a 
threshold for making grants that is attained by a minority of the districts. We 
reduced the threshold for making awards and replaced the district-level quantities 
by sets of their plausible values, drawn at random from plausible sampling 
distributions of the quantities. The solution, combining MI and altered thresholds, 
is not supported by any theoretical results and its good properties are verified only 
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for the artificially constructed population. Our empirical approach can be 
replicated on other populations (and their surveys); however, the variety of the 
possible population vectors θ  is impossible to cover systematically. The MI 
element of our approach is motivated by the missing data principle, but its 
application on its own is not as successful as might be expected. Alteration 
(reduction) of the threshold is motivated by the asymmetric nature of the 
contributions +−= )( ddd AGS  to the loss function ν̂ . 

Our study documents that the established organisation of statistical work by 
one party (the statistical office) producing estimates of relevant quantities, with 
indication of their precision, and another applying their algorithms for decision 
making, is sub-optimal when the latter algorithms involve non-linear 
transformations of the estimates. The source of the problem is the fragile nature of 
statistical efficiency in small samples: if an estimator ν̂  is efficient for ν , a non-
linear transformation )ˆ(νg  need not be efficient for )(νg . Reporting estimated 
standard errors or other measures of uncertainty about the estimated quantities is 
not satisfactory unless these can be incorporated in the client's algorithm. In brief, 

the combination of the two stages, estimation of θ  and allocation based on θ̂ , is 

not optimal when the two stages are on their own, but the second confuses θ̂  with 
θ . The stages have to be integrated.   
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Report from the SAE2005 Conference — Challenges in 
Statistics Production for Domains and Small Areas 

Jyväskylä, Finland, 28—31 August 2005 

The SAE2005 Conference was organized in late August 2005 at the beautiful 
Mattilanniemi campus of the University of Jyväskylä, Finland. The Conference 
featured main results of and issues raised by the EURAREA project. There were 
100 participants coming from 24 different countries all over the world. Different 
universities, National Statistical Agencies and other governmental bodies and 
institutions and business firms were represented. Both people who investigate and 
develop methods and users were attending, thus offering an inspiring atmosphere 
to exchange experiences and discuss new ideas. During the two and a half days of 
the Conference, close to 50 invited and contributed papers were presented 
featuring the state-of-art of small area and domain estimation methodology and 
practice and, also important, manifesting the increasing demand in the society for 
regional and domain statistics. A list of papers that were presented is included in 
Annex. 

Keynote lectures were given by Chris Elbers on poverty mapping, Patrick 
Heady on the EURAREA project, Mike Hidiroglou on small area estimation in 
business surveys, Danny Pfeffermann on the application of small area estimation 
for unemployment statistics and on small area estimation under informative 
sampling, Jon Rao on recent and new developments in small area estimation, and 
Carl-Erik Särndal on estimation for domains using calibration techniques and on 
domain estimation under nonresponse. In the ten thematic sessions, the following 
broad topics were discussed: temporal and spatial models and GIS applications, 
the use of register data for small area statistics, sampling design and weighting 
issues, Bayesian techniques, spatial econometrics, the estimation of accuracy of 
small area estimates, and the evaluation of performance of small area estimators. 
Several sessions were devoted to practical application of small area and domain 
estimation in different countries.  

The Conference also served as the final conference of the EURAREA 
project – Enhancing small area estimation techniques to meet European needs. 
The project was conducted from 2001 to 2004 and was funded by the European 
Union. The consortium consisted of six national statistical agencies and five 
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universities from different European countries: Tilastokeskus (Statistics Finland) 
and Jyväskylän yliopisto (University of Jyväskylä) from Finland, Istituto 
Nazionale di Statistica (ISTAT) and Universita Degli Studi di Roma Tre from 
Italy, Statistisk sentralbyrå (Statistics Norway) from Norway, Akademia 
Ekonomiczna w Poznaniu (The Poznan University of Economics) from Poland, 
Instituto Nacional de Estadistica (INE) and Universidad Miguel Hernández de 
Elche from Spain, Statistiska centralbyrån (Statistics Sweden) from Sweden, 
and Office for National Statistics (ONS, coordinator) and University of 
Southampton from the UK. The documentation of the project functioning and 
results is very comprehensive. Downloads can be found at 

www.statistics.gov.uk/methods_quality/eurarea/. 
The use of data from previous time periods (sometimes called borrowing 

strength in time) and data from other, neighbouring areas (featuring an attempt to 
borrow strength in a spatial dimension) are just a few examples of the topics of 
the EURAREA project that were highlighted and extended in the presentations. 
Other EURAREA related topics were the inclusion of sampling weights in an 
estimation procedure and the estimation of cross-classifications in the context of 
small area estimation. Abstracts of the SAE2005 Conference papers can be 
accessed at www.stat.jyu.fi/sae2005. A number of papers are published in the 
current Special Issue of Statistics in Transition Journal. 

