
 
 

FROM THE EDITOR 
 

This is a second issue devoted to selected papers presented at the International 
Conference (SAE2005) on Challenges in Statistics Production for Domains and 
Small Areas. The Conference was held at the University of Jyväskylä, Finland,  in 
August 2005.  The first fifteen papers were published in the December 2005 issue 
of the journal (vol. 7 Number 3, December 2005). 

The first part of this issue contains eight papers under the general title 
Challenges in Statistics Production for Domains and Small Areas (II) presented 
at the SAE2005 Conference with introduction from the Guest Editor.  Prof. Risto 
Lehtonen, Helsinki University, Finland, agreed to serve as a Guest Editor for these 
two special issues. I would like to express my highest gratitude and thanks for his 
efficient work. 

The papers have been reviewed by the following referees: Timo Alanko, Ray 
Chambers, Kari Djerf, Stefano Falorsi, Dan Hedlin, Montserrat Herrador, Seppo 
Laaksonen, Nick Longford, Domingo Morales, Mikko Myrskylä, Kari Nissinen, 
Kaja Sõstra, Imbi Traat, Ari Veijanen, Li-Chun Zhang and the Guest Editor. I 
would like to thank all of them very much for their effort in improving quality of 
the papers.  

The second part of the issue entitled Other Articles contains the following four 
papers: 

1. Exact Distribution of the Natural ARPR estimator in small samples from 
infinite populations (by Ryszard Zieliński from Poland). The paper is 
connected with the European Commission Eurostat document Doc. 
IPSE/65/04/EN page 11, where the "at-risk-of-poverty rate" ARPR is 
defined as the fraction of persons in a given population with the equivalised 
disposable income smaller than p  percent 60=p of the q th population 
quantile ( 50.q = - the population median).  In the paper the author presents 
the exact distribution of the estimator as well as the exact formulas for its 
expectation and its variance. Numerical examples illustrate the results for 
some population distributions 

2. Multivariate Sample Allocation: Application of Random Search Method 
(by Marcin Kazak from Poland). The author discusses sample allocation 
between strata or domains. A convergence of the algorithm is presented 
using simulation studies for two artificial populations and real agricultural 
data. The application of the method is presented using data from a survey of 
micro enterprises conducted by the Central Statistical Office of Poland. 
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3. Remarks on Using the Polish LFS Data and SAE Methods for 
Unemployment Estimation by County (by Jan Kubacki from Poland). The 
author presents a synthetic overview of recent efforts related to the small 
area estimation methods applied to the Polish Labour Force Survey (PLFS). 
In the paper the author discusses various methods of estimation together 
with evaluation of quality of such estimation related in particular with type 
of auxiliary data used for “borrowing strength” and efficiency of initial 
estimates used in models.  

4. Comparisons of Three Product-Type of Estimators in Small Sample (by 
Arun K. Singh, Lakshmi N. Upadhyaya and Housila P. Singh from India).  
The authors proposed a class of unbiased product-type estimators for 
estimating the population mean using auxiliary variable in single phase 
sampling. Expressions for the bias and mean square error of the proposed 
class of estimators was derived in small sample assuming a linear model, 
and its exact efficiency compared with the usual unbiased estimator. 
Minimum mean square error of the proposed class of estimators was 
derived. To simplify the discussion, the authors confined themselves to 
simple random sampling and assumed the population size to be infinite. 

The editor announces with the deepest sorrow that Prof. Mikołaj Latuch, 
President of the Polish Statistical Association (1981—1985), Professor 
Emeritus of Warsaw School of Economics, died in October 2005. The Polish 
Statistical Association founded in 1912, had different periods of its activity. 
Activity of the Association  was several times interrupted for World Wars and 
political reasons, and  reassumed its permanent activities from 1981. Prof. Latuch 
was the first President of the Association after its reactivation in 1981, and 
significantly contributed to its development.  

 

 

Jan Kordos 

The Editor 
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FROM THE GUEST EDITOR 

This Special Issue of Statistics in Transition continues the publication of 
papers coming from the SAE2005 Conference — Challenges in Statistics 
Production for Domains and Small Areas — which was held in August 2005 in 
Jyväskylä, Finland. The first set of papers was published in the December 2005 
issue of the journal. We start with contributions given in the panel discussion 
session, ”Future Challenges of Small Area Estimation”. The aim of the session, as 
summarised by the chairman, was “to attempt to identify the future challenges in 
implementing SAE methods in European National Statistics Institutes (NSIs), to 
identify future theoretical challenges in small area estimation (SAE) and to 
identify future challenges in the training of official statisticians in the theory and 
application of SAE methods”. The contributors — Jan van den Brakel, Dan 
Hedlin, Li-Chun Zhang, Ray Chambers and Risto Lehtonen — address these 
points both from a research point of view and a more practical point of view. 

In their paper, Michele D’Alò, Loredana Di Consiglio, Stefano Falorsi and 
Fabrizio Solari incorporate spatial correlation structures in a small area estimation 
procedure of the Italian poverty rate and obtain improved estimation when 
compared with more standard methods. Grazyna Dehnel and Elzbieta Golata 
present results on the use of administrative data sources and indirect estimation 
techniques for the estimation basic economic statistics for small businesses in 
certain population subgroups in Poland. Piero Demetrio Falorsi, Danilo Orsini 
and Paolo Righi discuss balanced sampling and coordinated sampling designs for 
small area estimation in an important case of a large number of domains of 
interest. Wojciech Gamrot proposes the use of two-phase or double sampling for 
the estimation of domain totals under unit nonresponse. Jan Paradysz and Tomasz 
Klimanek apply the methods developed in the context of the EURAREA project 
for the estimation of some important business statistics in Poland. Krystyna 
Pruska studies in her paper some aspects of the application of logistic regression 
models for small area estimation problems. 

In the final paper Jan Kordos identifies several different factors that have 
had a significant impact to research activities on small area estimation in Poland. I 
would like to count in the international conferences organised by Prof. Kordos, in 
1992 in Warsaw and in 1999 in Riga. These conferences surely have also more 
broadly stimulated methodological development and application of new methods 
in estimation for domains and small areas. I would like to inform that a further 
conference, the SAE2007 Conference on Small Area Estimation, is planned to 
take place in Pisa, Italy, 3–5 September 2007. For more information of this event 
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readers are advised to contact Monica Pratesi or Nicola Salvati of the University 
of Pisa. 

Several persons (in addition to the Editor and Guest Editor) have served as 
reviewers of the SAE2005 Conference papers published in this and the previous 
Special Issue of the journal: Timo Alanko, Ray Chambers, Kari Djerf, Stefano 
Falorsi, Dan Hedlin, Montserrat Herrador, Seppo Laaksonen, Nick Longford, 
Domingo Morales, Mikko Myrskylä, Kari Nissinen, Kaja Sõstra, Imbi Traat, Ari 
Veijanen, and Li-Chun Zhang. I want to express my sincere thanks to all these 
people for an excellent collaboration. Last but not the least, I once again address 
thanks to Jan Kordos, the Editor of Statistics in Transition, for publishing 
SAE2005 Conference papers in the journal. 
 

Risto Lehtonen 

The Guest Editor 
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FUTURE CHALLENGES  
OF SMALL AREA ESTIMATION 

Ray Chambers1, Jan van den Brakel2, Dan Hedlin3,  
Risto Lehtonen4 and Li-Chun Zhang5 

ABSTRACT 

A panel discussion session entitled as “Future Challenges of Small Area 
Estimation” was organized in the SAE2005 Conference, with Ray Chambers 
as the organizer and chair and Jan van den Brakel, Dan Hedlin, Marie 
Cruddas, Risto Lehtonen, Imbi Traat and Li-Chun Zhang as the discussants. 
The output of the panel discussion session is summarized in this paper. Each 
contributor is responsible of the respective piece of text; the paper has been 
edited by the chairman of the session. 

Key words: Implementation of small area estimation methods, NSI staff 
training, Theoretical development in small area estimation.  

The Eurarea project (Heady and Ralphs, 2005) sponsored the very successful 
SAE2005 conference held at the University of Jyväskylä from 27 to 31 August 
2005. The last session at this conference was a panel session that addressed future 
challenges of small area estimation, especially in a European context. The aim of 
the session was threefold — to attempt to identify the future challenges in 
implementing SAE methods in European National Statistics Institutes (NSIs), to 
identify future theoretical challenges in small area estimation (SAE) and to 
identify future challenges in the training of official statisticians in the theory and 
application of SAE methods. The panellists were almost equally divided between 
practitioners and theoreticians and comprised (in alphabetic order) Jan van den 
Brakel of Statistics Netherlands, Ray Chambers of the University of 
Southampton, Marie Cruddas of the Office for National Statistics (ONS), Dan 
                                                           
1 R.Chambers@soton.ac.uk 
2 JBRL@cbs.nl 
3 dan.hedlin@scb.se 
4 risto.lehtonen@helsinki.fi 
5 li.chun.zhang@ssb.no 
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Hedlin of Statistics Sweden, Risto Lehtonen of the University of Jyväskylä, Imbi 
Traat of the University of Tartu and Li-Chun Zhang of Statistics Norway. After 
the session, the panellists were asked to provide transcripts of their discussion 
pieces to be published together as a record of the session and also to highlight the 
important directions for future development of small area estimations methods in 
the European context. Five discussants provided material for publication, and 
these are set out in this article. Three of these (Van den Brakel, Hedlin and 
Zhang) are employed by European NSIs and can be considered as representing 
the interests of practitioners as far as future SAE development is concerned, while 
two (Chambers and Lehtonen) are academics working on SAE problems and 
hence take a more theoretical perspective. 

Jan van den Brakel 

Currently, the application of SAE at Statistics Netherlands is limited. This 
appears to be the situation in most European NSIs, with the exception of the ONS. 
Several factors are responsible for the slow adoption of these methods. One is that 
the methodology is intellectually and practically inaccessible (Heady and Ralphs, 
2005). Indeed the statistical theory is rather complex and the extant software at 
NSIs is often not suitable to conduct the required calculations in a straightforward 
manner, which hampers the implementation in survey processes. Another is the 
fact that small area estimation procedures are predominantly model based. Many 
NSIs are rather reserved in the application of model-based estimation procedures 
and generally rely on the more traditional design-based or model-assisted 
procedures for producing their official statistics. The approximate design 
unbiasedness of the generalized regression estimator is an attractive and important 
property for NSIs, since their primary objective is to publish figures about one 
finite target population. If the underlying linear model of the generalized 
regression estimator explains the variation of the target parameter in the finite 
population reasonably well, then this might result in a reduction of the design 
variance of the Horvitz-Thompson estimator. If the model is misspecified, then 
this results in an increase of the design variance but the property that the 
generalized regression estimator is approximately design unbiased remains. From 
this point of view, the generalized regression estimator is robust against model 
misspecification. More over, design-based procedures are almost as efficient as 
model-based procedures if sample sizes are large. 

Besides accuracy, timeliness is also an important quality aspect for official 
statistics. Model-based small area estimators require careful model selection and 
evaluation, since model misspecification easily results in severely biased 
estimates. Furthermore surveys contain a large number of variables, and generally 
different models are required for each. Together with the lack of experience with 
these model-based estimation procedures, it is felt that the implementation of 
small area estimation procedures might result in an unacceptable delay of the 
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survey process. This in contrast with the generalized regression estimator, which 
is often used to produce one set of weights for the estimation of all the target 
parameters of a sample survey. 

Generalized regression estimators, however, have relatively large design 
variances in the case of small sample sizes. Small sample sizes arise if estimates 
are required for very detailed geographic or social demographic classifications. 
Small sample sizes also arise if timely estimates are required, resulting in a lack of 
time to collect a sufficient amount of data. As a consequence, a project has been 
started to implement small area estimation in Statistics Netherlands’ survey 
processes. Several applications have been identified. For example in the Dutch 
Labour Force Survey there is a strong demand for monthly estimates of numbers 
of employed and unemployed. The monthly sample size of this survey, however, 
is too small to produce sufficiently reliable monthly estimates with the 
generalized regression estimator. There is also a strong demand for quarterly and 
annual estimates at a very detailed regional level (municipalities and even 
smaller). Another important application for small area estimation is the 
production of timely short-term economic indicators. Since there is a strong 
demand for these timely indicators, many NSIs work with provisional releases 
that are based on the data obtained in the first part of the data collection period. 
From this point of view small area estimation can improve the timeliness of a 
survey process. Note that the objective of these surveys is the estimation of one 
parameter only, namely turnover. Consequently the delay associated with model 
evaluation is manageable. In this application there is the additional problem that 
estimates obtained from the early respondents cannot be considered as a 
probability sample. 

Most surveys conducted by NSIs operate continuously in time and are based 
on cross-sectional or rotating panel designs. Consequently, SAE procedures that 
borrow strength from data collected in the past as well as cross sectional data 
from other small areas are particularly interesting. For example the estimation 
procedure based on structural time series models for repeated surveys, proposed 
by Pfeffermann (1991) and Pfeffermann and Burck (1990) has high practical 
value. This approach borrows strength in time and space and can be made robust 
against model misspecification by benchmarking the sum of the small area 
estimates to the direct estimates at an aggregated level. Since this property 
provides a “built-in mechanism” against model misspecification, it partially meets 
the objection that SAE delays the survey process. Furthermore it is possible to 
specify models that explicitly account for the rotating panel design of the survey, 
resulting in more efficient estimates for the population parameters. It can also be 
extended to account for rotation group bias, i.e. systematic differences between 
the parameter estimates of the successive panel waves, and yields estimates for 
the trend and seasonal components of the population parameter. As a result, 
seasonally adjusted parameter estimates and their estimation errors are obtained as 
a byproduct. Finally the model can be used to forecast population parameters 
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beyond the sample period for which direct survey estimates are available. As a 
consequence, this procedure fits into a framework for producing timely short-term 
statistics. At the start of a data-collection period, the model yields forecasts for the 
population parameters for time periods for which no survey data are available 
(this is sometimes called nowcasting). When new survey data become available, 
timely preliminary and final estimates can be made which are based on 
information from data collected in the past and from data collected in neighboring 
areas. This results in a smooth conversion from predicted values, provisional 
releases to final releases. 

It can be concluded that there are clear applications for SAE in European 
NSIs, and it is very likely that they will eventually adopt this methodology. It is a 
task of R&D departments to recognize in which situations SAE provides 
additional value compared with standard direct estimation procedures. Over time 
it can be expected that survey practitioners build up sufficient experience with 
this relatively new methodology and implement it in tools that can be used 
smoothly in the survey process. 

Dan Hedlin 

There are some current trends among NSIs that make SAE more attractive 
and realistic. These are the pressure to reduce costs while simultaneously easing 
the response burden for businesses and organisations, the increasing demand for 
small area statistics and a growing commitment to methodology, in particular 
applied survey methodology. Also, there are common factors at NSIs that are 
particularly germane to SAE. In particular, NSIs produce statistics on a large-
scale basis, largely adopt a design-based view on estimation and need to ‘play 
safe’. In particular, gross errors in published statistics are to be avoided as far as 
possible.  

The need for NSIs to proceed cautiously should not be sniffed at. All NSIs 
rely on their reputation for accuracy and trustworthiness. The point estimates need 
be ‘right’. This has caused a certain apprehension about SAE. The designed-based 
view widely adopted by most NSI practitioners make them approach SAE 
gingerly. Again, the picture is rather more complex — simple forms of SAE have 
been in use for a long time at NSIs. So while research is and should be in the 
forefront, implemented practices at NSIs are and should be lagging a bit behind 
— but they should not be too far behind! 

I would like to echo Carl-Erik Särndal’s comment in his speech at the 
conference that ‘there is too little talk about bias’. However, there is a difference 
between what I would tentatively call ‘random bias’ and ‘systematic bias’, 
although random bias sounds like an oxymoron and systematic bias like a 
tautology. With random design-bias I refer to the kind of bias that we would 
model with a symmetric or nearly symmetric distribution around zero. This is 
essentially another side of the variance coin. To give a flavour of the idea of 
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random bias, think of a simulation study of estimates for 500 domains (not an 
unusual number of domains in official statistics) where the 500 empirical biases 
are found to be fairly symmetrically distributed with zero average. 

Systematic bias is systematically positive or negative (as in winzorisation). 
In official statistics the point estimates are just as important as the interval 
estimates since many users will use the former in their analyses. Having 
systematic bias in official statistics is in my view quite bad. Think of a consumer 
price index series that is always too low due to systematic bias. Then people who 
have their wages tied to the consumer price index will always be paid too little. 
Imagine the reaction if that became public knowledge. 

Since NSIs produce statistics on a large-scale basis and need to do so with 
reasonable reliability, SAE (similarly to other model-based estimation methods) 
needs to be robust. It is not feasible for an NSI to check all models in great detail. 
I believe the way to go is more extensive research into robustness and diagnostics 
for SAE. We need a set of easily used diagnostics that help producers of statistics 
focus on the potential problems. One can compare here with the area of editing 
where one strand of research has focused on methods that highlight large errors 
and large error probabilities. At the Jyväskylä conference some very interesting 
findings and research were presented, all very promising, but there is still scope 
for further progress. 

Li-Chun Zhang 

As a methodologist working in an NSI, I would like to focus my discussions 
more narrowly on the "future challenges for small area estimation in the official 
statistical system". In doing so, I venture to ask some questions about one 
immediate and one somewhat more distant future. 

Despite considerable developments in the use of models for small area 
estimation in the past two decades or so, I am not aware of any official statistics 
produced by Statistics Norway that are genuinely based on such models. Much of 
the reason for this has to do with two things, namely, usefulness and usability. 
Clearly, these are related issues, because a highly useful/desirable output may 
render the required technique acceptable even if it is much more complex than 
what one is accustomed to, whereas the usefulness of a usable technique is more 
readily 'discovered' than otherwise. It is perhaps helpful here to draw comparisons 
to the development of seasonal adjustment in roughly the same period, where the 
combination of usefulness and usability seems to have brushed away all 
theoretical objections to the practice. 

It seems to me that for the immediate future we need to dig more deeply into 
the usefulness of the SAE techniques that are now at our disposal. What are the 
motivations for routinely producing small area (or domain) statistics? Is it 
possible to get a single set of estimates that satisfy all these purposes? If not, what 
are the most important uses? Sensible fund allocation? Snap-shot National 
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Accounts? Identify them and we will make ourselves more interesting to the users 
if we are able to deliver to these demands. It also seems to me that the usability of 
SAE techniques will be greatly improved by the production of a flexible, standard 
software package that can be used to implement them. The analogy with the 
software packages that are routinely used for seasonal adjustment is obvious. 
Personally, I would adopt a smoothing technique perspective here, supplemented 
with explicit model-based diagnostics. Some of the recent developments in 
nonparametric approaches to the problem of small area estimation seem 
interesting in this respect. 

In the preceding paragraphs I have tried to pick up a few clues for the near 
future, based on reflections of the immediate past. I shall now take the exercise 
one step further: To look further ahead I will first take a look further back. The 
first half of the twentieth century witnessed a profound transition from almost 
exclusively census-based statistical production to modern survey sampling. Data 
collection has become much more dynamic and flexible, and NSIs are 
consequently much more powerful information providers. However, sample-
based statistical production is not without limitations. And the increasing demand 
for detailed statistics is one of the most pressing issues. It is difficult to predict the 
future because we are never fully aware of the potential means nor the needs that 
await us. Still, a statistical system that is able to combine the details of a census 
and the timeliness of a survey, together with its economy of resources and 
perhaps higher quality of data, seems attractive. 

Here it seems to me that the Scandinavian countries have an option in their 
rich administrative data sources. Register-based census-like statistics are already a 
reality for a number of key variables. The question is how to strengthen 
information by combining data sources. In spite of its relationship to the use of 
auxiliary information for survey samples, the concept of combining data sources 
that I am addressing here is quite different. For one thing, we will no longer be 
possible to confine ourselves to the so-called design-based framework, because it 
leads nowhere when it comes to the prediction of a non-sample value, which is 
the most detailed statistic one can possibly ask for. The more distant future of 
small area estimation needs to be considered in relation to this general direction of 
development. The current approach to small area estimation does not seem 
adequate. Indeed, the way in which the term small area estimation is used today 
seems too restrictive in this respect. For instance, is the concept of an "indirect 
estimator" that "borrows strength" across the whole data set a peculiarity of small 
area estimation? What is prediction if not 'borrowing strength' from the observed 
'indirect data' for the unobserved value? In other words, one should not treat small 
area estimation as a separate, exotic branch of official statistical production. 
Rather, we want it to become an integrated part of our statistics system, with a 
common philosophy and methodological foundation. The extent to which we 
succeed in this can be judged by how naturally small area statistics are being 
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produced in the future and, in return, the way small area statistics are being 
produced can be taken as a measure of how powerful our statistics system is. 

Ray Chambers 

I would like to focus my discussion on two viewpoints about the challenges 
ahead for SAE. The first is what I call an Academic’s Perspective, relating as it 
does to new developments in the methodology of SAE that are either currently 
being researched or that I expect to become part of the SAE research agenda in 
the near future. 

Probably the most important of these new developments is the extension of 
SAE methods to heterogeneous populations, where the usual homogeneity and 
normality assumptions implicit in many of the mixed models in use today are 
inappropriate. An obvious example is a business survey population, reflecting the 
fact that small area methods for business surveys represent an important new area 
of application for SAE. Another important development is SAE methods for 
population distributions, including percentiles. For many continuous variables the 
real user interest is in the distribution of this variable within each of the small 
areas, not its average value. For example, the lack of an income question in the 
2001 census in the UK has led to a demand for income distributions for small 
areas to be estimated from survey data instead. 

Concerns about the strong assumptions implicit in most modern SAE 
methods will inevitably lead to more attention being paid to less model-dependent 
alternatives. In this context I note the development of alternatives to the standard 
‘area effect’ approach to modelling the distribution of variables across small 
areas. For example, Tzavidis and Chambers (2005) describe the use of quantile 
regression methods in SAE. These methods offer the promise of resolving one 
major problem associated with the use of standard mixed models in SAE – the 
fact that the area effects in the model are specific to the geography defined by the 
small areas of interest. As a consequence, any change in the boundaries of these 
areas requires the model to be re-specified and refitted, with no guarantee that the 
area effects estimated under the new geography bear any relationship to those 
estimated under the old one. This is one aspect of what geographers refer to as the 
modifiable areal unit problem, and brings into sharp relief the issue of how an 
area effect in SAE should be interpreted. Another spin-off from use of these 
alternative approaches to SAE is that nonparametric models are easily 
implemented, offering the promise of model-robust SAE. 

Much of the research into SAE over the last decade has focussed on methods 
of estimation of the mean squared error of the estimates. The approximation-
based methods now in use work well provided the underlying model assumptions 
are valid. However, there is never any guarantee that this is true in any particular 
SAE application. Bootstrap-based methods offer an important avenue for 
calculating more robust estimates of mean squared error. At present, these 
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methods rely on assumptions about the distribution of area effects. Development 
of fully nonparametric bootstrap methods for the mixed models used in SAE will 
be an important step forward. 

Diagnostics for model selection in SAE remains a largely unexplored area of 
tremendous practical importance for NSIs considering uptake of SAE methods. 
My experience with developing methods for estimating UK unemployment at 
local authority level indicated clearly the concern that practitioners have about 
model selection. At present SAE methods represent the main avenue for 
application of model-based methods in official statistics. It would be a 
tremendous shame if lack of appropriate diagnostics for robust model-building 
prevented NSIs from taking advantage of the efficiencies inherent in these 
methods. Linked to this is the question of how official statistical collections 
should be designed if small area/domain estimates are going to be an important 
output. Some progress in this area was achieved in the Eurarea project, but much 
remains to be done.  

Finally, there is one aspect of SAE research where very little is known, but 
which may be very important in some practical applications. This is in inference 
for informative domains. By an informative domain here I mean one defined by 
dividing a population in a way that depends directly on the variable of interest. 
An example is where domains are defined by the percentiles of the population 
distribution of a variable equal to or closely related to the variable of interest. 
Standard mixed models are inappropriate for this type of situation. Another, quite 
common situation, is where only some of the small areas have sample data. In this 
situation we are completely dependent on the assumption that the areas that have 
been missed are ‘like’ the areas with data. Why should this be so? If some form of 
random sampling has dictated whether an area is sampled or not, then fair enough. 
However, I have seen examples of SAE in the US where the areas are States, and 
where allocation of sample to a State has been based on practical considerations. 
Here we have to ask ourselves whether inference for the missing States based on 
SAE models is even possible. Pfeffermann and Sverchkov (2005) address the 
issue of SAE where sample inclusion probabilities depend on the values of the 
variable of interest. It will be interesting to see whether their ideas can be 
extended to deal with informative domains. 

I finally briefly turn to what I call a Consultant’s Perspective on the real 
challenge ahead for SAE. This is easily described, but much less easily achieved. 
It is an SAE toolkit that works well in all the situations where an NSI would 
require SAE capability. Is such a toolkit possible? The Eurarea project has 
produced a toolkit that aims to be of help but is clearly not comprehensive. We 
need to build on this effort. 
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Risto Lehtonen 

I discuss here three inter-related topics that I feel are important for both 
producers of official statistics for domains and small areas in the European 
context and for academics that develop methods and tools for this purpose. These 
are implementation of the techniques and tools developed in the Eurarea project, 
further research and development needs, and the role of Eurostat. 

Techniques and computational tools developed in the Eurarea project are 
well documented and are accessible via the internet 

(http://www.statistics.gov.uk/eurarea/download.asp). 

The toolbox available from this source includes model-dependent techniques 
as the main approach, based on variants of the EBLUP, and also contains 
computational tools written in the SAS language. Many of the techniques make 
quite strong assumptions about the data availability. While strong auxiliary data 
are beneficial for domain and small area estimation in general, the most efficient 
techniques use unit-level models and assume access to spatial and/or temporal 
auxiliary information. There are important developments underway in many 
European countries that improve options to implement these techniques for 
statistics production for domains and small areas. Examples are efforts to build 
and improve national statistical infrastructures that allow a combined use of 
register data and sample survey data for statistics production, the use of unique 
identification keys that allow the construction of combined databases and unit-
level register panels, and the inclusion of spatial coordinate-based data into 
population register data sources. As is well known, there is a long tradition in the 
Scandinavian countries in this respect, Finland being a good example of a country 
where most regional statistics are register-based (e.g. Tammilehto-Luode, 2005; 
Statistics Finland, 2001 and 2005). Similar features are becoming visible in many 
other European countries, as was illustrated in a number of the SAE2005 
conference presentations. And in some countries, national R&D projects have 
been launched by the NSI aiming at improving the implementation of small area 
estimation techniques for statistics production  
(e.g. Heady et al., 2000). Such projects may exist — and probably will be 
launched — in other countries as well. 

At this moment, the extent of the implementation of (or plans to implement) 
Eurarea methods and tools for domain and small area statistics production in 
European NSIs is not well known, but examples of at least testing phase projects 
are available and some of them were described in the SAE2005 conference. These 
include the regional estimation of ILO employment and unemployment statistics 
in Finland, Poland, Spain and the UK, and the estimation of regional economic 
statistics for small businesses in Poland. Other examples are the estimation of 
regional income and poverty statistics in Finland, Italy and Lithuania. It can be 
expected that the examination of the potentials of the Eurarea tools and their use 
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for regional social and economic statistics production will expand, even in the 
near future. 

There thus is a need to support NSIs in their R&D and implementation 
procedures. This would require for example even more detailed documentation of 
the Eurarea methods and tools, and development of procedures for NSI staff 
training in the use of the methods in practical applications. And to better meet the 
current and future needs, more research is needed, and the current computational 
tools should be revised and updated using new research results. Some examples 
are the following. To better facilitate the actual complex sampling designs that are 
used by many NSIs, a ‘pseudo’ EBLUP (Rao, 2003) will shortly be implemented 
in the EBLUPGREG macro developed in Statistics Finland (another estimator 
with a similar aim is the calibrated EBLUP, see Chandra and Chambers, 2005). 
Extension of this to non-linear models such as logistic mixed models for binary 
and polytomous response variables can be expected. Eventually I expect the 
design-based model-assisted GREG family of SAE techniques to have an 
extensive coverage, including GREG estimators that use linear and logistic mixed 
models as assisting models (e.g. Lehtonen. Särndal and Veijanen, 2003 and 
2005). 

There are at least two options for making further progress at the European 
level. The first option is launching a new European project aiming at coordinating 
domain and small area estimation methods and tools development and helping 
NSIs in their implementation and staff training. This would require EU funding. 
The second option is building up and maintaining a network for R&D in domain 
and small area estimation, connecting experts of NSIs and universities, and 
perhaps even Eurostat (see Mladý, 2005), supplemented with national and 
Eurostat R&D activities and projects. This might be more realistic when 
compared to the first option, but requires funding for coordination. Fortunately, 
research into domain and small area estimation is still proceeding in many 
universities and NSIs, as was successfully demonstrated in the SAE2005 
Conference presentations. 
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SMALL AREA ESTIMATION OF THE ITALIAN 
POVERTY RATE 

Michele D’Alò, Loredana Di Consiglio, 
Stefano Falorsi, Fabrizio Solari1 

ABSTRACT 

This work aims to compare the performances of some standard small 
area methods with an enhanced method using a spatial autocorrelation 
structure, in the estimation of the Italian poverty rate in unplanned domains. In 
order to evaluate the properties of the methods under analysis, a simulation 
study has been carried out drawing samples using Monte Carlo techniques. 
Furthermore, two different sets of auxiliary variables have been evaluated in 
the study. The empirical distributions of the estimates have been used to 
evaluate biases and mean square errors of the estimators by computing suitable 
synthetic evaluation criteria. The comparison of the results shows that the 
spatial model based estimator performs better than the others estimators.  

Key words: Poverty Rate, Small Area Estimation, Linear Mixed Model, 
Spatial Autocorrelation. 

1. Introduction 

This paper illustrates the results of a study on the estimation of the relative 
poverty rate at NUTS3 (province) level. At present, the Italian National Statistical 
Institute (ISTAT) disseminates poverty rate estimates at national level, for three 
geographical areas (North, Centre and South) and, starting from 2002, also for 
regions (NUTS2).  

Estimation of the poverty rate is based on data collected with the Consumer 
Expenditure Survey (CES) whose sampling design allows planned sample size on 
NUTS2; therefore, NUTS3 result to be unplanned domains, i.e. they may have 
small or even zero sample size. 

The current applied estimator, which is a generalized regression estimator 
(GREG), does not guarantee reliable results for estimates for NUTS3. For this 
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reason different small area estimation methods have been taken into account in 
order to improve the efficiency of provincial estimates. 

The performances of the estimators have been evaluated by means of a 
simulation study using Monte Carlo techniques in two different informative 
contexts. The first framework is given by the standard set of auxiliary variables 
used in ISTAT for household surveys, that is counts of household members cross-
classified by sex and age, the second one consisting of the classification of 
households by means of some socio-economic variables. 

In section 2 we describe the sampling strategy of CES, while in section 3 a 
brief account of the small area estimators under study is given. Then, section 4 
illustrates the empirical study and in section 5 the main outcomes of the study are 
reported. Finally, in section 6 conclusive remarks are drawn.  

2. Sampling Strategy 

2.1. Sampling Design 

The Italian poverty rate is estimated on data collected with CES. To clarify 
the sampling design of the survey, first note that Italy is partitioned in twenty 
regions (NUTS2), each of them further divided in provinces (NUTS3). At the 
time of the study the total number of provinces was 103. 

The sampling design of CES is a two-stage stratified sampling plan. The 
municipalities (primary sampling units or PSUs) are stratified according to their 
size, measured in terms of number of inhabitants. From each stratum three 
municipalities are drawn proportionally to their size. Households (secondary 
sampling units or SSUs) are selected systematically in each sampled municipality. 
Each member of the selected households is included in the sample.   

The sampling design is defined at regional level, i.e. sample size is planned 
to obtain reliable regional estimates of consumer expenditure (by group of 
expenditure) and stratification is carried out within regions without taking into 
account provincial boundaries. Therefore, since provinces do not represent 
planned domains, their sample sizes maybe very small or even zero.  

2.2. Target Variable 

The relative poverty rate is defined as the relative number of households 

whose equalised household consumer expenditure 
eq  is below the level of the 

poverty line. 
The poverty line is given by the per capita consumer expenditure 
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where N is the population size, dM  is the number of households in domain d 
(regions or provinces) and iq  is the consumer expenditure of household i in area d. 

The equalised household consumer expenditure is obtained dividing the 

household consumer expenditure q  by a coefficient function ( )aλ  depending on 

the household size a. In particular, the utilised values of ( )⋅λ  are: ( ) 6.01 =λ , 
( ) 12 =λ , ( ) 33.13 =λ , ( ) 63.14 =λ , ( ) 9.15 =λ , ( ) 15.26 =λ  and ( ) 4.2=λ a  for 

7≥a  (ISTAT, 2002). 
Then, the relative poverty rate in region d is given by 
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2.3. Direct Estimation of the Relative Poverty Rate 

Until 2002, ISTAT disseminated annual estimates of the poverty rate only at 
national level and for three large geographical areas (North, Centre and South) 
using the GREG estimator (Deville and Särndal, 1992), which allowed reasonable 
sampling errors for the domains of interest. The auxiliary variables were the 
cross-classification of sex and age. 

Starting from 2002, ISTAT has disseminated estimates of the poverty rate 
also for the Italian regions. The results of the study, which has been undertaken 
for the selection of an estimator of the regional poverty rate (Di Consiglio et al., 
2003), have confirmed the GREG estimator as the best choice in terms of trade-
off between bias and mean square error (MSE). 

In particular, the GREG estimator, currently applied to produce estimates of 
the poverty rate, is obtained as a solution of a linear programming problem with 
constrains given by the known totals for the cross-classification of sex by age 
classes (0−|14, 15−|29, 30−|59, 60−). 

However, this estimator cannot guarantee satisfactory sampling errors when 
applied for the estimation of the relative poverty rate in provinces, which are 
unplanned domain for CES. The study in Di Consiglio et al. (2003) represents the 
basis of the current work for the choice of an estimator and the selection of 
auxiliary variables for NUTS3 poverty rate estimation. 
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3. Small Area Estimators 

A first analysis of the possible alternative small area estimators has been 
limited to a subset of the standard small area estimators, which have been studied 
in the EURAREA project (EURAREA Consortium 2004, Project Reference 
Volume, www.statistics.gov.uk/eurarea). In particular, design based estimators 
such as direct and GREG estimators, and model based estimators such as 
synthetic and EBLUP have been considered. The latter class contains estimators 
based on both unit and area level mixed models.  

Furthermore, an EBLUP based on unit level mixed model with spatially 
correlated area effects, have been taken into account (Chambers et al., 2004).  

Here, the small area estimators considered in the analysis are briefly 
recalled, while for a full detailed account see Rao (2003) or Heady et al. (2004) 
for their delineation in the EURAREA project.  

The direct estimator is defined as follows 

∑
∈

=
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M
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1ˆ ,              (2) 

where idw  is the sampling weight and ∑
∈
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idd wM̂ is an estimate of the total 

number of households in area d. 

The GREG is based on the standard linear model  
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with β̂  the weighted least square estimate of the regression coefficient vector β  

and T
pddd XX ),...,( ,1,=X  the p-dimensional vector of the covariates means. 

The synthetic SI_A and the EBLUP EB_A are based on a standard linear 
mixed model with unit-specific auxiliary variables, random area-specific effects 
and errors independently normally distributed 

idd
T
idid euxy ++= β ,     ),0( ~    ),,0( ~ 22

eidud NiideNiidu σσ .      (4) 
 

The synthetic SI_A is expressed as 
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βX ˆˆ SI_A T
ddY = ,             (5) 

while the EBLUP EB_A results to be  

( )( ) ( ) βXβxβX ˆˆ1ˆˆˆˆ _ T
dd

T
d

T
ddd

AEB
d yY γγ −+−+= ,      (6) 

being dy  the sample poverty rate and ( )deuud n222 ˆˆˆˆ σσσγ += . The estimation 
of the variance components are based on restricted maximum likelihood (REML) 
(see Cressie, 1992). 

Furthermore, the synthetic SI_B and the EBLUP EB_B estimators are based 
on a standard linear mixed model using area-specific auxiliary variables  

d
T
ddy ξ+= βx      ) ,0( ~ 22

deud nNiid σσξ + . 

The synthetic estimator SI_B is  

βX ˆˆ B SI_ T
ddY =                 (7) 

and the expression for the EBLUP EB_B, is 

βX ˆ)ˆ1(ˆˆˆ B_EB T
ddddd YY γγ −+= ,         (8) 

where ( )deuud n222 ˆˆˆˆ σσσγ +=  and 2
eσ̂  is the pooled estimator of the individual 

variance (see Heady et al., 2004). 

Finally, a spatial autocorrelation structure for the random effect component 
of the unit level model (4) has been considered 

iddidid euy ++= βX ' ,     ),0(~    ),,0(~ 22
Neu MNMN IeAu σσ .      (9) 

Setting 0=δ 'dd  if 'dd =  and 1=δ 'dd  otherwise, the matrix A depends 

on the distances among areas and on an unknown scale parameter, α , connected 
to the spatial correlation among the areas 
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The standard case (4) is a special case of (9) with correlation-structure given 
by A=ID. 

The BLUP (B_SP) estimator for model (9) is given by 
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where, for each area d, dy  is the number of households below the poverty line in 

the sample, dX  is the vector of the known population totals of the auxiliary 
variables and dx  is the vector of sample totals of auxiliary variables. Moreover, 

dd ,′τ  is the ( d ′ , d) element of the matrix 
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The EBLUP EB_SP is obtained by estimating the variance component by 
REML method. For a detailed description of the model and the estimation 
algorithm see Chambers et al. (2004). 

4. Empirical Study 

4.1. Choice of Auxiliary Information 

A complete definition of the estimators of paragraph 3.3, which are based on 
statistical models, requires the specification of the auxiliary variables. In 
particular, the study described in this paper focuses on two different sets of 
auxiliary information. 

The first set of variables taken into account (in the following referred to as 
Case A) is given by the number of household members belonging to sex-age 
classes. These classes are defined as in the GREG estimator applied in ISTAT for 
the estimation of regional poverty rate (see par. 2.2). 

The second set of auxiliary variables consists of a partition of the households 
in homogenous groups with respect to equalised consumer expenditure by means 
of socio-economic variables. Among the most important variables used for the 
classification there are region, household size, household employment rate, age of 
the household head, maximum educational level of the members.  

The specification of the homogenous group has been accomplished by 
means of CART (Classification and Regression Trees- Breiman et al., 1984) on 
CES 1997-2001 data (for the detail of the study see Di Consiglio et al., 2003).  

The totals needed for the application of the small area estimators have been 
derived from data collected with the Labour Force Survey (LFS), a much larger 
scale survey whose sample size is designed to guarantee pre-fixed sampling errors 
of provincial estimates. 
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4.2. Simulation Study 

In order to compare the estimators of paragraph 3, a simulation study has 
been carried out. The performances of the estimators have been evaluated by 
means of a Monte Carlo simulation study drawing 1000=R  samples from a 
pseudo-population, according to the two-stage sample design (municipalities-
households) applied to CES.  

The pseudo-population has been generated from CES databases (1997-2001) 
and administrative data according to the following steps:  
1. each record of the datasets has been replicated a number of times equal to its 

sampling weight (divided by five since the complete database consists of five 
different CES samples); 

2. the municipality population is created by drawing a number of records equal to 
the municipality population size from the records produced in step 1 within 
the stratum whom the municipality belongs to (municipality size given by 
administrative records on municipalities, year 2001), so that the clustering 
structure of the population is preserved. 
For the evaluation of the small area estimators the software developed by the 

EURAREA project has been applied (downloadable at www.statistics.gov.uk/ 
eurarea). 