As a part of the Conference Program a short course on tools for small area 
estimation with hands-on PC training was organized by the Finnish team of the 
EURAREA project, with presentations given by Kari Djerf, Kari Nissinen and Ari 
Veijanen from Finland, Kaja Sõstra from Estonia and Marie Cruddas from the 
UK. Over 50 persons attended the short course. And to feature the Finnish way of 
living, a sauna session was arranged, this time at the Ladun Maja cottage locating 
at a remote lakeshore. 

The Conference was organized by the University of Jyväskylä, Statistics 
Finland and the EURAREA Consortium. The Scientific Committee consisted of 
the following persons: Ray Chambers (University of Southampton), Risto 
Lehtonen (University of Jyväskylä), Patrick Heady (Office for National 
Statistics), Timo Alanko (Statistics Finland), Stefano Falorsi (Italian National 
Statistical Institute ISTAT), Dan Hedlin (Statistics Sweden), Montserrat Herrador 
(National Statistical Institute of Spain INE), Jan Kordos (Warsaw School of 
Economics), Aldo Russo (University of Roma Tre), and Li-Chun Zhang 
(Statistics Norway). The members of the Organizing Committee were: Risto 
Lehtonen (University of Jyväskylä), Kari Nissinen (University of Jyväskylä), 
Timo Alanko (Statistics Finland), Kari Djerf (Statistics Finland), Sari Eronen 
(University of Jyväskylä), and Mikko Myrskylä (Statistics Finland).  

The Conference was sponsored by Baltic-Nordic Network in Survey 
Sampling, the City of Jyväskylä, the International Association of Survey 
Statisticians (IASS), SAS Institute, Statistics Finland and the University of 
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Jyväskylä. It is expected that a further SAE conference will be organized in 2007, 
probably in Spain. 

Prepared by Risto Lehtonen, University of Jyväskylä. 

ANNEX 

The SAE2005 Conference 
List of abstract titles and authors of abstracts 

Complete Conference Proceedings (PDF) can be downloaded at  

http://www.stat.jyu.fi/sae2005/ 

Introductory Papers 
Patrick Heady and Martin Ralphs: EURAREA: an overview of the project and its 
findings. 

Keynote Papers 

• Chris Elbers, Jenny Lanjouw and Peter Lanjouw: Poverty mapping and 
extensions 

• Mike Hidiroglou and Marie Cruddas: Developing small area statistics for 
business surveys 

• Danny Pfeffermann: Small area estimation using time series models 
subject to benchmarking constraints, and Small area estimation under 
informative sampling 

• J.N.K. Rao: Small area estimation: overview, new developments and 
practical issues 

• Carl-Erik Särndal: Reliable statistics for subpopulations - some 
unresolved issues. 

Invited and Contributed Papers 

1. Michele D’Alò, Loredana Di Consiglio, Stefano Falorsi and Fabrizio Solari: 
Small area estimation of the Italian poverty rate. 

2. Julia Aru: Notes on sample covariance matrix under informative sampling. 

3. Ray Chambers and Nikos Tzavidis: Bias adjusted distribution estimation for 
small areas. 

4. Hukum Chandra and Ray Chambers: Comparing EBLUP and C-EBLUP for 
small area estimation. 

5. Coro Chasco-Yrigoyen: Ecological inference: a new approach based on spatial 
econometrics. 
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6. Philip Clarke, Fernando Moura and Danny Pfeffermann: Small area 
estimation with varying area boundaries by low level hierarchical modelling 
using the synthetic estimator. 

7. Emanuela Conza: Small area estimation or simulation by using training 
images: the advent of multiple-point statistics. 

8. Gauri Datta: Composite estimation of small area means using Fay-Herriot 
model. 

9. Grazyna Dehnel and Elzbieta Gołata: Attempts to estimate basic information 
for small business in Poland. 

10. Kari Djerf: EBLUP estimator: comparison of the prediction using true 
population information with sample level information. 

11. Enrico Fabrizi, Maria Rosaria Ferrante and Silvia Pacei: Estimation of 
poverty indicators at the sub-national level using univariate and multivariate 
small area models. 