The empirical distributions, assessed on the basis of the R replications, are 
used to evaluate bias and MSE of estimators, computing standard synthetic 
evaluation criteria (e.g. for small area estimator comparison application see Rao 
and Choudhry, 1998 and Higgins and Ralphs, 2004). For each small area d, the 
value of the parameter of interest dY  is evaluated using the idy  values in the 
pseudo-population. 

Let r (r = 1, …, R) be the generic replicate and r
dY

~
 denote the r-th estimate 

of the poverty rate in area d by means of the generic estimator dY
~

. The 
evaluation criteria used in this study are the Relative Bias (RB) and Relative Root 
Mean Squared Error (RRMSE) expressed respectively as 
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A synthesis of the area level criteria can be obtained by averaging the above 
criteria over the areas or under a conservative approach taking the maximum 
value. 
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The first group of overall criteria is the average over all the areas d of the 
absolute values of RB (Average Absolute Relative Bias, AARB) and the values of 
RRMSE (Average Relative Root Mean Squared Error, ARRMSE) 
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The second group of overall evaluation criteria is given by the maximum 
values of absolute RB (Maximum Absolute Relative Bias, MARB) and of 
RRMSE (Maximum Relative Root Mean Squared Error, MRRMSE) over all the 
areas 

d
d

RB max=MARB ,        

d
d

RRMSEmax=MRRMSE . 

4.2. Analysis of the Results 

In this section the results of the empirical study carried out for the estimation 
of the Italian poverty rate at province level for the two sets of auxiliary variables 
is reported. The analysis of table 1 and table 2 shows that, with the exception of 
the direct estimator and GREG, which perform better in term of bias, the EB_SP, 
which takes into account the spatial correlation of the area random effects, 
produces the best results for all the evaluation criteria, especially with the 
auxiliary variables of Case A. In Case B, instead, the EB_A and EB_B, display 
the best results in terms of AARB and ARRMSE, though the maximum values of 
bias and MSE are greatly larger than the EB_SP case. The synthetic estimators 
SI_A and SI_B perform worst for both the sets of auxiliary variables.  

Generally, the spatial estimator gives the best results showing robustness 
with respect to the different sets of covariates used to specify the model. 

The performance of the estimators under the two different set of variables, 
Case A and Case B, can be compared also through the analysis of figures 1 and 2. 
These figures display the RB and RRMSE for each province (province size on the 
x-axis), in Case A and Case B, respectively.  

The set of variables seems to be less relevant for GREG and EB_SP, both in 
terms of bias and in terms of errors, while different behaviours can be detected for 
the other estimators, in particular for the synthetic estimators. This evidence 
confirms that the second set of covariates results to be more correlated to the 
target variable than the first set.  
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Table 1. Case A: Relative bias, relative error: mean and maximum values 

ESTIMATOR AARB ARRMSE MARB MRRMSE 
DIRECT 1.24 33.22 7.44 126.90 
GREG 1.29 33.33 7.58 128.97 
SI_A 89.29 89.42 498.75 499.00 
SI_B 37.69 39.85 214.82 216.65 
EB_A 10.63 28.85 67.42 94.09 
EB_B 15.48 25.74 151.21 162.70 

EB _SP 6.92 21.03 46.97 66.68 

Table 2. Case B: Relative bias, relative error: mean and maximum values 

ESTIMATOR AARB ARRMSE MARB MRRMSE 
GREG 1.22 32.65 7.34 124.86 
SI_A 25.79 26.66 217.55 218.01 
SI_B 20.14 24.82 144.40 146.99 
EB_A 9.39 19.71 84.80 96.00 
EB_B 12.07 20.40 91.06 98.01 

EB _SP 6.16 24.41 40.34 67.82 

One of the features of the EB_SP is that the introduction of a spatial 
correlation structure among the area effects allows to grasp the spatial distribution 
of the phenomenon under study. This is showed in figures 3 and 4, reporting the 
spatial distribution in classes of relative bias over the territory for all the 
estimators in Case A and Case B, respectively. In each map, five classes have 
been used, each of them having as extreme points the 20th-percentiles of the 
distribution of the relative bias of estimator examined. Different scales on the 
maps have been used in order to show the strength of spatial correlation of 
relative bias for each estimator.  

Under the hypothesis of absence of spatial correlation, the relative bias is 
expected to be territorially randomly distributed. This is plausible for the spatial 
estimator EB_SP in figure 3, while the other two estimators based on the unit 
level model, SI_A and EB_A, show a clear spatial pattern.  

Furthermore, the other standard estimators display a spatial pattern of the 
relative bias as well, even if less clear than what observed for SI_A and EB_ A. 
Analogous considerations are true for the set of variables of Case B, as shown in 
figure 4, though the spatial pattern is less evident than before. This is likely due to 
the explicit use of a geographic variable (geographical region) for the definition 
of the second set of covariates, which allows a better explanation of the spatial 
distribution of the phenomenon under study. 
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6 Conclusions 

The spatial EBLUP EB_SP provides satisfactory results and it seems to be 
quite robust to the choice of auxiliary variables (this aspect, of course, turns out to 
be very important in absence of suitable external information). Further 
improvements can be expected in the behaviour of estimators which make use of 
distances among areas, by considering in the covariance structure more 
appropriate functions of distance. In fact, the EB_SP is based on Euclidean 
distance among areas, more suitable for physical than socio-economic 
phenomena. In this particular case, instead, it is likely that better results can be 
obtained by means of different metrics such as roadway or travel time distances 
among areas. Furthermore, SI_A and EB_A are based on the assumption of 
simple random sampling, but in our case, in fact, the sampling design is a 
complex design; pseudo-EBLUP may help improving estimation based on unit 
level models. 

Finally, it can be also underlined that the results obtained with the 
comparison of the performance of small area estimators for the estimation of 
poverty rate confirms the results on the application of the same methods for the 
estimation of the ILO Unemployment Rate at local labour market area level (see 
D’Alò et al., 2004). 

Figure 1. Relative Bias of the estimators in Case A and Case B. 
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Figure 2. Relative Root MSE of the estimators in Case A and Case B. 
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Figure 3. Relative Bias geographical distribution in Case A 
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Figure 4. Relative Bias geographical distribution in Case B 
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ATTEMPTS TO ESTIMATE BASIC INFORMATION  
FOR SMALL BUSINESS IN POLAND 

Grazyna Dehnel, Elzbieta Golata1 

ABSTRACT 

The paper presents first attempts to use administrative data sources and 
indirect estimation techniques to estimate basic economic information about 
small business in the joint cross-section of  Polish Classification of Economic 
Activities PKD and voivodships.  

The study objective, specified as accounting for and applying tax data 
for a more effective use of a survey of small businesses with up to 9 
employees, was understood in a twofold manner. First of all, it was a 
verification of the hypothesis concerning the possibility of improving 
estimation precision in studies available to date.  Secondly, it was intended as 
a possible extension of estimation scope by joint distribution by voivodship 
and economic activity (PKD division). The basic economic information, for 
the aim of this study, was limited to the employment and revenues. 

The Horvitz-Thompson estimates in the joint cross-sections of PKD and 
voivodships are presented and compared with the results of indirect: ratio 
synthetic, regression synthetic and composite estimates. The properties of the 
estimators are discussed from the domain specific point of view and 
combining all domains. Estimation precision characterizing economic activity 
of small enterprises is presented and analysed for different types of domains: 
PKD sections, regions and joint cross-section of regions and economic 
activity.  

Results obtained in the study entitle to draw the following conclusion. 
Application of indirect estimation to small business data requires consideration 
of the heterogeneity of its distribution. Nevertheless the results of the study 
present the practical possibilities and benefits of adopting the techniques of 
small area estimation to small business data in Poland.  

Key words: small domain estimation, tax register, small business 
statistics.  
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1. Introduction 

Enterprises in Poland are divided into three categories: big, medium and 
small depending on their size measured by the number of employees. According 
to Polish regulation as big enterprises are considered all those which employ at 
least 50 persons. Enterprises with the number of employees from 10 to 50 are 
referred to as medium. And all those employing up to 9 people (inclusive) are 
called small business.  

Each category of enterprises is obligated to provide Central Statistical Office 
(CSO) with the information about their economic activity. But the scope of the 
information and the frequency of supplying the reports differ between the three 
groups. All the big enterprises are obliged to provide two reports each month: 
DG1 — about economic activity and F01 — about costs, revenue and financial 
result. Additional reports covering other topics are collected quarterly or yearly 
(SP-1). All the big enterprises are bound to participate in the statistical reporting, 
so the whole population is covered. But for the medium and small enterprises a 
sample survey is conducted.  

A sample covering 10% of medium enterprises is randomly chosen and takes 
part in the statistical reporting. The units chosen to the sample provide similar 
reports as big entities. In the case of small business, the statistical reporting is 
obligatory only for a random sample of enterprises. The sample consists of 5% of 
economic units and the report — SP-3 that is provided once a year covers all 
topics of economic activity. Because of volatility in the economy in transition, a 
great fluctuation in small business can be observed. It results in a large extend of 
nonresponse in the study which finally provides estimates mainly at national level 
(Zagozdzinska, 1996, Witkowska A. and Witkowski M., 1997).  

According to Central Statistical Office there were 3.325 million enterprises 
in Poland in 2001. Majority of them, that is 1.6 million belonged to small 
business category, employing up to 9 people. Most of small economic entities, 
that is 1.545 million, are self-employed individuals. And only less than 4% of 
small business possesses legal corporate personality. Over 3.2 million people, that 
is about 20% of the Polish labour force is employed in small business. They 
operate mainly on local markets, 40% of them is running commercial activity. All 
the above points the importance of small business enterprises in the Polish 
economy, especially for local labour markets and regional development 
(Pawlowska, 2005, Wieczorek, 2003). Although the small economic entities 
constitute the basis of local economy there is no information about this group of 
enterprises available at regional and local level. In this situation of the restricted 
scope of information, an idea arouse to use administration records and small area 
techniques to estimate information about small business at regional level 
(Paradysz, 2004, Falorsi et al., 2000). 
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The study was aimed at taking into account and applying tax data for a more 
effective use of a survey sampling SP-3 of small businesses employing up to 9 
people. To achieve this aim, several more specific objectives and tasks were set: 
1. Assessing the scope of applicability of small area estimation methods: 

• an attempt to use synthetic ratio estimation — using tax register as auxiliary 
data source — to make estimation on SP-3 survey data across domains 
defined as regions (voivodships) and categories of economic activity (PKD) 
combined,an attempt to use synthetic regression estimation, 

• an attempt to use composite estimation. 

2. Analysing the precision of small domain estimation results in comparison with 
those obtained by applying traditional methods.   

The study results outlined in this article are part of a larger research project 
focused on developing techniques to estimate economic information for small 
businesses and are still in their experimental stage. The analysis refers to data for 
the year 2001 from databases made available by Central Statistical Office. It 
concerns also the Ministry of Finance tax register, which in limited scope is now 
available to public statistics. It was the first time when information about small 
enterprises was extended by simultaneous usage of three different data sources. It 
is also the first attempt to make use of tax register data in public statistics in 
Poland. Confidentiality of the data was specially secured. The study was carried 
out in Statistical Office in Poznan in close cooperation between members of 
Centre for Regional Statistics. The main data sources about small business units 
which were used in the study are (Paradysz and Klimanek, 2006):  
• SP-3 survey conducted by Central Statistical Office on a 5% random sample 

chosen using a stratified sampling design,  
• Information from BJS — Database of Statistical Units created by Central 

Statistical Office on the basis of economic units register called REGON, 
• Ministry of Finance’s tax register data. 

The SP-3 is a survey carried out yearly on a 5% random sample of small 
enterprises employing up to 9 people. There were 114 thousand units chosen, but 
only 44 807 responded (39,3% response rate). The information obtained in the 
survey concern, among other, the following topics: costs, revenue, financial 
result, employment, investments etc. 

The Database of Statistical Units (BJS) is specially created in Central 
Statistical Office to serve as a frame in all surveys conducted by CSO on a 
population of economic enterprises. BJS is constructed on the basis of economic 
units register (REGON) and includes additional information from the other 
sources. It is updated every year and in 2001 contained 2 855 497 records. 

The Ministry of Finance Tax Register contained information about tax 
statements for economic entities: 844 675 records for self-employed individuals 
(PIT) and 62 905 records for business that possess legal corporate personality 
(CIT). 
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Estimations performed in the course of the study were made for three 
categories of domains defined according to the following cross-sections:  
• Regions — 16 domains identified as R, 
• PKD sections of economic activity — 11 domains identified as S,  
• Joint distribution by regions and PKD sections — 176 domains identified as 

R/S. 
According to the administration division of the country the regions were 

defined as voivodships. The PKD sections are defined according to the Polish 
Classification of Economic Activities (PKD). The PKD classification was 
developed in 1990 (with further changes) on the basis of statistical classification 
of economic activity in European Union countries — “Nomenclature des 
Activities de Communate Europeenne” (NACE). The PKD classification is 
updated without delay according to all the new regularities introduced by 
European Commission.  

On the basis of SP-3 data, CSO publishes the following information on 
economic activity of small enterprises separately in the regions (domains referred 
to as R) and separately by PKD sections (domains referred to as S): number of 
economic entities, number of employees, costs and revenue. Due to small sample 
size and large percentage of nonresponse there is no estimates available for joint 
cross-section by regions and kind of economic activity (domains referred to as R / 
S). In this situation our study was aimed at improving the estimation precision at 
regional level (R) and by PKD sections (S) and providing reliable estimates for 
joint distribution by regions and PKD sections (R/S). As concerns the basic 
characteristics of economic activity, the following target variables were estimated:  
• Mean number of employees under a job contract per an enterprise,  
• Mean monthly wage,  
• Mean monthly revenue per one unit,  
• Mean monthly costs per one unit.   

Considering the limited scope of the paper and the need to ensure 
comparability with the results obtained using the findings of the EURAREA 
project, estimations presented in this article are given only for one selected 
variable in selected cross-sections (see: Paradysz and Klimanek, 2006). The 
variable chosen for presentation is the mean monthly revenue per one unit. And 
the selected cross-sections include all domains at the regional level (R) and PKD 
sections (S) as well as some domains in the joint distribution by regions and 
economic activity (R/S). For this presentation the two following PKD sections 
were chosen: D (manufacturing) and G (wholesale and retail trade, repair of 
motor vehicles, motorcycles and personal and household goods) across all regions 
(voivodships). Other estimates were presented in a separate report for Central 
Statistical Office and are available at the Centre for Regional Statistics. 
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2. Synthetic ratio estimation   

We started the project with the conviction about reliability and completeness 
of the tax register which was just made available for public statistics. The first 
approach to the study was based on the assumption that gaining access to tax 
register data should improve small business statistics at regional level 
considerably. It was assumed that this particular source should be very reliable. 
Above all, its presumed completeness was to guarantee access to information until 
then unavailable that is in the cross-section by PKD sections at regional level 
(R/S), possibly even at NUTS 4 level, i.e. poviats.   

During the first attempt to tap tax register data, use was made of the 
relationships observed in the register to de-aggregate SP-3 data by joint 
distribution by regions and PKD categories (R/S). But in the course of the 
research it turned out that a considerable number of units drawn for the sample 
were not represented in the tax register. The database of tax records - statistical 
PIT (personal income tax) provided by Central Statistical Office matched with 
those from database of statistical units BJS was seriously incomplete. In fact, the 
nearly 900 000 records obtained from Central Statistical Office, did not include 
41% of records from the SP-3 survey. After matching records from all three 
sources: BJS, tax register and SP-3 survey, the ultimate dataset has been reduced 
to about 26 thousands units.  

Nevertheless the attempt to de-aggregate Sp-3 data was undertaken. The de-
aggregation was conducted on the assumption that the sum of total values for 
domains in the regions breakdown is equal to the total value at the country level 
estimated by means of a direct estimator (see: Bracha, 2003). 

Using direct estimates for regions (R) further de-aggregating was conducted 
across PKD division within particular regions (voivodships). At this stage 
synthetic ratio estimation was applied.  Since no individual data from tax register 
were available to match those from the survey, domain-level relationships were 
used instead, according to the following modification of synthetic estimation (see: 
Gosh and Rao, 1994, Bracha, 1996, pp. 260): 

dDIRdd
DIR

RSYNd fYXrX
X

Y
Y ⋅=⋅=⋅= )(

)('
),(

ˆ
ˆ

ˆ                            (1) 
where: 

'
),(

ˆ
RSYNdY  – modified synthetic ratio estimator of the total value in domain d, 

dX  – total value of an auxiliary variable in tax registers in domain d,  
X   – total value of an auxiliary variable in tax registers at regional level (R),  
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X
Y

r DIR)(̂=  – the ratio of the direct estimate of the total value of the estimated 

variable at regional level (R) (voivodship) to the total value of the auxiliary 
variable from tax register at the same level of aggregation (R), 

X
Xf d

d =  – the ratio of the total value of the auxiliary variable X in domain d to 

the total value of the auxiliary variable in the tax register at regional level, 

)(̂DIRY   – the total value of the estimated variable based on direct estimation from 
SP-3 survey at regional level (R). 

An attempt to de-aggregate SP-3 survey total direct estimates for regions by 
PKD sections — domains referred to as (R/S) was not successful. The resulting 
estimates, especially across small domains (of small representation) turned out to 
be unreliable. For this reason they are not included in this article. 

The subsequent data analysis produced the following conclusions: 
1. An approach involving disaggregating direct estimates at regional level  

(R- voivodships) to the lower level domain PKD sections within region  
(R/S) is attractive in its simplicity.  

2. In view of the incompleteness of tax register data, fractions used as the basis 
for de-aggregation of the SP-3 survey data can be biased. As a result, there is 
a serious danger that the resulting estimates are biased too. The extent of this 
bias cannot be determined.   

3. In estimating the number of employees and the mean monthly wage, BJS data 
were used as the source of auxiliary information to construct the proportion 
for de-aggregation of the SP-3 survey data. In this case, the extent to which 
the BJS database is up-to-date is crucial to the reliability of the resulting 
estimates.  

The assumption concerning the completeness of tax register was not met. In 
this situation the de-aggregating of SP-3 data using the relations observed in the 
incomplete tax register was in advance convicted to fail. It is beyond the scope of 
this paper and beyond our competence to discuss the reasons of the deficiency of 
tax database. The reasons for the possible inadequacy of the incompleteness of tax 
registered data may be different. Data sets obtained from the Ministry of Finance 
did not include information about all economic units. In particular, they didn’t 
contain 25% of units subject to tax reporting on the basis of the revenue and costs 
register and 12% of units subject to tax reporting on the basis of flat rate tax. It is 
also possible that some of the units selected for the sample are self-employed 
individuals with limited scope of business operation and limited income who were 
not obliged to submit the PIT-5 tax report form and reported their combined 
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income in an annual tax statement1. The annual personal tax statement may not 
have been available for statistical purposes. Excluding a particular group of 
economic units can produce a significant bias in the present study. For purposes 
of future estimation, it would be extremely important for public statistics to have 
access to complete tax registers i.e. those including all units. As a result, one 
could expect significant gains in the estimation precision and a reduction of 
possible bias. 

3. Synthetic regression estimation  

Since the results obtained in the de-aggregating approach were hardly 
acceptable, it was necessary to use more refined methods of indirect estimation 
based on the model approach. In addition the distribution of small companies by 
target variables occurred to be considerably skewed to the right, with high 
variation, high kurtosis and outliers. To tackle the problem, the following 
solutions were suggested. One involves application of robust regression or 
logarithmic transformation in constructing the models. Other propositions concern 
moving the analysis up from the unit level to the domain level: territorial units 
(R), PKD categories (S) or combined domains (R/S).  

To avoid further reduction of the sample, it was necessary to incorporate 
auxiliary variables at the domain level, i.e. to construct area level models. For this 
purpose, synthetic regression estimation was used in two variations: 
• adopting as explanatory variables mean values of variables from auxiliary data 

sources: BJS database and the Ministry of Finance tax register, 
• adopting direct estimates of the mean values for domains on the basis of the 

SP-3 survey as explanatory variables. 

To improve estimation precision concerning economic activity of small 
enterprises from SP-3 survey, additional data from the registers were used. As 
auxiliary data sources we used: BJS register and tax register. Values of variables 
from an auxiliary data source were treated as equivalent to those of the population 
in spite of the above discussed inadequacies of the administrative registers.  

The tax register contain the information giving the amount of: 
- revenue 
- income 
- costs 
- loss. 

The Database of Statistical Units (BJS) except identification variables, 
contains only the information about the number of employees. 

                                                           
1 Such a situation can involve units that do not bring profit exceeding the amount that is exempt 

from tax. 
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In the course of the study several versions of models were constructed using 
various combinations of explanatory variables.  In the situation of a restricted set 
of auxiliary information (5 variables listed above) and taking into account the 
model evaluation, it was decided to include all the available additional data as 
explanatory variables in the models.  

Synthetic regression estimator can be presented in the following form:  

β̂ˆ
),( dREGSYNd XY =                                                          (2) 

where: ),(
ˆ

REGSYNdY  – synthetic regression estimator of the mean value of the 
estimated variable in domain d, 
β̂  – vector of regression coefficients,  

dX  – the mean value of an explanatory variable for domain d specified on the 
basis of an auxiliary data source (tax register or BJS). 

The variance of synthetic regression estimator ( )),(
ˆ

REGSYNdYV  was estimated 
on the basis of Bracha’s study (2004, pp. 34 ff.). 

4. Composite estimation 

Having obtained estimates by means of a synthetic regression estimator a 
composite estimator was constructed. For each domain (separately for each 
breakdown selected) a linear combination was calculated for the direct estimate 
and a corresponding regression estimate obtained from the model. Choosing a 
weight describing the contribution of each of the two components is a 
controversial question. One frequently adopted solution is ddd Nn=γ , others 
are discussed in articles by Ghosh and Rao (1994) and Holmoy and Thomsen 
(1998). The optimum value of weight dγ  depends on the values of MSE of direct 
and synthetic regression estimators. They are unknown and should be estimated 
on the basis of the sample results.  

The composite estimator is a weighted mean of two estimators. One type of a 
composite estimator is produced by combining a direct estimator with a synthetic 
estimator. This is done in order to balance the synthetic estimator bias and the 
instability of the direct estimator. The idea of optimising the weights dγ which 
determine the contribution of the two components comes down to minimising the 
MSE of the composite estimator )(

ˆ
COMdY , assuming that 

0)ˆ,ˆcov( ),()( =REGSYNdDIRd YY .  Formally this can be written in the form: 
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where: dγ , 10 ≤≤ dγ , is the weight within the range (0; 1) keeping 

)ˆ( )(COMdYMSE down. 

)(
ˆ

DIRdY  – the direct estimator of the estimated parameter from SP3 survey 

β̂ˆ
),( dREGSYNd XY =  – synthetic regression estimator of the mean value of the 

estimated variable in domain d . 

The weight dγ  obtained with formula (see: Rao, 2003, pp. 179, Kordos, 
Paradysz, 2000): 
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where: )ˆ( )(DIRdYV  – variance of the direct estimator )(
ˆ

DIRdY , )ˆ( ),( REGSYNdYV  – 
variance of the synthetic regression estimator. 

Estimated variance of the composite estimator was obtained using the variances 
(substituting their estimated values for unknown variances) of the components 
(Kordos, Paradysz, 2000):  
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In assessing the quality of indirect estimation, use of deff coefficient as a relative 
measure of precision suggested by L. Kish (2003) was made. The coefficient is 
defined by formula: 

( ) ( )
( )DIR

COM
COMd YV

YV
Ydeff ˆˆ

ˆˆ
ˆ

)( =  .                                               (6) 

If the deff coefficient is less than 1, one can determine the gain in estimation 
precision when the composite estimator is used in comparison with the direct 
estimator. 

5. Empirical analysis 

We start presentation of the results with discussion of the estimation of the 
average revenue per an enterprise in two cross-sections, that is by regions (R) and 
the division of economic activity (PKD sections — S). This is the level of 
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aggregation for which the direct estimates are reliable and published by Central 
Statistical Office. 
(i) We can observe that the composite estimates are less differentiated than the 

direct ones. The highest direct estimate was obtained for regions (7) and (13) 
(see tab.1). What is interesting, both regions yield the two extreme values of 
the REE: (7) — the lowest equal to 6% and (13) the highest — 37%. The 
result obtained for region (13) is certainly influenced by one of the smallest 
sample size in this region which caused random effects of a high amplitude. 
Application of the synthetic regression and composite estimators reduces the 
estimated revenue and the value of REE  (from 37% to 8%).  

(ii) The decrease of the REE obtained for the composite estimator amounted 
even more than four times for the regions of the biggest REE of the direct 
estimator. For more precise direct estimates, the reduction was not that 
significant.  

(iii) The differentiation of the estimated average revenue per enterprise is much 
greater by types of economic activity (see tab. 2). The top average revenue 
was noticed for financial intermediation and wholesale and retail. 
Application of synthetic and composite estimators give the shrinkage effect. 
Similarly as in the regions cross-section the highest value of the REE is 
observed for the extreme estimate of the average revenue that is for financial 
intermediation REE= 15%. The composite estimator reduces this error to 
about 8%. For sections of large representation as manufacturing or 
wholesale, direct and composite estimators gave similar results and the 
estimation precision remained almost unchanged. But again great variation 
of the revenue by types of economic activity produced significantly biased 
synthetic regression estimates. This entailed in a significant increase of REE 
for such divisions as real estate or hotels and restaurants. Application of the 
composite estimator reduced REE for each division of economic activity, 
also for those with high REE for synthetic regression approach. 
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Table 1. Estimation of the average revenue per company by regions, Poland 2001  

Estimate (in thousands PLN) REE (%) Serial number  
of the region DIR COM DIR COM 

1 241 251 6.0 3.8 
2 197 233 8.2 4.2 
3 278 264 15.8 7.2 
4 218 225 8.5 6.3 
5 221 237 6.9 5.3 
6 282 286 8.3 5.1 
7 373 370 5.5 4.9 
8 339 287 18.9 5.9 
9 254 252 11.1 9.0 

10 224 236 8.0 6.2 
11 282 278 8.0 6.1 
12 294 308 6.2 4.9 
13 376 289 36.6 8.3 
14 257 229 11.6 8.5 
15 295 293 9.8 4.3 
16 221 232 6.5 4.6 

Source: Own calculations based on Central Statistical Office data 

Table 2. Estimation of the average revenue per company by sections of economic 
activity, Poland 2001  

Estimate (in thousands 
PLN) REE (%) DIVISION 

DIR COM DIR COM 
Manufacturing 248 238 6.0 5.7 
Construction 175 174 5.9 5.6 
Wholesale and retail trade 442 448 3.8 3.6 
Hotels and restaurants 125 124 8.5 8.3 
Transport. storage and communication 169 174 7.3 6.7 
Financial intermediation 557 498 15.2 7.8 
Real estate, renting and business activities 164 161 5.0 4.9 
Education 80 83 10.9 10.2 
Health and social work 66 67 8.5 8.2 
Other community, social and personal 
service activities 88 88 12.0 11.4 

Source: Own calculations based on Central Statistical Office data 
 

Now we pass to the estimates which are not produced by traditional methods 
and as unreliable are still not published by Central Statistical Office. The results 
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of indirect estimation of the average revenue per an enterprise applied to the joint 
cross-section of regions and economic activity (R/S) are presented in tables 3 and 
4. Two sections were chosen for this presentation: D — manufacturing and G — 
wholesale and retail trade. These are the two sections of the highest sample 
representation in domains and for which the results are most reliable. But 
simultaneously these sections represent the smallest improvement of the 
estimation precision generated by indirect estimators. 

The direct estimates of the revenue are greater in wholesale and trade than in 
manufacturing (see tables 3 and 4 and graphs 1 and 2). But similarly the REE are 
much higher for wholesale and trade: 7.8% (region 1) — 44.9% (region 3). For 
section manufacturing the REE varies from 11% (region 5) to 31% (region 14). 
The composite estimation improves the precision. In a smaller extend for 
manufacturing: from 9.6% (region 1) to 14.7% (region 14). The reduction 
observed in wholesale and trade section is of more intensive as REE takes the 
value from 4.8% (region 1) till 8.6% (region 9). 

Table 3. Estimation of the average revenue per company — section D: 
manufacturing by regions, Poland 2001  

Estimate (in thousands PLN) REE (%) Serial number of the region 
DIR COM DIR COM 

1 203 191 11.8 9.6 
2 220 200 16.7 10.3 
3 179 164 16.6 12.0 
4 260 196 13.1 11.8 
5 164 156 11.0 10.5 
6 250 185 22.9 14.4 
7 389 265 19.5 13.5 
8 206 187 13.8 11.9 
9 164 152 14.3 11.3 

10 263 167 24.4 15.1 
11 232 207 12.7 9.7 
12 268 212 11.7 11.3 
13 169 160 13.8 12.1 
14 310 175 30.9 14.7 
15 218 213 13.2 10.2 
16 226 193 14.1 10.8 

Source: Own calculations based on Central Statistical Office data 
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Graph 1. REE of the average revenue per an enterprise — section D: 
manufacturing by regions, Poland 2001 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    Source: Own calculations based on Central Statistical Office data 
 

Table 4. Estimation of the average revenue per company — section G: wholesale 
and retail trade by regions, Poland 2001  

Estimate (in thousands PLN) REE (%) Serial number of the 
region DIR COM DIR COM 

1 399 375 7.9 6.1 
2 313 353 11.9 5.9 
3 324 319 9.3 6.1 
4 313 316 9.4 6.6 
5 352 328 9.6 6.1 
6 487 401 11.8 6.2 
7 532 572 8.3 7.4 
8 491 332 21.7 7.0 
9 363 363 8.8 8.3 

10 365 366 10.9 6.3 
11 483 392 12.4 6.7 
12 468 387 8.3 6.7 
13 761 287 44.9 7.4 
14 373 328 13.8 6.0 
15 510 392 14.9 6.4 
16 349 351 9.6 6.9 

Source: Own calculations based on Central Statistical Office data 
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Graph 2. REE of the average revenue per an enterprise — section G: wholesale 
and retail trade by regions, Poland 2001 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Source: Own calculations based on Central Statistical Office data 

To summarize the above discussion as well as the estimates obtained for 
other variables in each of the analyzed divisions, the results were set in table 5. 
The table contains extreme values of relative estimation error REE obtained for 
direct and composite estimators for all the four variables analyzed.  

As it could be expected direct estimates give both extreme values much 
greater in comparison with composite estimation. The most significant gain in 
estimation precision concern the smallest domains — that is the joint cross-
section by regions and economic activity (R/S). This statement is valid for all 
variables estimated. But the gain in precision differs depending on the variable. 
So the greatest improvement concern average number of employees and gross 
wage. The absolute difference between extreme values of REE in case of 
employment amounts to 62 percentage points, and in case of average total amount 
of salaries paid, it is 56 percentage points. 
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Table 5. Estimation precision characterizing economic activity of small 
enterprises for different types of domains*, Poland 2001  

Type of 
Domain Region (R) PKD Section (S) Region/Section (R/S) 

Variable REEDIR REECOM REEDIR REECOM REEDIR REECOM 
NUMBER OF EMPLOYEES 

MIN 4.0 2.1 2.6 2.5 6.5 3.2 
MAX 12.0 5.3 12.3 10.4 71.9 9.9 

AVERAGE 7.4 3.4 7.5 6.1 18.8 5.0 
GROSS WAGE 

MIN 4.9 2.3 3.4 3.2 6.7 3.7 
MAX 11.8 6.2 14.5 14.1 65.0 8.9 

AVERAGE 7.7 3.9 8.9 7.7 19.2 5.1 
REVENUE 

MIN 5.5 3.8 3.9 3.6 7.9 4.8 
MAX 36.6 9.0 15.3 11.4 48.4 28.6 

AVERAGE 11.0 5.9 8.3 7.2 18.2 12.1 
COSTS 

MIN 3.9 3.6 4.1 3.8 8.1 5.1 
MAX 15.3 11.4 16.0 10.8 50.3 35.3 

AVERAGE 11.8 6.5 8.7 7.7 19.9 14.0 

Remark: *for selected PKD sections: D, F, G, K 
Source: Own calculations based on Central Statistical Office data 

Table 6. Gain in estimation precision characterizing economic activity of small 
enterprises for different types of domains, Poland 2001 

Gross wage Number of employees Revenue Costs Serial 
number 
of the 
region 

Manufa-
cturing 

Whole-
sale 

Manufa-
cturing 

Whole-
sale 

Manufa-
cturing 

Whole-
sale 

Manufa-
cturing 

Whole-
sale 

1 0.06 0.17 0.04 0.09 0.58 0.33 0.62 0.34 
2 0.01 0.12 0.01 0.08 0.31 0.26 0.28 0.30 
3 0.02 0.16 0.01 0.11 0.44 0.29 0.47 0.30 
4 0.02 0.10 0.01 0.05 0.46 0.33 0.45 0.39 
5 0.26 0.10 0.22 0.10 0.83 0.25 0.83 0.28 
6 0.13 0.19 0.09 0.27 0.22 0.15 0.22 0.15 
7 0.14 0.15 0.21 0.56 0.22 0.51 0.27 0.56 
8 0.03 0.13 0.02 0.14 0.61 0.04 0.65 0.05 
9 0.04 0.95 0.03 0.84 0.54 0.96 0.59 0.97 
10 0.02 0.17 0.01 0.16 0.15 0.25 0.16 0.26 
11 0.09 0.06 0.09 0.10 0.46 0.15 0.50 0.10 
12 0.17 0.28 0.22 0.33 0.58 0.27 0.57 0.30 
13 0.06 0.15 0.03 0.06 0.69 0.00 0.77 0.00 
14 0.05 0.08 0.03 0.06 0.07 0.12 0.07 0.13 
15 0.15 0.08 0.12 0.10 0.57 0.09 0.58 0.09 
16 0.04 0.23 0.02 0.18 0.42 0.34 0.44 0.35 

Source: Own calculations based on Central Statistical Office data 
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Gain in estimation precision is usually analyzed in terms deff  ratio (Kalton, 
Brick, Lët, 2005). These measures of effectiveness obtained for small domain 
estimation in comparison with direct estimates show impressive gain in estimation 
precision. For joint cross-section by region and economic activity (R/S) the best 
results obtained for composite estimator inform that in case of number of 
employees variance )ˆ(ˆ

COMYV  is on average about 85% smaller than the variance 
of the direct estimator, while for revenue this average gain amounts to 51%.  

The average gain obtained for domains identified as (R) or (S) is of course 
smaller but also great. In estimation of the number of employment when applying 
composite estimator with area level covariates instead of direct one the gain 
amounts, on average, to about 69% for regions (R) and 27% for PKD section of 
economic activity (S). In estimation of the revenue the average gain amounts to 
55% and 16% respectively. It should be underlined that the results obtained are 
not stable for type of domain and for the target variable. 

Conclusions 

The study leads to the following conclusions concerning possibilities to 
improve the precision of estimates of economic activity for small business at 
regional level (R), across kind of activity (S) and to extend the estimates for the 
joint distribution of regions and type of sections of economic activity (R/S):  
1. The approach involving de-aggregating direct estimates for lower level 

domains is characterised by great simplicity yet synthetic estimations can be 
heavily biased due to incompleteness of the tax register as an auxiliary data 
source. 

2. The Ministry of Finance tax register seems to be a reliable source of 
information. In order for its effective use, however, it needs to be complete. 
Since over 40% of units sampled could not be matched with records in the tax 
registers, there is a danger that the structure of the population surveyed is 
going to be heavily distorted by error. Units that could not be matched may 
constitute a specific group. In view of the incompleteness of tax register data, 
fractions adopted as the basis of de-aggregation of SP-3 data contain an error 
that cannot be determined. 

3. The results obtained in the course of the study are not fully satisfactory but 
estimates are reasonable and encouraging. The regression estimates do not 
result in plainly wrong results that were observed when ratio estimation was 
applied.  

4. Estimations results based on regression models seem to be less biased in the 
regional cross-section (R) than those across PKD categories (S). Further 
studies adopting regression estimation as well as EBLUP estimation should 
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focus on modelling the relation between the estimated and the auxiliary 
variables. Each cross-section should be modelled separately and based on in-
depth model quality analysis. This requirement is a significant limitation in 
wider-scale applications. 

5. Owing to the highly non-homogenous nature of distributions of the estimated 
variables, the relevant solutions should be further modified e.g. by adopting a 
stratification of companies depending on their size measured by the number of 
employees: „0 employees”; “1–5 employees” and “6–9 employees” (Marker, 
2001).  

6. Making use of composite estimator to balance the synthetic estimation bias 
and the instability of direct estimates improves estimation precision. The 
resulting gain increases with the decreasing size of the sample in the domain 
and for lower domain level.  

7. It is extremely important for future estimations that public statistics is granted 
access to complete tax registers as well as other administrative registers 
including those containing judicial and social data. This would, hopefully, 
enable analysts to make significant improvements in the estimation precision 
and reduce the degree of error. 

8. Estimation quality can also be enhanced by tapping alternative sources of data 
on consecutive years, which would account for variation in response variables 
over time. There is a lot to say in favour of introducing elements of dynamics, 
especially in view of the high changeability of economic processes in the 
country as well as the methodology of regional research itself.  

The problems faced during the research study, should not result in 
terminating the works on applying administration registers to improve small 
business statistics. The application of composite estimation resulted in distinct 
improvement in comparison with the de-aggregating approach and with synthetic 
estimates. The experiences gained, suggest further work on finding more adequate 
small area estimation methods for small business characteristics at regional level 
with respect to the type of economic activity. 
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BALANCED AND COORDINATED SAMPLING 
DESIGNS FOR SMALL DOMAIN ESTIMATION 

Piero Demetrio Falorsi, Danilo Orsini, Paolo Righi1  

ABSTRACT 

In the present work balanced sampling and coordinated sampling, useful 
in order to obtain planned sample size for domains belonging to different 
partitions of the population, have been examined. In particular, these sampling 
methods may be applied to deal with small area problems in the phase of the 
sampling design. The main advantages of the two techniques are the 
computational feasibility which permits to easily implement an overall strategy 
considering jointly the design and estimation phase and improving the 
efficiency of the estimators. An empirical simulation on real population data 
and different domain estimators shows the empirical properties of the 
examined sample designs.  

Key words: Planning Sample Size of Small Domains, Controlled 
Selection, Sample Coordination, Balanced Sampling. 

1. Introduction 

The small area problem is usually considered to be treated via estimation. 
However, if the domain indicator variables are available for each unit in the 
population there are opportunities to be exploited at the survey design stage. As 
noted by Singh et al. (1994), there is a need to develop an overall strategy that 
deals with small area problems, involving both planning sample design and 
estimation aspects. In this framework it is crucial to control the sample size for 
each domain of interest, so that each domain is treated as a planned domain, at 
design stage, for which it is possible to produce direct estimates with a prefixed 
level of precision. In general, with a design-based approach to the inference, the 
presence of sample units in each domain allows to compute domain estimates 
although not always reliable. Furthermore, in the model-based or model-assisted 
approach, the presence of sample units in each estimation domain permits to 

                                                           
1 Italian National Institute of Statistics - ISTAT, Via Magenta 4, 00185 Roma, parighi@istat.it. 
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utilise models with specific small area effects, allowing more accurate estimates 
of the parameters of interest at small area level (Lehtonen, et al., 2003). For small 
domains it will often be needed to use indirect estimators (Rao, 2003), such as 
synthetic estimators, for producing reliable estimates; nevertheless, synthetic 
estimators are very sensitive to the model assumption on which they rely on 
providing a good description of the data structure. For a true model there will be 
no design bias but if the model does not fit well for the whole domain structure 
there will be some design bias, at least in a part of the data, inflating the mean 
square error of the estimates. Of course, there will never be a true model available 
in practice. In order to overcome this problem it is decisive to base the domain 
estimation on the sample units belonging to the small domain. The sampling 
design techniques considered in this paper allow controlling the sample sizes for 
domains of interest which are defined by different partitions of the reference 
population. Such techniques are useful when the overall sample size is relatively 
small and, therefore, in some of the partitions there are small domains. In fact, 
when the aim of the survey is to produce estimates for two or more partitions of 
the population, a standard solution to obtain planned sample sizes for the domains 
of interest is to use a stratified sample with the strata given by cross-classification 
of variables defining the different partitions. In the following, this design will be 
denoted as cross-classification design. In many practical situations, the cross-
classification design is often unfeasible since it needs the selection of at least a 
number of sampling units as large as the product of the number of categories of 
the stratification variables.   