12. Piero Demetrio Falorsi, Stefano Falorsi, Paolo Righi and Fabrizio Solari: 
Sampling designs for small domains estimation through multi-way 
stratification techniques. 

13. Wojciech Gamrot: Estimation of a domain mean under nonresponse using 
double sampling. 

14. W. González-Manteiga, M.J. Lombardía, I. Molina, D. Morales and L. 
Santamaría: Bootstrap approximations of the mean squared error of empirical 
predictors. 

15. S.J. Haslett and G. Jones: Small area estimation of poverty and malnutrition in 
Bangladesh: some practical and statistical issues. 

16. Natalja Jurevitš: The bias-corrected regression estimator. 

17. Jan Kordos: Impact of the EURAREA project on research in small area 
estimation in Poland. 

18. Danutè Krapavickaitè: Income estimation for small sample size. 

19. Nicholas T. Longford: On standard errors of model-based small-area 
estimators. 

20. A.F. Militino, M.D. Ugarte and T. Goicoa: Combining sampling and model 
weights in agriculture small area estimation. 

21. Michal Mladý: Regional labour market statistics at a European level - small 
number of survey respondents. 

22. Mikko Myrskylä: Study on the performance of four variance estimators for 
logistic GREG estimator for domains. 
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23. Kari Nissinen: EBLUP estimation of small area totals for unit-level panel data. 

24. Haritz Olaeta: Small area estimations in the industrial survey of the Basque 
country. 

25. Erkki Pahkinen: Education of experts in small area statistics. 

26. Jan Paradysz and Tomasz Klimanek: Adaptation of EURAREA experience in 
business statistics in Poland. 

27. Alessandra Petrucci, Monica Pratesi and Nicola Salvati: Geographic 
information in small area estimation. Small area models with spatially 
correlated random area effects. 

28. Krystyna Pruska: Logistic regression models in small area investigations. 

29. Cristina Rueda and José A. Menéndez: A restricted model approach to 
improve the precision of estimators. 

30. Ayoub Saei, Li-Chun Zhang and Ray Chambers: Generalized structure 
preserving estimation models for small areas. 

31. Jorge Saralegui, Montserrat Herrador, Domingo Morales and Agustín Pérez: 
Small area estimation in the Spanish Labour Force Survey. 

32. Kaja Sõstra: General restriction estimator in small area estimation. 

33. Marja Tammilehto-Luode: Register-based statistics and geographic 
information. 

34. Nicola Torelli and Matilde Trevisani: Small area estimation by combining 
spatially misaligned data. 

35. Ari Veijanen, Risto Lehtonen and Carl-Erik Särndal: The effect of model 
quality on model assisted and model-dependent estimators of totals and class 
frequencies for domains.  

36. Tomasz Żądło: On mean square error of EBLU predictors based on the 
formula of Royall’s BLU predictor. 

37. Li-Chun Zhang and Ib Thomsen: A prediction approach to sampling design. 
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THE THIRD CONFERENCE ON TOWARDS QUALITY 
OF LIFE IMPROVEMENT (QOL 2005) 

Wroclaw, Poland, September 15—16, 2005 

The conference was organized by the Department of Statistics and Economic 
Cybernetics at the Wroclaw University of Economics in cooperation with Faculty 
of Economics of University of Rome "La Sapienza". The conference was 
supported by the International Society for Quality of Life Studies ISQoLS. About 
60 participants came from following countries: Australia, China, Czech Republic, 
Germany, Italy, Lithuania, Poland, Romania, Russia, Spain, Sweden, UK, 
Ukraine, and USA.  

The QOL’2005 Conference aimed at providing a forum for scientists to 
exchange up-to-date knowledge and at setting goals for future research. Many 
aspects of quality of life were considered, ranging from the description of real 
data to fundamental methodological questions.  

The conference was opened by Rector of Wroclaw University of Economics 
Prof. B. Fiedor, who welcomed participants and emphasized importance of 
quality of life research in contemporary science. The opening plenary talk was 
made by Prof. Wolfgang Glatzer from Goethe-Universitaet in Frankfurt am Main, 
Germany, who described state of the art in mentioned topic of the conference. His 
presentation motivated participants to discuss about methodology of different 
aspects of QOL measurement. 

The conference talks are listed below with short abstracts.  

1. Well Being and Poverty in Europe (by F. Carlucci, S. Pisani, Italy). 
In this paper an overall index developed by the authors is used to measure 

the Well-being and poverty levels in the 25 States of European Union. From the 
point of view of the mathematical formalization, such an index may be considered 
as a stochastic generalization of the UNDP index of human development. By 
virtue of this generalization the index allows to consider a large number of 
attributes, and from a theoretical point of view, it is shown to be able to be 
supplemented with qualitative attributes as the enjoyment of civil rights, political 
freedoms and internal as well external safeness. The measure of poverty is 
expressed in terms of multidimensional deprivation.  
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2. The Working Poor Blues: Work Quality, Depression, and Labor 
Force Attachment among Working Poor Parents (by L. A. Simmons, J. E. 
Swanberg, USA). 

The goal of this study is to fill a gap in the research regarding the 
relationship of job quality, depression, and labor force attachment among poor, 
working parents in the U.S. 

Results from this study will provide insight into some critical aspects of the 
quality of jobs for working poor. Work redesign may be used as a strategy to 
reduce depressive symptoms, and thereby reduce the workplace effects associated 
with depression, including higher health care costs, absenteeism, and turnover 

3. The Saving Behaviours of Poles and the Theory of Psychological 
Economics ( by M. Rószkiewicz, Poland). 

This study largely confirmed that the concept of the hierarchical model of 
financial actions contained in the theory of psychological economics is reflected 
in the actions of Polish households. The partial study allowed for the estimation 
of the fractions of the Polish households which represent particular types of 
financial actions, and the sizes of segments characterised by various levels of 
inclination to saving. The hierarchical model of financial behaviour was fully 
confirmed by the data drawn from Polish economic reality; however, some 
dissimilarity have also been revealed which result from considerable dispersion of 
income, particularly among households in the early phases of the family life 
cycle, and among those more advanced.  

4. The Impact of Life Events on the Subjective Well-being (SWB)  
of Young People: Analysis of the British Household Panel Survey (by  
A. Keung, UK). 

The study focuses on the subjective well-being (SWB) of young people aged 
11—15 in Britain and investigates whether the type and circumstances of the 
family is associated with young people’s SWB. Secondary data analyses of the 
British Household Panel Survey (BHPS) and its Youth Survey (BYPS) were 
conducted. SWB was quantified by indicators generated from the survey 
questions regarding happiness, feeling troubled, and self-esteem. The empirical 
findings from the cross-sectional analysis and the multiple-regressions of young 
people’s SWB are presented with respect to their demographic and households’ 
characteristics. Further research, investigating the factors, which may interact 
with the changes in household types, is also proposed.  

5. Inequality and poverty in Poland at the beginning of XXI century (by 
I. Kudrycka, Poland). 

The main topics of this paper are the income distributions and poverty area 
within the social groups and among them, in the beginning of XXI century in 
Poland., based on the individual households’ budgets.  

It is worth to stress that not only income distributions are taken into 
consideration, but also the stocks of durables and subjective measures of poverty. 



STATISTICS IN TRANSITION, December 2005                                                             

 

745 

The role of social allowances is crucial in the redistribution of  income and occurs 
the main factor diminishing the poverty area, as is presented in the paper.  

The transition period in Polish economy had strong effect on the changes of 
income distributions and due to this fact the previous income distributions were 
taken into account.  

The results of the research indicate that the increase of poverty area is 
stopped now, but the quantity of households below the poverty line is still too 
large in Poland.  

6. Family-oriented personal income tax complying with horizontal 
equity principle with application to polish data (by M. Kośny, Poland). 

The main aim of the paper is a quest for tax system that would take into 
account heterogeneities in family compositions, allowing for a better respect of 
the horizontal tax equity principle. 

To this end we defined an income dependent equivalence scale, based on a 
mixture of the subsistence minimum level of income and a modified OECD 
proportional scale. The scale was used to test how some proposals for a 
modification of the present personal income tax system might diminish income 
distribution inequality explicitly taking into account presence of children in 
family. All empirical analyses were performed using the data from Household 
Budget Survey, carried out in 2001 by Polish CSO. 

7. Growth and the Quality of Life (by K. Turkiewicz, Australia).  
This paper outlines the most important fundamental aspects of growth and its 

influence on the quality of life in relation to the realisation of the full cycle of life. 
Moreover, this paper also emphasises the essential conditions needed to achieve 
good quality of life. This analysis is based on our development of the linguistic 
approach to the qualitative and quantitative modelling of systems and processes. 
This is because languages were created naturally on the basis of the function of 
societies and of natural surroundings and as such they reflect the experiences of 
the whole humanity, which continues to contribute to their evolution. 