In order to overcome some problems of cross-classification designs, an easy 
strategy is to drop one or more stratifying variables or to group some of the 
categories. Nevertheless, some planned domains become unplanned and some of 
them can have small or null sample size.  

Many methods have been proposed in the literature to keep under control the 
sample size in all the categories of the stratifying variables without using cross-
classification design. These methods, are generally referred as multi-way 
stratification techniques, and have been developed under two main approaches: 
• methods based on selection according to Latin Squares or Latin Lattices 

schemes (Bryant et al., 1960; Jessen, 1970); 
• methods based on controlled rounding problems via linear programming 

(Causey et al., 1985; Sitter and Skinner, 1994). 
The seminal paper of Bryant et al. (1960) suggests to allocate the units in the 

sample by means of a two-way Latin Square table randomly selected and two 
estimators of the parameter of interest are proposed. The method implies that 
expected sample counts in each stratum display independence between the rows 
and columns of the two-way table; in this way it can be used without any sort of 
limitations only when the stratifying variables are also independent in the 
population. Another drawback is that it is not possible to implement the procedure 
when there is no population in one or more cross-classification strata. In order to 
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solve these problems, Jessen (1970) proposes two approaches, both fairly 
complicated to implement and not always leading to a solution (Causey et al., 
1985).  

As far as concerns the methods based on linear programming, Causey et al. 
(1985) consider the controlled multi-way stratification as a rounding problem 
solved by means of transportation theory. The method may not have a solution in 
case of three or more stratification variables. Following the linear programming 
approach to controlled sampling designs proposed by Rao and Nigam (1990, 
1992), Sitter and Skinner (1994) suggest a method based on linear programming 
more flexible to different situations than the method proposed by Causey et al. 
(1985) and some further computational simplification of Sitter and Skinner 
method have been suggested by Lu and Sitter (2002). Nevertheless, the main 
weakness of the linear programming approach is the computational complexity. 

As a consequence, the drawbacks of both approaches have limited the use of 
multi-way stratification techniques as a standard solution for planning the survey 
sampling designs.  This paper illustrates as two well known sampling techniques 
may be useful for controlling the sample size in all the domains of interest 
without suffering from the disadvantages of the above mentioned methods. 

The first technique faces the problem by means of the selection of a 
balanced sample (Deville, Tillé, 2004) based on domain membership indicator 
variables. In this context the balancing equations assure that the prefixed marginal 
sample sizes are satisfied. 

The second technique deals with the problem by means of procedures 
developed to guarantee the sample coordination. The sampling units are selected 
from separate stratified sampling designs, each one defined by a single auxiliary 
variable. The samples are selected using permanent random number techniques 
(Ohlsson, 1995) assuring the maximum overlap of the samples.   

The paper is organised as follows. Section 2 introduces the essential 
notation. Section 3 is dedicated to the balanced sampling, while section 4 focuses 
on coordination techniques. Section 5 deals with the estimation topics, and section 
6 shows the main results of a simulation study conducted on a real population of 
Italian enterprises. Finally some brief conclusions are underlined in section 7.  

2. Notation and parameters of interest 

In order to simplify the notation, the paper will be restricted to the case of 
two stratifying variables. However, the generalisation to the multi-way case is 
straightforward. 

Let U define the population of interest of size N. Suppose that two auxiliary 
variables 1V  and 2V  are known for each unit k (k=1, …, N) of the population 
with, respectively, R and C modalities. In particular, the generic value or class of 
values assumed by 1V  and 2V   is denoted respectively with rv1  and cv2 . Let 



808                                      P.D. Falorsi, D.Orsini, P.Righi: Balanced and Coordinated… 

 

 

crrc UUU .. ∩=  specify the subpopulation of size 0≥rcN , being .rU  and 

cU .  the subpopulations of size ∑= c rcr NN .  and ∑= r rcc NN.  for which 

rvV 11 =  and cvV 22 = . Let ky  define the value of the target variable in the unit k 
)( Uk∈ . There are 1++CR  parameters of interest defined by, 

∑
∈

=
Uk

kyY ,  ∑
∈

=
.

.
rUk

kr yY , ),,1( Rr Κ= ,   ∑
∈

=
cUk

kc yY
.

. , ),,1( Cc Κ= . 

In order to obtain the sample estimates of the parameters of interest, the 
standard cross-classification design selects a stratified sample s of size n from the 
population U with probability p(s), where the strata are obtained combining the 
categories of the variables 1V  and 2V . Let rcs ),,1,,,1( CcRr ΚΚ ==  be the 
subsample of s of size rcn , where ( ) rcrcrc NnNb ≤≤,min , selected from 

population rcU ; let b denote the minimum sample size fixed in advance, where b 
is equal to 1 for producing unbiased estimates of the parameters of interest or 
equal to 2 for being able to compute unbiased variance estimates. Furthermore, 

{ }rcn=n  is the set of the strata frequencies, while )',,,,( ...11 Rr nnn ΚΚ=n  
and )',,,,( ..1.2 Cc nnn ΚΚ=n  are the marginal distributions of n with respect 

to 1V  and 2V , being ∑= c rcr nn .  and ∑= r rcc nn. . We will call marginal 

stratification with respect to 1V  the partition of U in ...1 ,,,, Rr UUU ΚΚ , so 

that .rn  is the sample size of subsample ΥC
c rcr ss 1. =

=  of the generic marginal 

stratum r; while we will call marginal stratification with respect to 2V  the 
partition of U in Cc UUU ..1. ,,,, ΚΚ , so that cn.  is the sample size of 

subsample ΥR
r rcc ss 1. =

=  of the generic marginal strata c. 

3. Methods based on balanced sampling  

Multi-way stratification designs can be treated by means of balanced 
sampling. 

The definition of a balanced sample depends on the assumed inferential 
framework. In the model based approach, a sample is defined as balanced on a set 
of auxiliary variables if there is the equality between the sample and the known 
population means of the auxiliary variables (Royall and Herson, 1973; Valliant  et 
al., 2000). Following the design based approach considered in this paper, a 
sample is balanced when the Horvitz-Thompson estimates of the auxiliary 
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variables totals are equal to their known population totals (Deville and Tillé, 
2004). 

Balanced sampling, in this last case, represents a generalisation of 
probability sampling designs exploiting auxiliary information known for each unit 
of the population. Standard designs like simple design with fixed size, stratified 
sampling and unequal probability sampling represent some specific applications 
of balanced designs. The multi-way stratification designs belong to this class of 
designs too.  

3.1. General introduction to balanced sampling 

For a formal description of balanced sampling, we introduce a general 
definition of sampling design. Sampling design is a probability distribution p(.), 
on the set S of all the subset s of the population U such that ∑ ∈

=
Ss

sp 1)( , 

where p(s) is the probability of the sample s to be drawn. The set S may be 
represented by the random variable Λ that takes the value 

)'...,,...,,( 1 Nk λλλ=λ , with 1=kλ  if k∈ s and 0=kλ  otherwise. Let 
),...,,...,( 1 ′= Nk ππππ  be the vector of inclusion probabilities. We consider the 

sampling design p(.) with inclusion probabilities π  which assigns a probability 
p(s) to each sample s such that ∑ ∈

==
Ss

spE πλλ )()( . Let 

)',...,,...,( 1 Hkhkkk xxx=x  be a vector of H auxiliary variables available for 
each population unit. The sampling design p(s) is said to be balanced with respect 
to the H auxiliary variables if and only if it satisfies the balancing equations given 
by   

 

876484 76 X

x

X

x
k

Uk

dir

k
k

k

Uk
∑∑
∈∈

=

ˆ
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π

,                       (3.1) 

for all s∈ S such that p(s)>0, where X̂dir  is the Horvitz-Thompson estimator of 
the known population total X  of the auxiliary variable. 
Two simple examples of balanced sampling designs are illustrated in the 
following. 
Example 1. The design of fixed sample size n is balanced on the auxiliary variable 

kkx π=   

n
x

Uk
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for all s∈ S. 
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Example 2. The stratified design, where for each stratum hU  of size hN  a simple 
random sample of size hn  is drawn, is balanced on H auxiliary variables such that 
the generic h-th variable assumes the values in the k-th unit 

⎩
⎨
⎧
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h
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if0
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The balancing equations become: 
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π

, 

for all s∈ S and for h=1, …, H. 

One of the main problems of balanced sampling has always been 
implementing a general procedure which gives a multivariate balanced random 
sample (see Valliant et al., 2000). Recently, Deville and Tillé (2004) proposed the 
cube method that allows the selection of balanced (or approximately balanced) 
samples for a large set of auxiliary variables and with respect to different vectors 
of inclusion probabilities. 

The method is based on at most two phases. In the first phase, called flight 
phase, the cube method searches for a sampling design satisfying equations (3.1). 
The sample selection is performed by means of rounding off randomly to 1 or 0 
almost all the elements of the vector π . 

At the end of the flight phase the elements of π  equal to 1 or 0 indicate 
respectively that the corresponding unit is included or not in the sample. 
However, the balancing equations could be exactly satisfied with some fractional 
element of π  (the number of these elements are at most equal to the number of 
balancing variables), and therefore the flight phase does not determine whether 
the corresponding units have to be drawn or not in the sample. In these cases the 
cube method searches for an approximately balanced sample solution applying 
the landing phase; this solution relaxes some constraints, minimising the variance 
of X̂dir . The landing phase is set up as a rounding problem and it is solved via 
linear programming techniques. A simple example where the landing phase 
occurs it is the design of fixed sample size when the sum of inclusion 
probabilities is not an integer. In example 1, the balancing equation is never 
satisfied with the flight phase if known total n is not an integer.  

As described below, in the multi-way stratification design, the cube method 
is able to select a balanced sample only via flight phase (Deville and Tillé, 2000); 
a brief description of the algorithm is given in the appendix. In Chauvet and Tillé 
(2006) is presented a faster algorithm for executing the flight phase implemented 
by means of a SAS-IML macro. The procedure is computationally feasible for 
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large data sets with a lot of balancing variables as it has been tested by the 
authors. 

3.2. Balanced sampling applied for marginal stratification 

Let us suppose that a vector of inclusion probabilities π , consistent with the 
marginal distribution 1n  and 2n , is available, that is  

),...1(
.

. Rrn
rUk kr == ∑ ∈
π    ),...1(

.
. Ccn

cUk kc == ∑ ∈
π . (3.2) 

If π  is not available, the well known Iterative Proportional Fitting (IPF, see 
Bishop et al., 1975) or the Generalised Iterative Proportional Fitting (GIPF, 
Dykstra, 1985; Dykstra and Wollan, 1987) procedure can be used to define it. 
Starting from an initial vector )',...,*,...,*(** 1 Nk πππ=π  of inclusion 

probabilities such that n
Uk k =∑ ∈

π* , IPF or GIPF adjust the initial 

probabilities computing the final vector π  satisfying the marginal sample sizes 
constraints (3.2). The main useful difference between IPF and GIPF is that the 
second procedure avoids to define inclusion probabilities greater than 1. 
Therefore, it could be better to adopt GIPF to satisfy equations (3.2). However, 
GIPF and IPF produce the same results when the latter procedure does not yield a 
solution with elements of π  greater than 1. A third more empirical procedure to 
calculate π , satisfying the constraints (3.2), is to use IPF procedure iteratively in 
the following way: starting from initial vector of inclusion probabilities π* , at 
the end of the procedure the kπ ’s greater than 1 are set equal to 1. Then the IPF 
procedure is reiterated with the same starting inclusion probabilities, removing the 
units with inclusion probabilities equal to 1 and updating the marginal constraints 
so that, if the generic unit k belongs to the subpopulation rcU , the new marginal 

sample sizes became 1.−rn  and 1. −cn .  
The selection by means of a balanced design, taking into account planned 

small sample size for two marginal distributions, is related to the choice of the 
auxiliary variables. Then we use the vector of auxiliary variable 
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The flight phase of cube method selects a random sample which satisfies the 
following constraints:  
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,  (r=1,…,R ; c=1,…,C )  (3.3) 

Equations (3.3) imply that the sample sizes of each subsample .rs  and cs.  must 

be equal to the fixed marginal frequencies .rn  and cn.  respectively. Deville and 

Tillé (2000), show that equations (3.3) can be exactly satisfied by means of the 
cube method via the flight phase.  

Finally we underline some interesting aspects of balanced sampling. 
• The cube method is quite general and it can be easily applied to more than two 

partitions in the domains of interest. 
• Additional balancing equations may be defined involving other variables 

correlated with study ones so as to improve the precision of estimators of totals.  
• As far as concerns the estimation phase, the balanced sampling can be used 

jointly with an estimator exploiting auxiliary information. This sampling 
strategy allows to bound the variability of the sampling weights (for instance 
calibrated weights) that causes problems, especially in small domains of 
estimate. For instance if known population counts are used in the calibration 
phase at domain level, it should be useful to utilize the same auxiliary 
information as constraints in the design phase, in addition  to the auxiliary 
variables which allow to respect the marginal sample sizes.  

4. Methods based on coordinated sampling 

The problem under study may be considered as a particular case of sample 
coordination. Generally, coordinated sampling is adopted in order to guarantee an 
expected predefined overlap rate between two or more surveys. Minimum and 
maximum overlap is indicated respectively as negative and positive coordination. 
In our case, the sampling units are selected from two separate sampling designs 
on the same target population using respectively 1V  and 2V  as stratification 
variables. The two samples are maximum positively coordinated and the resulting 
final sample is composed by the union of the two samples. 

In this context the techniques can be classified into: 
• methods based on the Permanent Random Numbers (PRN); 
• methods implementing linear programming algorithm (Ernst and Paben, 2002). 
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Within the first techniques (Ohlsson, 1995), a random number (PRN), drawn 
independently from the uniform distribution on the interval [0,1], is assigned to 
each unit in the frame list. The PRN techniques allow to implement different 
sampling designs such as: simple random sampling without replacement, 
Bernoulli, Poisson and other probability proportional to size sampling procedures. 
Then, using the assigned PRNs, two maximum positively coordinated samples are 
selected from the two sampling designs. The second type of methods, that will not 
be discussed in this paper, are procedures maximizing the overlap among samples 
and are based on sequential application of transportation problems. The 
algorithms seem to be rather complex compared with permanent random numbers 
based procedures. 

4.1. General introduction to coordinated sampling using permanent random 
numbers 

In the PRN context, the sampling units are selected from two separate 
sampling designs, say )()1( ⋅p and )()2( ⋅p , on the same target population using 1V  

and 2V  as stratification variables. Let )(is and )(iS  denote, respectively, the 

generic sample and the set of all the subset )(is  generated by the design )()( ⋅ip  

(i=1,2).  The inclusion probabilities of unit k in the marginal design )()( ⋅ip  are 

indicated with kiSs iiki
ii

sp )()()()(
)()(

)( λπ ∑ ∈
=  being ki)(λ a dummy variable 

that equals to 1 if )(isk ∈ , and equals to 0 otherwise. Two positively coordinated 

samples, say )1(s and )2(s , are selected respectively according to )()1( ⋅p and 

)()2( ⋅p  designs and the resulting final sample s is composed by the union of the 

two samples. Let us denote with kz  the PRN assigned to the unit k (k=1, …, N) 
and for each above considered design let )',,,,( ...11 Rr nnn ΚΚ=n  and 

'),,,,( ..1.2 Cc nnn ΚΚ=n  indicate the sample sizes, being 

nnn C
c c

R
r r ==∑∑ == 1 .1 . , .)1(

.
rUk k n

r
=∑ ∈

π  and cUk k n
c

.)2(
.

=∑ ∈
π .  

The final sample s, being )2()1( sss ∪= , is selected with the joint design 

)(sp  and the corresponding inclusion probabilities are given by 
( ) kSsk spsk λπ ∑ ∈

=∈= )(Pr , with kλ =1 if either k)1(λ  or  k)2(λ  equals to 

1. With these techniques, the realised sizes of the final sample are random 
outcomes with expected values larger than the constraints n, 1n  and 2n . 
Empirical results on Italian business surveys has shown that the overall realised 
sample size is generally larger than the prefixed n between 10% and  30%. In 
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order to partially overcome this problem, in section 4.3 is shown an algorithm 
which, starting from initial k)1(

*π  and k)2(
*π  probabilities, calculates modified 

inclusion probabilities, k)1(π  and k)2(π . These guarantee that the expected 
marginal sample sizes in the joint sample design are roughly equal to the 
constrains )',,,,( ...11 Rr nnn ΚΚ=n  and 'n,,n,,n C.c.. )( 12 ΚΚ=n . 

In the following section we will illustrate how coordination may be realised 
with some important designs. 

4.2. Coordination with some sampling designs 

Design I: simple random sampling without replacement in each marginal 
stratum 

With this design we have ..)1( rrk Nn=π  for .rUk ∈  (r=1,…,R) and 

cck Nn ..)2( =π  for c.Uk ∈  (c=1,…,C). 
The selection schema is very simple: for each design, the frame units are 

ordered by stratum and, in each stratum, by ascending order of kz . In the stratum 

.rU  of the design )()1( ⋅p , the sample is composed of the first .rn  units in the 

ordered list. In stratum c.U  of the design )()2( ⋅p , the sample is composed of the 

first c.n  units in the ordered list. 
Ohlsson (1992) presents a formal proof that this technique realises a sample 

in which the inclusion probabilities in )1(s and )2(s  samples agree with the 

prefixed  values, being ..)1()1( )(Pr rrk Nnsk ==∈ π   for .rUk ∈  and 

cck Nnsk ..)2()2( )(Pr ==∈ π  for c.Uk ∈ . The unit k is included in the 

overall sample s, if it is included in )1(s  with probability k)1(π  or if it is included  

in )2(s  with probability k)2(π . There is no formal proof of the values assumed by 

the inclusion probabilities kπ . An intuitive reasoning suggests that 
( )kkk )2()1( ,max πππ ≅ . Empirical simulations of coordinated sample selection 

with design I has shown that the kπ  values are only slightly larger than 
( )kk )2()1( ,max ππ .  

Design II: Poisson sampling  

With this design we have  

 ∑
∈

=
.

.)1(
rUk

kkrk ggnπ  for .rUk ∈  (r=1,…,R)                                  (4.1) 

and 
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  ∑
∈

=
cUk

kkck ggn
.

.)2(π for c.Uk ∈  (c=1,…,C),                      (4.2) 

where kg  is a non-negative measure of size for the unit k. The unit k is included 

in the sample )(is  (i=1 or 2) if kikz )(π≤ . The inclusion probabilities of the final 

sample are, thus, ( )kkk )2()1( ,max πππ = .  

Design III: probability proportional to size without replacement 

This design may be only approximated with PRN techniques. The two 
approximated solutions proposed are order sampling and collocated sampling. 
The joint design of both techniques may be summarised as follows: (i) the 
expected sample sizes are larger than the constraints n, 1n  and 2n ; (ii) there is no 
formal proof of the values assumed by the inclusion probabilities kπ , but in 
practical situations they may be well  approximated by ( )kkk )2()1( ,max πππ = .  