8. Economic Transition and Subjective Well: a comparison between 
China and East Germany (by H. Yuan, Germany). 

In this paper we suppose that institutional transition changes the mechanism 
of resource allocation and the structure of value system, and then influences 
individual SWB. To test this we compare the region of the former GDR and 
China. Western Germany is also included as a reference society. This may answer 
the above-mentioned questions and also be helpful to make clear how to improve 
individuals’ SWB in transitional societies. 

9. Statistical Analysis Air Pollution Influence on the Illness of Windpipe 
in the some Cities of Dnipropetrovs’k Region of the Ukraine (by T. Motoryna, 
R. Motoryn, Ukraine). 

In this paper were used monthly statistical date of the throw of gas and dust 
as well as date about the illness of windpipe people of some cities of 
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Dnipropetrovs’k region of the Ukraine for the 1998-2004 periods. The initial 
information made it possible to measure indexes of season and to calculate 
regression models influence air pollution on the illness of windpipe. The model is 
approved on the basis of the data for the general population group’s morbidity 
and the pollution level (dust and gas) for Kryvyi Rig city.  

10. The research of quality of student life in Wroclaw (by D. Biskup, C. 
Kozyra, B. Zmyślona, Poland). 

The quality of life survey was conducted among students of Wroclaw 
University of Economics. Two surveys were conducted on students’ population of 
university. Three types of measurement scale were employed according to scale 
development methodology: summative Likert scale, cumulative Guttman scale 
and comparative Thurstone scale. The main aim of all our efforts was 
identification of the most important stressors – things making students life 
difficult. These stressors should be reduced through actions of authorities of 
university. The one of strongest discovered stressors is program of studying, so 
main activities of university authorities should concentrate on it. 

11. Definition and Analysis of Subjective Indicators of Urban Quality-
of-Life in an “Atypical” City (by F. Maggino, Italy). 

In 2003 and 2004 the City and the University of Florence (Italy) sponsored 
two surveys in order to study the quality-of-life perception and evaluation among 
the Florentine residents, by a sample of 1200 inhabitants (stratified by age, gender 
and district). Two different data-collection methods were applied on the same 
individuals for the two surveys: a paper-questionnaire with interviewer and a 
CATI questionnaire. The presentation focuses on the data analysis that allowed 
(a) the analysis of the consistency of the indicators, (b) the investigation of 
aggregations of the indicators, (c) the identification of clusters of subjects 
showing different levels of evaluation and perception. 

12. Different Scales for Different Survey Methods: The Quality of Life 
in Florence (by S. Schifini D’Andrea, Italy). 

This paper presents the results of two surveys conducted in the ambit of a 
project on the individual perception of Quality of Life in Florence (Italy). Since 
one of the goals of the project was to evaluate the change in the Quality of Life 
perception of the inhabitants after one year, the first stage of the data analysis was 
addressed to evaluate the possible influence of the different scaling approaches 
adopted for the two questionnaires on the individual responses, independently of 
the presence of real change. The outcomes of this analysis suggest the importance 
of the choice of the scale under different survey methods and the cautions 
required in dealing with data collected with different survey methods and 
different scaling approaches in order to proceed to any analysis on change. 

13. The Human Being’s Self-Realization Leads to the Acceleration of 
The Quality of Life Increase (by M. Stoica, V. Ticovschi, Romania). 
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The paper, in the frame of the case-study related to Romania and referring to 
the last six years, based on statistical data, determines the dynamics of graduating 
the university and doctor degree stages. Considering that society has the 
obligation to assure for its members the necessary conditions for self-realization, 
first by appropriate education, the paper tries to establish the correlation between 
the increase of Romanian population’s education – as expression of self-
achievement, and the positive evolution of GNP. The paper ends with some 
suggestions aiming at the turn to good account the enlargement of the tertiary 
educational process for the benefit of a better QOL in Romania. 

14. Life Tables for Alcoholics Based on Standardized Mortality Ratio 
(by Z. Mielecka-Kubień, Poland) 

Theoretical models which could be applied for analysis of total as well as for 
specific cause mortality are life tables, and cause-elimination life tables, however, 
knowing required mortality rates; it is also possible to construct life tables for 
alcoholics. The better, in author’s opinion, approach is to base the estimation of 
mortality rates for alcoholics on comparison of mortality among alcoholics with 
mortality in general population (or rather in population, where alcoholics are 
excluded), that is on standardized mortality ratio (SMR) calculated by dividing 
observed by expected number of deaths in the population of alcoholics.  

Applying standardized mortality ratio (SMR) enables to estimate mortality 
rates for alcoholics and their life table parameters without very difficult and 
controversial evaluation of alcohol contribution to causes of death indirectly 
attributable to alcohol consumption. 

15. Axiomatic analysis of distributive justice and freedom of choice in 
the context of the quality of life improvement (by J. Mrówka, A. Malawski, 
Poland). 

The aim of the paper is an attempt to examine the fundamental in the quality 
of life research Scanlon’s question: “What makes a life good one for the person 
who lives it”? In this context the analysis is confined to two issues: the Sen’s 
capability (and freedom of choice) approach to the quality of life problem, as well 
as the Rawlsian theory of distributive justice. Both of them are interpreted as the 
quality of life indicators and investigated in the axiomatic Arrow-Debreu set-up. 
In this paper are presented extension of the Debreu economy and dynamic 
approach. The (quasi)-semi dynamical Debreu economic system to be constructed 
guarantees that the relations studied in a static manner are preserved in time-
frame. The results presented in paper do not exhaust the subject at all, since they 
have been confined to the analysis of consumers’ freedom of choice, whereas the 
similar problem for producers has been neglected.  

16. Research Projects on Quality of Life among the Older People in 
Spain: towards a Holistic Approach (by G. Fernández-Mayoralas, F. Rojo-
Perez, Spain). 
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The aim of this paper is to report the state of the art of two scientific research 
projects on Quality of Life (QoL) among the Spanish elderly living in family 
housing in the region of Madrid (Spain). These research projects deal with QoL 
from a global or holistic approach/focus, taking into account QoL as a system, in 
which all attributes or components of the elderly life meet to set up the level of 
satisfaction with life in general, as well as the most important areas in life and 
their individual weight into global QoL. This paper deals with the hypothesis and 
objectives of both research projects, QoL’ measurement instruments to be used, 
surveys design and technical features, statistical techniques to be applied in order 
to achieve the purposes.  

17. The Indicators of Patients’ Satisfaction and Level of Medical 
Services in the Rural and Urban Environment of the Lower Silesian Region 
(by D. Kurpas, B. J. Sapilak, Poland). 

The aim of this research was to assess the satisfaction levels of primary care 
services offered in Lower Silesia. The questionnaire was based on standard 
international surveys in measuring customer satisfaction. A questionnaire on the 
characteristics of the centre was also prepared for its manager. The most 
significant influence on a high level of satisfaction was: no difficulties in access 
to specialist consultation and additional tests, short waiting times from making an 
appointment, own choice of doctor, the patients own negative opinion on his/her 
own health, the patients positive opinion of the functionality of the waiting room 
and the small size and equipment of the waiting room and the centre. 

18. An Assessment of Quality of Life (WHOQOL-100) in the Middle-
aged Kaunas Population (by R. Reklaitiene, Lithuania). 

The aim of the study was to assess validity and reliability of the WHOQOL-
100 questionnaire and to evaluate quality of life (QoL) in the middle-aged Kaunas 
men and women. 

In 2001-2002 years the random sample of 1347 Kaunas men and women 
(response rate 62 %) stratified by age and sex were examined by self - 
administered WHOQOL-100 questionnaire. 

High and moderate correlations between all domains of questionnaire except 
correlations between physical domain, independence level and spirituality beliefs 
which were poor, were assessed. The reliability of the WHOQOL-100 
questionnaire among items for men and women was found to be very high for all 
domains.  

19. Ex- post Evaluation and Relative Effectiveness of Health Structures: 
an Overview (by Giorgio Vittadini, Italy)  

In recent years there has been increasing attention directed toward the 
problems inherent to Quality Control in the Healthcare Services. In this context 
the operating role of private structures in the financing of new healthcare 
infrastructures is increasing. The adoption of finance planning techniques, already 
used for the infrastructures and the financing services of the public sector, can be 
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an effective instrument for generating financial resources and also for developing 
efficient risks allocation among the numerous stakeholders. The decisional 
models used in financial planning typically use a great number of variables, with 
the aim of estimating the entity and the kind of risks involved in determined 
initiatives, and of studying more efficient allocation, utilizing financial and 
contractual instruments. These models require evaluation analyses of the health 
system and of the hospitals in order to provide satisfactory results. 