The order sampling (Rosen 1997a, 1997b) represents an interesting way to 
avoid the perceived drawback given by random sample size of Poisson sampling 
and still comes very close to achieve the desired inclusion probabilities (4.1) and 
(4.2). A particular case of order sampling is Pareto sampling, carried out as 
follows: 
(i)   for every Uk ∈ , compute kikkikki zz )()()( )1()1( ππξ −−=  (i=1,2); 

(ii) for the sample design )()( ⋅ip (i=1,2), the frame units are ordered by stratum 

and in each stratum by ascending order of ki)(ξ . In stratum .rU  of the 

design )()1( ⋅p , the sample )1(s  is composed of the first .rn  units in the 

ordered list and in stratum cU .  of the design )()2( ⋅p , the sample )2(s  is 

composed of the first c.n  units in the ordered list. 
Another case of order sampling is the sequential Poisson sampling. The 

sampling selection is carried out with steps, (i) and  (ii) above illustrated, but the 
ki)(ξ  values are defined by kkkki gNz /)( == ξξ .  Both the above order 

sampling schemas realise the marginal fixed sample sizes  1n  and 2n  for a given 
marginal design  )(is  (i=1, or 2); but the inclusion probabilities for )()1( ⋅p  and 

)()2( ⋅p  are slightly different from the planned probabilities k)1(π  and k)2(π   
expressed respectively by (4.1) and (4.2). 

With collocated sampling, the frame units are randomly ordered by stratum 
and in each stratum by ascending order of kz , giving unit k  ( rcUk ∈ ) the ranks 
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krL .,  and kcL ,.  in the marginal strata .rU  and c.U  of )()1( ⋅p and )()2( ⋅p  
designs. Then the new variables 
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are computed whereε  is a random number drawn independently from the 
uniform distribution on the interval [0, 1]. The unit k is included in the sample 

)(is  (i=1 or 2) if kikir )()( π≤ . For each marginal design the collocated sampling 
is strictly pps with inclusion probabilities, expressed respectively by (4.1) and 
(4.2) , for )()1( ⋅p  and )()2( ⋅p  designs; but the realised sample has a variability 
lower than the one assured by the design II. 

As a concluding remark we note that the methods based on PRN techniques 
are very easy to implement and for some designs unbiased estimators of the 
variance may be computed, but designs based on probability proportional to size 
without replacement  may be only approximated, in the sense that in order 
sampling  the theoretical inclusion probabilities ki)(π  (i=1 or 2) may be only 

approximated and the collocated sampling does not assure to attain the fixed 
sample sizes 1n  and 2n .  

4.3. An algorithm for controlling the expected sample sizes  

Let )',...,*,...,*(** )1()1(1)1()1( Nk πππ=π  and 

)',...,*,...,*(** )2()2(1)2()2( Nk πππ=π  denote the initial vectors of inclusion 

probabilities of designs )()1( ⋅p  and )()2( ⋅p , being .)1(
.
* rUk k n

r
∑ ∈

=π  and 

cUk k n
c

.)2(
.

*∑ ∈
=π . 

Starting from initial k)1(*π  and k)2(*π  probabilities, the algorithm 

calculates modified inclusion probabilities, k)1(π  and k)2(π . These may be used 
as inclusion probabilities in the marginal designs and they guarantee that the 
expected marginal sample sizes of the joint sample design are equal to constraints 

)',,,,( ...11 Rr nnn ΚΚ=n  and 'n,,n,,n C.c.. )( 12 ΚΚ=n . 
The algorithm makes use of the condition ( )kkk )2()1( ,max πππ =  that is 

true for Poisson sampling and only approximated by other designs. The algorithm 
is articulated in the following steps. 

Step 0. Initialization. Denote with t the iteration index (t=0,1,…). Let us pose at  
t=0: kki )1()(

0 *ππ =  (i=1 or 2).  
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Step 1. Calculus of updated modified probabilities. The updated modified 
inclusion probabilities ki

t
)(π  (i=1 or 2), at iteration t (t=1,2,…), are 

obtained by solving the following minimum constraints problem 
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in which: ki
t
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t
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t
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t
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t
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t
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tG )(

1
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1
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1
)( )/ln();( πππππππ −−− +−=  

(i=1, 2) is the logarithmic distance function between ki
t

)(
1π−  and ki

t
)(π ; k

t x  is 

an indicator variable that equals 1 if k
t

k
t

)2(
1

)1(
1 ππ −− ≥  and  equals 0 

otherwise. 
Step 2. Iteration. With updated values ki

t
)(π  (i=1 or 2), let us calculate the 

updated values k
t x1+  and then compute  
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For a fixed close to zero small positive quantity, ν , if the following 
condition holds 
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then the algorithm stops and the unit k is selected with the modified probabilities 

k
t

k )1()1( ππ =  and k
t

k )2()2( ππ = , defined as solution of (4.3) at iteration t; 

otherwise  step 1  is iterated at t=t+1 until condition (4.4) is respected. 

Note that (4.3) represents a calibration process, that may be solved by the 
well known IPF (Bishop et al., 1975) or GIPF (Dykstra, 1985; Dykstra and 
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Wollan, 1987) procedures. The logarithmic distance function avoids to define 

ki
t

)(π  lower than 0, while GIPF prevents to obtain ki
t

)(π  values larger than 1. A 

third more empirical procedure to obtain ki)(π  values simultaneously satisfying 
the (4.3) and lower than 1 is the following: solve (4.3) with IPF procedure and set 

ki
t

ki
t

)(
1

)( ππ −=  if 1)( >ki
tπ .  

5. Estimation of domain totals 

In this section some considerations on the estimation are presented.  
In order to simplify the notation of the estimators, we denote the populations 

U, .rU  and cU .  generically as dU  (d=1,…,D=R+C+1). Furthermore with 
analogous symbolism, we indicate with ds  and dY , respectively, the sample and 
the total of interest of the population dU .  

The direct estimator of the parameter of interest is given by 

 k
sk

kddir ayY
d

∑
∈

=ˆ                        (5.1) 

where ka  are the base weights. If the probabilities kπ  are known (as in the case 

of balanced sampling and Poisson sampling), the base weight is kka π/1= . 
Otherwise, if the kπ  values are unknown (as in the case of Pareto sampling and 
sequential Poisson sampling), we may approximate each of them as 

( )kkk )2()1( ,max πππ = . Another solution may be to set the base weights ka  
equal to 
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where )21(s  and )21(s  denote respectively the set of units included only in 

sample )1(s  and the set of units included only in sample )2(s . Adopting the 
weights defined in (5.2),  the estimator (5.1) is unbiased as below illustrated:  



STATISTICS IN TRANSITION, March  2006                                                             

 

819 

( )
⎢
⎢
⎣

⎡
++= ∑∑ ∈∈ )12()21( )1()1(2

1ˆ
sk dk

k

k
dksk

k

k
pddirp

yyEYE δ
π

δ
π

 

      =
⎥
⎥
⎦

⎤
++ ∑∑ ∈∈ dksk

k

k
dksk

k

k yy
δ

π
δ

π )21()12( )2()2(
 

( ) dddsk dk
k

k
psk dk

k

k
p YYY

y
E

y
E =+=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
= ∑∑ ∈∈ 2

1
2
1

)2()1( )2()1(
δ

π
δ

π
 

being dkδ 1=  if unit k belongs to dU  and dkδ = 0 otherwise and pE  denotes the 
expectation over repeated sampling.  

Domain estimates could be improved using auxiliary information and a 
superpopulation model );()( βxkkm fyE =  that, for each unit k, links the model 

expected value, )( km yE , to the auxiliary vector kx , where f(.;β ) is a functional 
form depending by the vector β of unknown parameters. After obtaining the 

sample estimates β̂  of β , based on { ky , kx ; }sk ∈ ,  the predicted value 

)ˆ;(ˆ βxkk fy =  for each unit Uk ∈  are computed, assuming that kx  is known 
for each unit k in the population. 

Two different estimator types, the Synthetic and the Generalised Regression, 
are considered. Following Lehtonen et al. (2003), the above estimators are 
expressed by: 

∑=
dU kdsyn yY ˆˆ                                              (5.3) 

∑∑ −+=
dd s kkkU kdgreg yyayY )ˆ(ˆˆ .                                      (5.4) 

An another estimator, often used in small area context, is the composite 
estimator expressed by ∑∑ −+=

dd s kkkdU kdcomp yyaγyY )ˆ(ˆˆˆ , where dγ̂  is 

a domain-specific weight appropriately constructed to have certain optimality 
properties; it approaches unit for increasingly large domain sample size, and it 
tends to zero for decreasingly sample size. 

The predictions{ kŷ ; }Uk ∈  differ from one model specification to another, 
depending on the functional form and from the choice of the auxiliary variables. 
As illustrated in Särndal et al., (1992, p. 399), adopting a linear 
model, βx kkm yE ')( = , if each prediction is obtained by means of a submodel 
defined on the population dU , the estimators (5.3) and (5.4) agree. Moreover, 
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linear model allows to define the above estimators knowing only the domain 
totals of the auxiliary information and the kx  values for the sampling units. 
However, knowing kx  values for every Uk ∈  it is possible to construct an 
estimators with more efficient predictions kŷ  obtained by generalised linear 
models (Lehtonen and Veijanen, 1998) or non parametric regression techniques 
(Montanari and Ranalli, 2003). 

Finally, let us point out that the synthetic estimator relies on the truth of the 
model and it is usually biased; nevertheless, as noted in Lehtonen et al. (2003), if 
the model incorporates a specific domain effect (fixed or random) the bias is 
strongly reduced and with the incorporation of domain-specific terms in the 
model it is good to control the sample size at domain level.  

6. Monte Carlo experiment to evaluate the sampling strategies  

6.1. Background information 

The simulation is carried out on real enterprises data. The analysis has been 
focused to the 1999 population of the enterprises from 1 to 99 employers 
belonging to the Computer and related economic activities (2-digits of the NACE 
rev.1 classification). In order to simplify the empirical analysis some units with 
outlier values have been deleted. At the end of the cleaning procedure, the data 
base used for the simulation study has N=10,392 enterprises. The value added and 
labour cost are the variables of interest chosen in the simulation. The variable 
values are available for each unit in the population by an administrative data 
source. According to the EU Council Regulation n°58/97 on Structural Business 
Statistics the estimation domains are defined as different partition subsets of the 
population. In particular, we consider two partitions: (1) geographical region with 
20 marginal domains, hereafter referred as DOM1; (2) Economic activity group 
(3-digits of the NACE rev.1 classification with 6 different groups) by Size class 
(defined in terms of number of persons employed: 1=1-4; 2=5-9; 3=10-19; 4=20-
99) with 24 marginal domains, hereafter referred as DOM2. Therefore, the overall 
number of marginal domains is 44, while the number of the cross-classification 
strata is 480 but only 360 strata have one or more population units. The 
experiment is based on an overall sample size of 360 units, planning the sample 
size of each domain of DOM1 and DOM2 such that the coefficient of variation of 
the domain estimates for the variable number of employers (supposed known at 
sampling stage) is boundend to be lower than 34.5% for the DOM1 domains and 
to 8.7% for the DOM2 domains. This sample allocation represents a compromise 
between the Allocation Proportional to Population (APP) size and an allocation 
uniform for each domain of each partition. In the following we refer to the 
domains with the planned sample size greater than the APP sample size as 
oversized domains. These domains need to have a sample size larger than the APP 
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sample size to bound the sampling errors; roughly speaking these domains may be 
classified as small domains. The analysis of the empirical results will be focused 
on these domains. 
Table 1 reports the planned sample sizes and the APP sample sizes for domains of 
the DOM1 and DOM2 partitions. The small domains are reported in grey cells.  

Table 1. Population and sample sizes for the domains of interest  

DOM1 DOM2 

Geographical 
Region 

Population 
size 

Planned 
sample size

APP 
sample size

3-digit NACE 
Rev. 1; size 

class 

Population 
size 

Planned 
sample size 

APP sample 
size 

Piemonte 912 18 32 721;1 57 21 2 

Valle d'Aosta 21 7 1 721;2 29 6 1 

Lombardia 2,903 19 101 721;3 21 3 1 

Trentino A. A. 179 17 6 721;4 21 10 1 

Veneto 1,064 17 37 722;1 1,916 34 66 

Friuli V. Giulia 246 18 9 722;2 874 7 30 

Liguria 280 11 10 722;3 604 6 21 

Emilia R. 898 19 31 722;4 521 30 18 

Toscana 693 19 24 723;1 2,970 32 103 

Umbria 110 20 4 723;2 1,006 6 35 

Marche 203 21 7 723;3 498 6 17 

Lazio 1,239 20 43 723;4 283 28 10 

Abruzzo 114 19 4 724;1 46 21 2 

Molise 34 17 1 724;2 14 5 0 

Campania 445 15 15 724;3 11 4 0 

Puglia 372 17 13 724;4 13 10 0 

Basilicata 47 21 2 725;1 246 27 9 

Calabria 103 21 4 725;2 98 6 3 

Sicilia 371 23 13 725;3 61 5 2 

Sardegna 158 21 5 725;4 30 14 1 

Total 10,392 360 360 726;1 643 37 22 

    726;2 204 7 7 

    726;3 138 7 5 

    726;4 88 28 3 

    Total 10,392 360 360 

    
A grey cell denotes a small domain 

 

In the simulation we have considered seven sampling designs as reported in table 
2. Five hundred Monte Carlo samples have been selected for each sampling 
design.  
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Table 2. Sampling Design used in the simulation study 

Sampling Design Abbreviation 
Stratified on DOM1 with SRSWOR* in each stratum  STDOM1 
Stratified on DOM2 with SRSWOR* in each stratum STDOM2 
Balanced sampling on the marginal sample sizes and on population 
sizes  

BALPOP 

Balanced sampling on the marginal sample sizes  BAL 
Coordinated Pareto sampling  CPAR 
Coordinated Poisson sampling  CPOI 
Coordinated Sequential Poisson sampling  CSPOI 

*SRSWOR: Simple Random Sampling Without Replacement 

In the experiment STDOM1 and STDOM2 have planned sampling sizes for 
a single partition respectively DOM1 and DOM2. BALPOP is based on (3.3) 
adding the balancing equations dsk kdk N

d
=∑ ∈

πδ  (d=1, …, 44), while in 

BAL only the equations (3.3) are considered. Starting from initial probabilities 
Nnk =π* , the inclusion probabilities for BALPOP and BAL have been 

attained applying the IPF procedure iteratively (four times) as described in section 
3.2. In the coordinated designs CPAR, CPOI and CSPOI, the marginal sample 
sizes are satisfied only as expectation over repeated sampling. Starting from initial 
probabilities ..)1(* rrk Nn=π  for .rUk ∈  and cck Nn ..)2(* =π for cUk .∈ , 

the final inclusion probabilities k)1(π  and k)2(π  have been obtained by means of 
the algorithm described in section 4.2; the final solution has been found with eight 
iterations.  

For each sample the estimates of the domain totals have been computed by 
the direct, generalised regression and synthetic estimators. In particular, for the 
three coordinated sampling we have examined two direct estimators. The first one 
adopting as direct weight the value ( ) 1

)2()1( ),max( −= kkka ππ , while the ka  
weights in the second direct estimator are defined by the expression (5.2). We 
show the results only for the first direct estimator because the simulation study 
has stressed that the second estimator has much higher variability than the first 
estimator. 

As far as concern the estimators using auxiliary information, two simple 
homoschedastic linear models have been implemented: the model (1) uses 10 
auxiliary variables, six of them are the economic activity group membership 
indicators, and the remaining four are the size class membership indicators; the 
model (2) uses the 44 domain membership indicator variables.  
The linear model (1) is expressed by 

bakm yE ββ +=)(    for ba UUk ∩∈  , 
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where aU  is the population of enterprises of  a-th  (a=1, …, 6) economic activity 
group and bU  is the population of enterprises of  b-th  (b=1, …, 4)  size class of 
the number of employers and aβ  and bβ are the fixed effects of  the a-th  
economic activity group and the b-th  size class. 
The linear model (2) is 

crkm yE ββ +=)(    for cr UUk .. ∩∈ , 

where the subscripts r (r=1,…,20) denotes the generic domain belonging to the 
DOM1 partition and c (c=1,…,24) denotes the generic domain belonging to the 
DOM2 partition and rβ  and cβ are the separate domain-specific effects.  

We point out that the main aim of the experiment is to compare different 
sampling designs using the same estimator. In this context the choice of the best 
model does not represent a central issue. Hence, we have considered two quite 
general feasible models that can be implemented in all situations of planned 
domains. The model (1) is somewhat more reliable since the estimates of the 
regression parameters are based on large sample sizes; while in model (2) it is 
possible to evaluate the effect of planning the domain sample sizes, although the 
estimates of each regression parameter are based on small sample sizes. 
Obviously, more flexible model formulations could be possible as described for 
instance in Lehtonen et al. (2005).  

As pointed out in section 5, using the model (2) the synthetic and the 
generalised regression estimators give identical results. In the following each 
sampling strategy is indicated in short by the couple (dis, est), where dis indicates 
one of the 7 sample designs referred in table 2 and est assumes the categories dir, 
syn, and greg respectively for the estimators (5.1), (5.3) and (5.4). 

We have computed two quality measures: the average Absolute Relative Bias 
)ARB(  and the average Relative Mean Square Error )RMSE(  expressed by 

[ ] 100)(ˆ
500
1

)(
1),(

500

1
×−= ∑ ∑

∈ =Fd
d

i
d

i
destF YYdisY

Fcard
estdisARB , 

 

[ ] 100)(ˆ
500
1

)(
1),( 2

500

1

2
×

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−= ∑ ∑
∈ =Fd

d
i

d
i

destF YYdisY
Fcard

estdisRMSE  

denoting with: F a specific subset of the marginal domains; card(F) the 
cardinality of F; )(ˆ disY i

dest the i-th Monte Carlo sample estimate (i=1,…, 500) of 
the total dY  in the strategy (dis, est). In particular, F represents alternatively the 
subset of small domains of DOM1, DOM2 or the overall set of small domains (of 
both DOM1 and DOM2). 
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6.2. Simulation results 

The Monte Carlo simulation study highlights that the multi-way 
stratification techniques proposed in this paper are able to take bias and variability 
under control with respect to two benchmark strategies ,collapsing one of the two 
stratification variables. 

The main results of the experiment referred to the small domains set are 
showed in table 3. The table is organised in four blocks: the first one illustrates 
the quality measures of the direct estimator; the second and third block are 
dedicated respectively to the syn and greg estimators based on 10 auxiliary 
variables (model (1)); the forth block presents the results of syn or greg estimators 
based on the 44 domain membership indicator variables. We restrict the 
comments only on the value added variable but similar consideration could be 
expressed for the labour cost variable. In general, the comments are referred to 
the overall set of small domains.  
Examining firstly direct estimates, we observe the following. 
• The two benchmark designs (STDOM1 and STDOM2) have an RMSE  value 

for the unplanned domains equal to 148.28% and 107.49% respectively. These 
values cause the large RMSE  values computed for the overall set of small 
domains and respectively equal to 102.74% and 55.23%. 

• The STDOM2 shows better results than those attained by STDOM1. This 
finding is explained by the fact that the STDOM2 stratification criterion is 
correlated with the variables of interest and takes under control a larger number 
of small domain than the  STDOM1 stratification. 

• As far as concerns the overall set of small domains, the BALPOP is the more 
efficient design, both in terms of ARB  (1.06%) and RMSE  (32.58%), even if 
BAL is only slightly worse.  

• The strategies adopting the coordinated sampling show worse values with 
respect to balanced sampling but they perform better in terms of RMSE  than 
benchmark strategies. In particular, CPAR design has the smallest RMSE  
(44,60%) followed by CSPOI (46,15%) and CPOI (52,67%). Nevertheless, the 
ARB  values are quite high and larger than that attained by STDOM2 design. 
These findings depend on DOM2 domains where the ARB values are greater 
than 2%. 
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Table 3. Comparison of small domains sampling strategies: Average Absolute 
Relative Bias ( ARB ) and Relative Mean Square Error ( RMSE ) 

   Direct estimator (block 1)
STDOM1 1.79 43.19 8.18 148.28 5.41 102.74 1.72 42.82 6.86 155.87 4.63 106.88
STDOM2 3.42 107.49 0.47 15.26 1.75 55.23 3.32 105.66 0.46 12.66 1.70 52.96
BALPOP 0.77 24.86 1.29 38.49 1.06 32.58 0.74 23.60 1.20 34.26 1.00 29.64
BAL 0.84 25.43 1.45 40.61 1.19 34.03 0.79 24.22 1.57 35.80 1.23 30.78
CPAR 1.35 32.52 2.81 53.85 2.18 44.60 1.44 31.68 2.62 51.44 2.11 42.88
CPOI 1.50 38.64 3.01 63.40 2.36 52.67 1.42 37.64 3.11 61.92 2.38 51.40
CSPOI 1.61 32.90 2.73 56.28 2.24 46.15 1.68 31.76 2.99 54.28 2.42 44.52

Synthetic estimator with 10 auxiliary variables (block 2)
STDOM1 14.22 18.88 13.81 100.55 13.99 65.16 12.29 18.40 9.25 95.03 10.57 61.83
STDOM2 24.82 33.96 14.48 15.96 20.34 26.16 13.13 14.79 12.46 23.11 12.75 19.51
BALPOP 13.68 17.51 24.98 43.98 20.09 32.51 11.89 15.60 12.35 33.08 12.15 25.50
BAL 14.92 18.46 21.82 41.66 18.83 31.61 13.37 16.91 10.41 32.64 11.69 25.82
CPAR 13.68 17.83 23.45 44.63 19.22 33.02 11.82 16.13 11.69 34.93 11.75 26.78
CPOI 13.44 17.55 23.17 47.18 18.95 34.34 11.36 15.73 12.04 37.55 11.75 28.10
CSPOI 13.78 17.75 25.11 45.07 20.20 33.23 12.21 16.52 13.06 36.17 12.69 27.66

Generalised regression estimator with 10 auxiliary variables (block 3)
STDOM1 2.35 30.13 11.26 119.95 7.40 81.03 1.86 29.28 11.79 119.23 7.49 80.25
STDOM2 3.98 58.62 0.95 15.26 2.26 34.05 2.90 52.66 0.93 12.66 1.78 29.99
BALPOP 1.11 19.41 2.20 25.80 1.73 23.03 1.01 16.42 1.99 21.73 1.57 19.43
BAL 1.63 19.41 1.76 26.11 1.70 23.21 1.21 16.72 2.08 21.96 1.70 19.69
CPAR 1.04 21.27 1.63 29.30 1.37 25.82 1.03 18.27 1.11 24.60 1.08 21.86
CPOI 1.67 21.99 1.92 32.53 1.81 27.96 1.83 18.89 2.22 27.47 2.05 23.76
CSPOI 1.32 21.68 1.17 29.31 1.23 26.00 1.30 18.11 1.07 25.39 1.17 22.23

Synthetic or Gen. regression estimator with 44 auxiliary variables (block 4)
STDOM1 3.39 31.30 27.48 63.22 17.04 49.39 2.76 30.80 28.67 63.05 17.44 49.08
STDOM2 17.24 102.24 1.37 20.65 8.25 56.00 23.00 102.64 1.42 19.10 10.77 55.30
BALPOP 1.07 20.71 1.97 26.98 1.58 24.26 1.08 17.62 1.93 24.07 1.56 21.27
BAL 1.47 20.36 2.13 28.46 1.84 24.95 1.41 17.66 2.02 25.10 1.75 21.88
CPAR 1.79 23.38 2.22 32.39 2.03 28.48 1.65 20.73 2.08 30.39 1.90 26.21
CPOI 3.94 30.21 3.06 33.60 3.44 32.13 3.35 25.28 3.13 31.68 3.23 28.91
CSPOI 1.71 24.29 2.52 31.84 2.17 28.57 2.13 21.28 2.48 30.16 2.32 26.31

RMSE ARB RMSERMSE ARB RMSE ARBRMSE ARB RMSE ARB

Sampling Design
Value Added Labour Cost

DOM1 DOM2 Overall DOM1 DOM2 Overall

ARB

 
 

Considering the synthetic estimator based on 10 auxiliary variables, some 
issues may be pointed out. 
• All designs are characterized by a large bias. The STDOM1 has an ARB equal 

to 13.99% (although it has an unacceptable RMSE  that is equal to 65,16%). 
The rest of the designs have the ARB  values higher than 18%. This evidence 
gives a warning against the use of synthetic estimator.  
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• The STDOM2 design has the lowest RMSE  (26,16%), because of a strong 
reduction of the DOM1 variance. However, the ARB value (20.34%) is the 
largest of all designs. 

• The behaviour of balanced and coordinated designs in terms of  bias and 
variance are more or less equal. The BAL has the lowest ARB  (18.33%) and 
RMSE  (31.61%) values. 

The experimental results of the greg estimator in third block of the table 3 
suggest some considerations. 
• All the designs show strong improvements of the quality measures. In general, 

the ARB  measure has a remarkable reduction with respect to the same 
indicator computed on the synthetic estimator. Only the STDOM1 still presents 
a high ARB  value (7.40%). 

• In the STDOM2, the reduction of the bias is more than compensated from the 
increase of the variability. This produces an RMSE  equal to 34.05%. 

• Both the balanced and the coordinated designs have good performances, 
though the balanced designs are slightly better being the RMSE  roughly equal 
to the 23%.  

• The CPAR design is the best coordinated sampling in terms of RMSE  
(25.82%) with a small ARB value (1.37%). The CSPOI design has the lowest 
ARB  value (1.26%) and bounded RMSE  value (26.00%). Therefore, these 
results highlight the equivalence of CPAR and CSPOI designs.  

• Finally, the syn or greg estimator based on 44 auxiliary variables show 
analogous  results to the greg estimator based on 10 auxiliary variables. The 
balanced designs are the best with slight preference for the BALPOP sampling. 
The CPAR and CSPOI designs are enough close to the balanced designs even 
if the bias increases. 

As general findings, the balanced designs seem to guarantee a best strategies 
to take under control bias and variance of the overall set of the small domains.  

Like for balanced designs, the coordinated sampling have good 
performances with respect to the benchmark designs. In particular, CPAR and 
CSPOI are preferred to CPOI and could be a valid alternative to balanced 
sampling when using the syn and greg estimators. 

The conclusion is that for all blocks, BALPOP shows best overall 
performance with respect to bias and accuracy and in BALPOP, the strategy with 
greg estimation with the ten auxiliary variables (block 3) is a safe choice for both 
value added and labour cost. Furthermore, the results show that the synthetic 
estimator of block 2 must be considered carefully because the bias can be 
unexpectedly large and the squared bias would be the dominating part in the 
RMSE . 
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7. Conclusions  

In the present work balanced sampling and coordinated sampling, useful in 
order to obtain planned sample size for domains belonging to different population 
partitions, have been examined. In particular, these sampling methods may be 
applied to deal with small area problems, in planning the sampling design so as to 
have planned size for each domain. These methods are useful for defining an 
overall strategy considering jointly the design and estimation phase. That causes 
some advantages in the different approaches to the finite population inference: in 
the design-based framework it is possible to compute direct domain estimators 
with prefixed level of precision; while in the model assisted or model-based 
framework, the presence of sample units in each estimation domains permits to 
utilise models with specific small area effects allowing a more accurate 
predictions of the parameters of interest at small area level.  

A straightforward method to obtain planned domains is to stratify combining 
all the variables, which define the domains of interest.  This method has some 
problems, first of all it could produce a large overall sample size depending on the 
number of the strata. To solve this problem some techniques, generally referred as 
multi-way stratification designs, have been proposed. Nevertheless, the main 
weakness of these techniques is the computational complexity.  

This paper studies in detail the use of the two sampling techniques, the 
balanced and coordinated sampling designs, to control the sample size in all the 
domains of interest without suffering from the computational complexity.  

The experimental results conducted on real business population data, show 
the optimal behaviour of balanced sampling with different direct and indirect 
estimators.  

The Pareto sampling seems to be the best design among the coordinated 
ones; when it is used jointly with estimators involving auxiliary information, it is 
slightly worse than the estimates computed by means of balanced designs. 
Furthermore, the strategies based on Pareto sampling may be useful if the sample 
survey needs to be coordinated over time. This may be an effective sampling 
strategy for many business surveys.  

Finally, we point out that the paper has been focused on the feasibility of the 
sampling selection techniques. The topics connected to the estimation of variance 
have been neglected and will be treated in depth in future researches. 
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Appendix: an algorithm for the flight phase of the cube method  

In the following we give a brief description of flight phase of the cube 
method . First we set ππ =)0( , next at time t=1, …, T repeat the following steps: 
Step 1. Generate any vector ))'(),...,(),...,(()'( 1 tututut Nk=u , random or not, 

such that: (i) )(tuk =0 if )(tkπ  is equal to 1 or 0 and 0)( ≠tuk  

otherwise; (ii) )(tu  is the kernel of the matrix A= [ ] 1)Diag(' −πD where, 
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The procedure is iterated until it is not possible to carry out the step 1. 
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ESTIMATION OF A DOMAIN TOTAL UNDER 
NONRESPONSE USING DOUBLE SAMPLING 

Wojciech Gamrot 

ABSTRACT 

The well-known two-phase (or double) sampling procedure proposed by 
Hansen and Hurwitz (1949) as an antidote for the nonresponse bias relies on 
subsampling survey nonrespondents. For each subsampled unit efforts are 
repeated to collect the data it failed to provide in the initial phase of the 
survey. If there is a complete response in the second phase then unbiased 
estimates of population parameters may be constructed. Otherwise, if there is 
an incomplete response in the second phase, then the construction of 
estimators that utilize this data allows to reduce the nonresponse bias. Several 
generalizations of this procedure have been proposed including the application 
of arbitrary sampling designs in both phases (see Särndal et al.(1992)) and the 
use of auxiliary information (see e.g. Rao(1986), Okafor(1994), 
Gamrot(2003,2004)) to construct estimates of population parameters. In this 
paper, the application of the two-phase sampling procedure to estimate the 
domain total is discussed. Available auxiliary information is used to construct 
ratio estimators under this sampling scheme. Three estimators of a domain 
total are considered and their properties are derived. Finally an attempt is 
made to compare their precision. 

Key words: nonresponse, double sampling, two-phase sampling, domain 
total 

1. Introduction 

Consider the finite and fixed population under study U of size N divided into 
D domains: D1 U,...,U  of sizes N1,...,ND respectively. Domain membership of 
any population unit is unknown before sampling. It is assumed that domains are 
quite large. For a typical d-th domain Ud, several characteristics may be defined 
including the domain total: 

∑
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d

d
Ui

iU yY                                                        (1)  
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and domain covariance between two characteristics X and Y: 

∑
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In this paper the estimation of a domain total is considered. The notation 
introduced above will also be used for other population/domain subsets, by 
replacing the domain symbol Ud with other subset symbols (e.g. 

d2UY  will 

represent the mean value of Y in some subset d2U  of the population). It will also 
be used for other domain characteristics (e.g. 

dUX will represent a domain total 
for some character X). Let us denote: 

dd UUU −= ;                                      (5) 

N
NW d

d = ;                                           (6) 

N
NNW d

d

−
= ;                                    (7) 

for d=1...D. 

2. Two-phase sampling: 

Consider the following two-phase sampling procedure. In the first phase of 
the survey a random sample s of size n is drawn from U, according to some 
sampling design )s(p , characterized by inclusion probabilities of the first and 
second order respectively denoted by πi for i∈U and πij for i≠j∈U. We assume 
that n may vary from sample to sample.  

Stochastic nonresponse is assumed, as in the paper of Cassel et al. (1983), 
which means that each i-th population unit has some conditional probability ρi of 
responding if it is included in the sample. We also denote the conditional 
probability of i-th and j-th units responding simultaneously, if included in the 
sample s, by ρij. The sample s splits into two non-overlapping random subsets, s1 
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and s2, of sizes n1 and n2, such that units from s1 respond, and units from s2 do not. 
Nonresponse may be treated as an additional phase of sample selection, governed 
by some unknown probability distribution )s|s(q 2  that Särndal et al (1992) call 
the response distribution. 

After the nonresponse has occurred, the second phase of the survey is carried 
out, and the subsample s’ of the size n’ is drawn from s2, according to another 
sampling scheme )s,s|'s('p 2  characterized by inclusion probabilities of the first 
and second order respectively denoted by 

2s,s|iπ , 
2s,s|ijπ  for i≠j∈s2. Then the 

second attempt is made to collect the data from subsampled units. Complete 
response is assumed in the second phase which means that response probabilities 
ρi and ρij correspond only to the first phase.  

After the data collection, the domain membership of units is identified which 
allows to determine following sample subsets: 

 d1d1 Uss ∩=                                               (8) 

 d2d2 Uss ∩=                                               (9) 

    dd U's's ∩=                                                (10) 

The above stated assumption of a domain being quite large is necessary for 
these subsets being empty with negligible probability.  

In the framework introduced above, three sources of randomness are defined, 
associated with probability distributions: )s(p , )s|s(q 2  and )s,s|'s('p 2  
respectively. All expectations will be calculated with respect to these three 
probability distributions, unless otherwise stated. 

3. Estimation of a domain total 

Let us introduce a variable Yd, taking values: 

       
⎩
⎨
⎧

∉
∈

=
d

di
di Uiif0

Uiify
y                               (11) 

The domain total of Y may be expressed as a population total of Yd: 

         ∑∑
∈∈

==
Ui

di
Ui

iU yyY
d

d
                                     (12) 

and it is unbiasedly estimated by the statistic (see Särndal et al. (1992)): 

       ∑ ∑
∈ ∈

π ππ
+

π
=

1 2si 'si s,s|ii

di

i

di
d

yyŷ                               (13) 
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which is equivalent to: 

       ∑ ∑
∈ ′∈

π ππ
+

π
=

d1 d 2si si s,s|ii

i

i

i
d

yyŷ                            (14) 

According to Särndal et al. (1992), its variance may be expressed as: 

( )
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−
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π
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∈∈
π 1
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E1yyŷV

22

2

2 s,s|js,s|i

s,s|ij

sj,i ji

djdi
pq

ji

ij

Uj,i
djdid ;  (15) 

or equivalently: 
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⎞
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⎛
−

ππ

π
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+⎟
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⎝

⎛
−

ππ
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π 1
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E1yyŷV

22

2

d2d s,s|js,s|i

s,s|ij

sj,i ji

ji
pq

ji

ij

Uj,i
jid ;  (16) 

The symbol )(Epq ⋅  represents the expectation with respect to the first-phase 

sampling design )(p ⋅  and response distribution )s|s(q 2 . Assumptions 
concerning inclusion probabilities in the second phase are needed to eliminate this 
expectation operator. When yi=1 for i∈U we also obtain an unbiased estimator of 
the domain size ∑

∈

=
dUi

d 1N  in the form: 

       ∑ ∑∑ ∑
∈ ′∈∈ ∈ ππ

+
π

=
ππ

+
π

=
d1 d 21 2 si si s,s|iiisi 'si s,s|ii

di

i

di
d

11yyN̂ ;   (17) 

4. A special case 

We will now consider a special case of the procedure described above. Let 
us assume deterministic nonresponse model. This means that population is 
divided into two non-overlapping strata U(1) and U(2), such that units from U(1) 
always respond when contacted, whereas units from U(2) always fail to provide 
answers. Consequently we have: 
 

  
⎩
⎨
⎧

∈=ρ
∈=ρ

2i

1i

Uifor0
Uifor1

                                      (18) 

and jiij ρρ=ρ  for Uj,i ∈ . Let us define subsets: 
 

       d2d2 UUU ∩=                                           (19) 

       d2d2 UUU ∩=                                       (20) 
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of sizes d2N , d2N  with )2(d2d2 N/NW = , )2(d2d2 N/NW = . Moreover, 
assume that the sample s and subsample s’ are drawn according to simple random 
sampling without replacement scheme, characterized by inclusion probabilities:  

          
N
n

i =π ;                                               (21) 

     
)1N(N
)1n(n

ij −
−

=π ;                                    (22) 

        
2

s,s|i n
'n

2
=π ;                                            (23) 

   
)1n(n

)1'n('n

22
s,s|ij 2 −

−
=π ;                             (24) 

for i,j∈U, with subsample size 'n  being the following linear function of the 
sample nonrespondent subset size:  

2cn'n = ;                                                   (25) 

where 0<c<1 is a constant fixed in advance. Under these assumptions, the 
estimator (14) takes the form: 

       ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= ∑ ∑

∈ ′∈
−π

d1 dsi si
iisrsd y

c
1y

n
Nŷ ;                (26) 

 

From (16) the exact variance formula is: 
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Assuming N>>1, N2>>1, Nd>>1, N2d>>1, we obtain simpler, approximate 
expression: 

( ) ( ) ( );YWW)Y(SW
n

W
c

c1NYWW)Y(SW
n

f1NŷAV 2
Ud2d2

2
Ud2

222
Udd

2
Ud

2
srsd d2d2dd

+
−

++
−

=−π
(28) 

 

The first term in (28) is equivalent to the variance of the estimator computed 
from the first phase sample under full response (see Särndal et al (1992) pp. 392 
expr. 10.3.9). The second term represents the increase in estimator’s variability 
due to nonresponse and introduction of second phase. Under simple random 
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sampling without replacement the estimator πdN̂  of the domain size Nd takes the 
form: 

           ⎟
⎠
⎞

⎜
⎝
⎛ ′+=−π dd1srsd n

c
1n

n
NN̂ ;                                       (29) 

where d1n  and dn′  represent the sizes of the sets d1s  and ds′  respectively. 

5. Ratio estimator 

Let us consider the following superpopulation model ξ, involving single 
auxiliary characteristic X, taking values x1,...,xN:  

     
⎩
⎨
⎧

σ=
β=

ξ

ξ

i
2
di

idi

x)Y(V
x)Y(E

                                               (30) 

where dUi∈ and d=1...D. Application of general least squares to the d-th domain 
leads to the following estimator of the parameter dβ : 

         
d

d

U

U
d X

Yˆ =β ;                                                      (31) 

Replacing domain totals of X and Y in (31) with their respective estimators 
calculated according to (14) we construct the following estimator of domain total: 

    
dU

d

d
1ratio X

x̂
ŷŷ

π

π
− = ;                                           (32) 

Its first-order bias obtained using Taylor linearization technique is nil which 
suggests approximate unbiasedness. Its second-order bias may be expressed in the 
form: 
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;  (33) 

where
dd UUd X/YR = . The approximate variance is: 
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Let us consider again the special case of deterministic nonresponse and simple 
random sampling without replacement, introduced earlier. Under these 
assumptions we obtain: 

    
dU

srsd

srsd
srs1ratio X

x̂
ŷŷ

−π

−π
−− = ;                                          (35)  

where srsdx̂ −π  and srsdŷ −π  are the estimators of 
dUX  and 

dUY  calculated 
according to (26).  From (33) the second-order bias is: 
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where 
d2d2 UUd2 X/YR = . From (34) the approximate variance is: 
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Both the bias and the variance diminish when initial sample size n grows. 
For Ud=U the estimator (35) and its properties reduce to forms which are 
similar to expressions derived by Rao (1986), for the case of population 
mean estimation. 

6. Ratio estimator under full response on X 

Consider again the model (30). If there is full response on the character X, 
then we can construct the following estimator of Y’s domain total: 

 
dU

dHT

d
2ratio X

x̂
ŷŷ π

− = ;                                         (38) 

where: 
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∈∈ π

=
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is the well-known Horvitz-Thompson estimator. Its first order bias obtained using 
Taylor linearization is nil. The second-order bias is: 
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and the approximate variance is: 
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For the special case of deterministic nonresponse and simple random sampling 
without replacement the estimator (38) takes form: 

         srsd
sd

Ud
srs2ratio ŷ

Xw
XW

ŷ
d

d
−π−− = ;                                      (42) 

From (40) its second order bias is: 
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And from (41) its approximate variance is: 
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Both bias and variance are decreasing functions of initial sample size n. For Ud=U 
the simplified estimator (42) and its properties reduce to expressions which are 
similar to those obtained by Rao (1986), for the case of population mean 
estimation. 