20. Labor market and unemployment in Wroclaw agglomeration – 
possibilities of improving situation of jobless people (by C. Kozyra, A. 
Marciniuk, S. Ostasiewicz, Poland) 

In the article there are presented the research conducted in Wroclaw 
agglomeration in years 2000 - 2004. There’s considered the situation of 
unemployment in nine Lower Silesian poviats (Polish County). The data we have 
employed were gathered by Voivodship and Poviat Work Offices. There are 
considered several aspects of unemployment, like e.g. the registered unemployed 
persons according to age, to educational status, to practice of work, to time of 
remaining without work. There are applied different statistical tools to analyze the 
situation on labor market, e. g. ternary graph, and synthetic measures. We stud 
dynamics, calculate fraction and empirical distributions of some features in 
administrative districts and Wroclaw agglomeration.  

21. Measuring Poverty in Ukraine: the Statistical Challenges (by R. 
Motoryn, Ukraine) 

The current methodology for measuring poverty was developed by the staff 
of the State Statistics Committee of Ukraine (SSC) with technical assistance of 
international experts and organizations. It is internationally standardized 
quantitative methodology, which is not always sufficient for national policy 
formulation and program monitoring. To complement the findings of quantitative 
surveys, NSO conducted a qualitative survey called a community based 
participatory living standards assessment. This paper describes the experience of 
SSC Ukraine in measuring poverty. 

22. Quality of Life of Polish Centenarians (by M. Mossakowska, Poland). 
According to Central Statistical Office (GUS) prognosis, in Poland, as in 

developed countries, the increasing number of elderly people will generate a lot of 
medical, economical and social problems. For majority of elderly people, aging is 
inseparably connected with pathological processes and diseases which result in 
disability and decrease of the quality of life. Polish Centenarians Project 
“PolStu2001” has been established as a multidisciplinary study to investigate the 
genetic and environmental determinants of healthy aging. The quality of life was 
not the major purpose of this study, nevertheless, we collected plenty of 
information concerning socio-economical situation of the oldest old Poles. 
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23. Chronically Hemodialysed Patients — Estimation of their QOL and 
Mental Disorders. Is it Possible to Improve their Quality of Life? (by B. J. 
Sapilak, C. Kozyra, D. Kurpas, Poland) 

In the paper authors present material from three years' observation of over 
400 hemodialysed patients' (HD). Their quality of life (QOL) and mental 
disorders were analyzed and factors that influence their QOL we revealed. We 
also recommend changes in applied form that should advance future observations. 
One of the most important factors influencing QOL was mental state. We have 
observed strong negative correlation between QOL and both depression and 
anxiety disorders. Side effects of dialysis therapy, level of family support, welfare 
conditions and quality of medical care should also be concerned as important 
factors affecting HD patients' QOL. QOL score was the strongest predictor of HD 
patients’ mortality. 

24. Estimation of the Illegal Activities (drug consumption, prostitution) 
and some social indicators from the area (by J. Vopravil, Czech Republic). 

The estimation on Illegal Activities (drugs, prostitution) and some social 
indicators from the area presents data sources and methodology for recording the 
estimates into the system of national accounts. The data sources for drugs are 
based on international surveys and the methodology is possible to use in other 
national statistical institutes for exhaustiveness of national accounts. The main 
indicators for the estimations are number of drug users, their average consumption 
and wholesale prices and street prices. Similar data were found for prostitution in 
cooperation with agency, which helps to the prostitute’s situation, and with 
ministry of interior from police reports. The indicators were processed by 
statistical methods like correlation, cluster and factor analyses with application by 
other indicators social-demographic and social-economic characteristic, health of 
population and crime. The results ranking the regions of the Czech Republic and 
it could help for some political decisions, which will improve the situation in the 
regions. The presentation shows the negative quality of life. 

25. Hesistancy as an element of life (by T. Gerstenkorn, Poland). 
The paper discusses the problem of hesitancy as an element often found in 

decision making and therefore very important in evaluation of quality of life. The 
analysis of this notion is based on the theory of intuitionistic fuzzy sets. 

26. Evaluation of Accessibility Level of Services for Households with an 
Approach Based on a Nonparametric Global Rank Indicator (by M. Bolzan, 
Italy). 

The accessibility level of ten public services collected by ISTAT within the 
Multi-Purpose Survey on Households (1998) is analysed with a nonparametric 
method. A relative index that measures the global difficulty in accessing services 
is computed for each household through this method. The index is obtained by 
means of a nonparametric procedure of combination of service accessibility 
rankings.. The aim is to evaluate, from a general point of view, the access 
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difficulty of households to essential social and health, in connection to the 
household classification in eight groups based on important aspects like the 
presence of old person or child or chronic ill sick person. 

27. QOL as a State Product (by W. Ostasiewicz, Poland). 
It is quite obvious that quality of life can not be considered as do-it-yourself. 

The purpose of state is to make people good and to secure justice in their inter-
personal relations. Treating QOL as a state product one can easily focus on what 
governments’ agencies can and should do for improvement of quality of living. 
The lives of people lie in hands of health systems. These systems are to be 
assessed with respect to their main objectives: better health, fairness in financial 
contribution and responsiveness to people’s expectations. Be yond the health 
systems, people’s quality of living is determined by many other state systems like 
social security systems, public safety systems, education system etc. Wishing to 
improve quality of life one should improve the performance of all such systems. 

                               

                                                       Prepared by: Z. Rusnak, C. Kozyra,  
                                                    Wroclaw University of Economics, Poland 
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OBITUARY 

 
M.P. Singh (1941—2005) 

Dr. Mangala P. Singh was born in India on December 26th, 1941, and 
received his Ph.D. in 1969 from the Indian Statistical Institute, with a 
specialization in survey sampling. He joined Statistics Canada in 1970, where he 
rose to the position of Director of Household Survey Methods Division in 1994, a 
position he held at his death.  

M.P., as he was known to everyone, was a leading figure in the application 
of statistical methods at Statistics Canada. He was probably most closely 
associated with the Labour Force Survey, one of the agency’s most important 
surveys. He directed the methodology of the LFS through redesigns in the 1970’s, 
1980’s, 1990’s and early 21st century, introducing innovations at every turn, but 
always ensuring that changes were well-tested and sound. In the later years of his 
career, he also oversaw the development of several new and innovative health 
surveys and directed the development of statistical programs in the areas of 
household expenditures, education and justice. 

M.P.’s role as the Editor-in-Chief of the journal Survey Methodology had a 
transformative effect on the profession of survey methodology, both in Canada 
and abroad. M.P. was the founding editor of the journal, and for 30 years he 
guided its evolution into a flagship publication of Statistics Canada. Thanks to his 
ability to attract a stellar team of associate editors and contributors, Survey 
Methodology is now recognized as one of the pre-eminent journals of its kind in 
the world. Even in recent years, M.P. continued to introduce innovations such as 
the Waksberg series of papers and electronic publishing. 
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M.P. was a source of many other “big ideas” throughout his career at 
Statistics Canada. During the 1970’s, he was instrumental in gaining support for 
the idea of stable funding for methodology research, and he personally chaired the 
Methodology Research and Development Committee in its formative years. He 
encouraged numerous researchers and went out of his way to make them feel at 
home at Statistics Canada. Turning 60 did not stem the flow of ideas in any way. 
M.P. devoted considerable energy in the past four years to his proposal for a 
major overhaul of the way household surveys are conducted in Canada. As a 
result of his efforts, people throughout Statistics Canada are working on ways to 
implement his vision, and his influence on Canada’s household surveys will be 
felt for many years. 

M.P. had a special love for statistical research and for statistics as a 
profession. He personally authored over 40 papers in international journals, co-
edited two books published by Wiley and Sons, and organized sessions and 
presented papers at numerous statistical conferences. He served on various 
committees and task forces of the Statistical Society of Canada, the International 
Statistical Institute and the American Statistical Association. He also served as 
Secretary of Statistics Canada’s external Advisory Committee on Statistical 
Methods. In turn, the profession honoured him; he was elected to the International 
Statistical Institute in 1975, and in 1988 he became a Fellow of the American 
Statistical Association. 

However, it is his influence on an entire generation of statisticians that may 
be his greatest legacy. He was a mentor, a coach, a patriarch and a friend to all 
who knew him. He inspired others to give their best, and they did. He was always 
ready with a laugh, a smile and a friendly word of encouragement. He dedicated 
his life to the profession of statistics and it is through those whom he touched that 
his true contribution is measured. 

He is survived by his wife Savitri, his two daughters Mala and Mamta, and 
his son Rahul.  

Don Royce and Jack Gambino 
Statistics Canada 
 
P.S.  

Dr. M. P. Singh served as an Associate Editor of our journal Statistics in 
Transition since 1993. He contributed to develop our journal significantly.  He 
was very well known for many Polish statisticians not only from his publications 
but also from personal contacts with them during the International Scientific 
Conference on Small Area Statistics and Survey Design held in Warsaw in 1992. 
We will remember him and his publications. 
 

Jan Kordos 

Editor in Chief 
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