7. The comparison of estimators 

It is easy to prove that )ŷ(AV)ŷ(AV srs2ratiosrs1ratio −−−− <  if and only if:  

2
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2
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UUd2U
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d2d2
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Moreover, )ŷ(AV)ŷ(AV srssrs2ratio −π−− <  if and only if: 
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In the expression above )Y(S)X(S/)Y,X(C)Y,X( 22
UU dUdUdd

=ρ  is the domain 

correlation coefficient between X and Y, whereas )X(2
Ud

cv  and )Y(2
Ud

cv  
represent coefficients of variation of X and Y respectively. Consequently, if both 
conditions (45) and (46) are satisfied, then )ŷ(AV)ŷ(AV srssrs1ratio −π−− < . On the 
other hand, if both conditions (45) and (46) are not met, then 

)ŷ(AV)ŷ(AV srssrs1ratio −π−− ≥ . 
Let us consider a simple case of auxiliary characteristic X taking values 
1xi =  for Ui∈ . Ratio estimators (35) and (42) respectively take the form:    

      srsd
srsd

d*
srs1ratio ŷ

N̂
Nŷ −π

−π
−− = ;                           (47) 

and 

        srsd
d

d*
srs2ratio ŷ

w
Wŷ −π−− = ;                             (48) 

Where wd=nd/n is a sample fraction of domain units. If Nd<N, then it is easy to 
show that *

srs2ratioŷ −−  has lower approximate variance than srsŷ −π . Moreover, if 

d2d UU Y2Y < , which should usually be the case, then the condition (45) holds and 

the estimator *
srs1ratioŷ −−  has even lower approximate variance than *

srs2ratioŷ −− . 
Consequently, even for the trivial case of auxiliary variable being a constant, the 
proposed ratio estimators are an attractive alternative to the standard estimator 

srsŷ −π . 

8. Conclusions 

In this paper the problem of estimating the domain total in finite and fixed 
population was considered. Three estimators of a domain total were proposed for 
two-phase sampling under nonresponse including the standard estimator that uses 
only observed values of variable under study and two ratio estimators making use 
of available auxiliary information.   

Second-order biases and approximate variances were derived for each 
estimator in the general case of arbitrary sampling design in both phases and 
arbitrary response distribution as well as in the special case of simple random 
sampling without replacement and deterministic nonresponse. These properties 
were evaluated without making any model assumptions about distributions of 
variables. The superpopulation model was introduced solely to motivate the 
construction of ratio estimators. Finally, approximate variances of estimators were 
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compared for deterministic nonresponse. The sufficient conditions for each 
estimator being more precise than others were given. 

It should be emphasized, that several other superpopulation models may be 
used as a foundation for constructing ratio or regression estimators, including 
those involving multivariate auxiliary information and/or strength-borrowing (e.g. 
model with slope parameters dβ  equal in the population or some subgroup of 
domains). These alternative approaches may lead to even better results in terms of 
bias or variance. 

Finally, it should be stressed that estimation techniques considered in this 
paper may be used provided that the domain size is quite large which ensures that 
intersection of respondent subset and domain as well as intersection of subsample 
and the domain are nonempty. 
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ADAPTATION OF EURAREA EXPERIENCE  
IN BUSINESS STATISTICS IN POLAND 

Jan Paradysz and Tomasz Klimanek1 

ABSTRACT 

The paper deals with a tentative application of the EURAREA approach 
to small business statistics in Poland. The study was aimed at accounting for 
and applying tax data for a more effective use of a sample survey of small 
businesses with up to 9 employees. To achieve this aim, several more specific 
objectives and tasks were set out: 
• identifying available sources of information about economic activities of 

small businesses (SP3 survey, Database of Statistical Units and tax register) 
and assessing the possibility of integrating them; 

• determining the applicability of indirect estimation methods in compliance 
with the standards developed within the EURAREA project; 

• analysing the precision of indirect estimates in comparison with traditional 
estimation techniques. 

After a thorough analysis, it seems impossible to apply automatically the 
EURAREA approach to small business statistics due to marked differences 
between statistical unit distributions. The application of small domain 
estimation to small business statistics also needs more tax information over a 
longer period. 

Key words: small domain estimation, tax register, small business 
statistics. 

Introduction 

Polish economic statistics faced a serious challenge in the nineties of the last 
century. It was because of a rapid change in the structure of enterprises, the 
widening of the scope of the shadow economy and the increasing demand for 
information about the small territorial area and branch cross-section. Then, quite 
new challenges emerged: the access to new alternative sources of data, 

                                                           
1 Poznan University of Economics: jan.paradysz@ae.poznan.pl; t.klimanek@ae.poznan.pl  
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improvement as far as data processing is concerned, and new estimation 
techniques. The information issued by Central Statistical Office (CSO) so far was 
available only for NUTS2 level (voivodships of Poland — 16 territorial units) and 
only for sections of Polish Classification of Economic Activities (PKD sections 
— 14 categories)1. The majority of tables gave estimates for PKD sections and 
only 4 tables were devoted to voivodship division. The first step for obtaining 
more detailed information was to combine the small domains together and to get a 
cross-section: PKD section and voivodship. However, producing direct estimates 
for such small domains results in large MSEs. So our goal was to apply small 
domain methodology worked out during the EURAREA consortium to evaluate 
the quality and performance of the estimators2. 

Data sources about economic activity of small businesses 

Keeping in mind the topic of the presentation, it is important to give the 
description of some Polish sources of information which are of special importance 
for enterprise statistics. 

The main databases are as follows: 
• Business Register (REGON), 
• Tax Register, 
• Database of Statistical Units (BJS), 
• Survey on small enterprises (SP3). 
According to Central Statistical Office (CSO), National Official Business 

Register, REGON is a continuously updated set of information on subjects of 
national economy maintained as an IT system in the form of a central database 
and local databases. CSO underlines the positive attributes of REGON3 

However, there were many reservations raised as far as REGON register as 
database for enterprises is concerned. The most severe one deals with updating 
the information on enterprises. It particularly refers to cases of changes in the 
profile of company operation, termination or suspension of activity, mergers or 
divisions of companies. That criticism raised especially by statistical staff yielded 
the onset of preliminary works on Enterprises Register. The works are being 
conducted in CSO and they aim at creating the register which is planned to be 
updated systematically and enriched with the data especially from tax register. 
This kind of register is called, according to the nomenclature used in CSO, the 

                                                           
1 Economic Activity of Microenterprises in 2002 (in Polish), GUS, Warszawa, 2003, p.28. 
2 https://www.statistics.gov.uk/eurarea/download.asp 
3 According to CSO, the REGON register enables to reach the identification cohesion and 

uniformity of descriptions used in official registers and information systems of public 
administration. It provides general characteristics of businesses operating in national economy 
and is used as a frame for business surveys. 
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Database of Statistical Units (BJS). The BJS is a better frame than REGON for 
business surveys. 

In Poland there are several types of surveys on enterprises. These surveys 
take into account the size of an enterprise — the number of employees1. The 
biggest companies employing 50 and more2 have to provide a full monthly report. 
The medium-sized ones, where the number of employees is between 10 and 49 
take part in a 10% survey. The smallest ones, in which the number of employees 
is not higher than 9 take part in a survey as well. But the sample rate is 5% or 
112,000 enterprises in that case. The last type of survey is called SP3, which is of 
special interest to us. The CSO commissioned the University of Economics to 
carry out an experimental attempt to combine SP3 survey with tax register. The 
newly created data set became for the first time in Poland the subject of 
application of small area estimation techniques for enterprise statistics. 

The discussion on the use of small area techniques was parallel to the 
process of creating the new system of enterprise statistics and has been conducted 
in the CSO and also in several Polish scientific centers3 since 1992. The studies 
on applying the new indirect estimation methods were considerably accelerated 
after establishing the EURAREA consortium. In 2003 the idea of making use of 
methodological findings of the EURAREA project was put forward. This task 
was assigned to the research team from the Center of Regional Statistics in 
Poznan. 

Based on the experiences of the EURAREA project, the Central Statistical 
Office (CSO) in Poland made an attempt to use small area statistics methods to 
improve estimation precision with respect to basic information about economic 
activities of small businesses. 

The study was aimed at accounting for and applying tax data for a more 
effective use of sample survey of small businesses with up to 9 employees. To 
achieve this aim, several more specific objectives and tasks were set: 

a) identifying available sources of information about economic activities of 
small businesses (SP3 survey, Database of Statistical Units and tax 
register) and assessing the possibility of integrating them; 
 
 

                                                           
1 The system of business statistics was discussed by I. Zagoździnska (1996). 
2 More than 20 employees in trade — see A. Witkowska, M. Witkowski (1997) and A. Witkowska 

(1999). 
3 The results of the Polish efforts were discussed in several papers by J. Kordos (2000), E. Golata 

(2004) and J. Paradysz (1998). 
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b) determining the applicability of indirect estimation methods in 
compliance with the standards developed within the EURAREA 
project1; 

c) analysing the precision of indirect estimates in comparison with 
traditional estimation techniques; 

According to CSO estimates, there were about 1.6m small businesses 
operating in Poland in 2001. Small businesses are categorised as micro-companies 
where the number of employees does not exceed 9 people. Over 98% of small 
businesses are self-employed individuals and only 62,000 of them are legal 
entities. The major part of the population surveyed were trading businesses 
(37%), followed by transportation, construction and industry-related units, each 
accounting for 10% of the total.  Small businesses employ about 3.2m people, 
40% of whom are employed in trade. 

Small businesses operate mainly on local markets but the sample size is 
inadequate to make any generalisation in local cross-section. In the published 
source containing the survey information, only the last 3 tables present data in 
regional cross-section — i.e. across voivodships, without any further breakdown. 
They include data about the number of units, the number of staff, average gross 
wage, revenue and costs. The tables lack information in regional cross-section in 
terms of the type of business activity as classified in the PKD.  Using traditional 
estimation techniques, disregarding auxiliary variables not available for the 
sample, it was impossible to construct tables including data about voivodships 
along with PKD categories. The first opportunity to make use of small area 
estimation appeared once the Ministry of Finance had granted CSO access to tax 
registers.  

The study objective, specified as accounting for and applying tax data for  
a more effective use of a representative survey of small businesses with up to  
9 employees, was understood in a twofold manner. First of all, it was a 
verification of the hypothesis concerning the possibility of improving estimation 
precision in studies available to date. Secondly, it was intended as a possible 
extension of estimation scope by joint distribution by voivodship and economic 
activity (PKD division). 

The estimation was conducted for four basic variables used to characterise 
business activity: the number of staff employed under a contract, average monthly 
wage, average revenue per unit, average costs per unit.  Estimations were made 
for the following cross-sections: 

 
 
 

• voivodships1 i.e. 16 domains identified as Id2_W, 
                                                           
1 The EURAREA "Standard" Estimators and performance criteria Office for National Statistics, 

UK, https://www.statistics.gov.uk/eurarea/download.asp 
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• PKD section of economic activity i.e. 112 domains marked as Id2_S 
• voivodships and PKD categories combined, i.e. 176 domains marked as 

Id3. 
It should be noted that using administration data sources for purposes of 

public statistics in Poland is still in its preliminary stages.  It is only in the recent 
years, as a result of lobbying on the part of the Statistical Council that it has 
become possible to use auxiliary data to support survey results. Therefore the 
study presented below is experimental in its scope. It is the first Polish attempt to 
apply indirect estimation methodology to economic data incorporating 
administration registers. The analysis refers to data for the year 2001 from the 
following databases made available by CSO: SP3 survey, the Database of 
Statistical Units — BJS, and tax registers. 

The basic source of data about economic activity of small businesses is 
provided by the annual SP3 survey conducted by CSO. A sample of 4% of the 
total number of units in the population is drawn based on a stratified sampling 
design. The sampling algorithm was developed by CSO Survey Design and 
Organisation Department for survey sampling (cf. Zagoździnska (2003)). The 
sampling frame was constructed on the basis of the Database of Statistical Units 
as available at the end of October 2001. The strata were determined according to 
4 criteria: 

• unit location (at the voivodship level); 
• PKD section; 
• unit legal status: natural or legal persons; 
• unit size categorised into 2 brackets: up to 5 employees, 6—9 employees. 
Using data from the SP3 survey for 2000, variance and coefficients of 

variation for the variable “revenue” in each cross-section were estimated.  The 
number of units in the sample was determined in such a way as to ensure an 
approximately stable estimation precision in each voivodship and PKD category 
for the variable “revenue”.  Sampling for each stratum was conducted separately. 
When the number of units was low, the sample included all the units specified in 

                                                                                                                                                 
1 These are regions in Poland (NUTS2). Their codes according to CSO notation are as follows: 

02 – Dolnośląskie, 04 – Kujawsko-pomorskie, 06 – Lubelskie, 08 – Lubuskie, 10 – Łódzkie,  
12 – Małopolskie, 14 – Mazowieckie, 16 – Opolskie, 18 – Podkarpackie, 20 – Podlaskie,  
22 – Pomorskie, 24 – Śląskie, 26 – Świętokrzyskie, 28 – Warminsko-mazurskie,  
30 – Wielkopolskie, 32 – Zachodniopomorskie. 

2 Codes of statistical classification of economic activities: 
D – Manufacturing, F – Construction, G – Wholesale and retail trade; repair of motor vehicles, 
motorcycles and personal and household goods, H – Hotels and restaurants, I – Transport, storage 
and communication, J – Financial intermediation, K – Real estate, renting and business activities, 
L – Public administration and defense; compulsory social security, M – Education, N – Health 
and social work, O – Other community, social and personal service activities, P – Activities of 
households, Q – Extra-territorial organizations and bodies, Considering the small number of 
units, categories A, B, C and E were excluded from the analysis and grouped together as “Others” 
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the frame. More detailed discussion on the sampling design is presented by W. 
Niemiro et al.(2002). 

The main problem in the study of small business units is the question of 
completeness. In the course of research, it turned out that a considerable number 
of units drawn for the sample were no longer economically active.   In 2001 the 
number of units sampled was 114,600.  Nearly 29% of them had suspended their 
activities, 9.4% had been closed down, 3% had not started operating at all.  There 
were also units that could not be contacted since address information was no 
longer valid - these constituted 10.8% of the total.  Out of the remaining (55.900) 
units drawn for the sample, 83% returned a completed questionnaire form while 
17% refused to participate.  All in all, the final sample in the SP3 survey 
contained 44,807 units. 

The survey results have been generalised for the population across PKD 
division or voivodships. Generalised results were weighted on the basis of the 
corrected sample, i.e. excluding all units that had suspended their activities, 
closed down, not started their operation or were otherwise not included in the 
sample. 

The SP3 survey includes basic information about economic activities of 
small businesses. The questionnaire form was divided into 6 sections concerning 
the following areas: 

a) employees and wages 
b) the value of the fixed assets and capital investments 
c) VAT and income tax 
d) revenue and costs 
e) reserve value 
f) other special information 

The second source of information about small businesses is the Database of 
Statistical Units (BJS). It was used as a frame for CSO-conducted surveys on the 
population of national economy units. BJS contains data from the official Register 
of Units in the National Economy called REGON and auxiliary information from 
other sources1. BJS is annually updated on the basis of obligatory statistical 
reporting conducted by large business units and surveys of medium-sized and 
small businesses. In 2001 the Database of Statistical Units contained 2 855 497 
records. It includes basic company identification data and information about 
declared number of staff. 

The third and last of the available sources is the so-called statistical PIT 
(personal income tax) database. It is a tax statement prepared for statistical 
purposes. In addition to identification data that can be matched with those found 
in BJS and SP3 survey, statistical PIT contains four other variables: revenue, 

                                                           
1 The creation of such a database was made possible under clause 10 of the Public Statistics Act 

issued on 29 September 1994. 
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costs, gain and loss. After matching the tax register database with the BJS 
database, there were 899,201 records in all. 

The study was based on the assumption that gaining access to tax register 
information should improve small business statistics considerably. It was assumed 
that this particular source should be very reliable. In addition, its presumed 
completeness guaranteed access to information until then unavailable that should 
provide cross-sectional data by PKD category at a regional level, possibly even at 
a local level, i.e. powiats (NUTS4).  

It turned out, however, that the database of tax records matched with those 
from BJS and statistical PIT was seriously incomplete. It is past our competence 
to account for this situation. It was assumed that BJS, created as a frame for 
sampling was a complete set — comparable to the general population. A similar 
expectation, based on the present tax system, concerned the tax register. In fact, 
out of the nearly 900,000 records it was impossible to match 41% of records from 
the SP3 survey. This means that the tax register did not contain over 40% of units 
sampled. The ultimate set of combined and matching records from all the three 
sources had been reduced from 44,807 to 26,264 units. 

It seems that one reason for the lack of completeness of the tax register could 
be a large percentage of units which were self-employed individuals; for 25% of 
them business activity was an additional place of work. According to the Polish 
tax system, the obligation to submit PIT-5 statements does not apply to units 
whose income has not exceeded a certain statutory amount exempt from tax.  In 
this case, such individuals submit only an annual statement that may not have 
been made available for statistical purposes. To avoid further reduction of the 
sample, it was considered necessary to incorporate auxiliary variables at the 
domain level rather than use models with auxiliary variables at the unit level. 

The most numerous sections include G – 15,435 units (34.4%) and  
D – 8,674 units (19.4%). The least numerous category is B – 167 units (0.4%). In 
the regional cross-section the most numerously represented voivodships include 
voivodship 14 – 6926 units (15.5%) and the least number of units is to be found 
in voivodship 08 – 1398 (3.1%) and voivodship 26 – 1440 (3.2%). In the joint 
cross-section i.e. by voivodship and category of economic activity while there is 
no domain with a zero number of units, the actual number is often only slightly 
above it. For many of domains the sample representation in the domain did not 
exceed 50 units.  The number of units in the sample across domains obviously 
affects the precision of estimates obtained by means of traditional methods.  For 
example, estimation precision measured by the extreme values of relative 
estimation error REE for the whole country and across voivodships or PKD 
divisions for average revenue per company is the following1: 
• Poland altogether: 4.7% 

                                                           
1 The values are included in the methodological notes of the GUS publication entitled: Economic 

Activity of Microenterprises in 2001 (in Polish), GUS, Warszawa 2002, p. 10.  
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• by PKD section: minimum section G – 6.9%, maximum section A – 22% 
• by voivodship: minimum – voivodship 14 – 9.9%, maximum – voivodship 26 – 

69.7% 
A small sample size in the domain cross-section can result in various random 

fluctuations with respect to values observed in the sample (in terms of intensity 
and direction). The random factor can significantly affect parameters of 
regression models constructed in the study. For this reason we considered various 
solutions to the problem of the low number of units in some domains across 
categories and voivodships combined. The following approaches were tested. 
• constructing a regression model to account for all domains regardless of the 

number of units each contains; 
• grouping small domains (containing few units) to form just one group; 
• disregarding these domains in the process of developing regression models 

(Bracha, Lednicki, Wieczorkowski, 2004, p.36) 

Characteristic of the target variables  

As was mentioned earlier, one of the major problems involved in estimating 
information about economic activity across domains is the small sample size and 
incompleteness of tax registers rendering integration of data sources difficult.  
Another serious estimation problem is the lack of homogeneity as concerns 
distribution of basic target variables such as the number of paid employment, 
amounts of wages, revenue or costs.   

Unit distributions by the variables in question are considerably skewed to the 
right, highly varied and of high kurtosis. On the basis of BJS data it is evident that 
nearly 70% of units employ only one person. A similar value of this variable can 
be found in the SP3 survey. In over 69% of units, the staff is limited to the owner 
or a helping family member. A quarter of business units surveyed are those that 
offer only additional work opportunities. One-person businesses which are the 
main place of employment constitute only 41% of the sample.  Only 3% of units 
create jobs for at least 5 people. 

Units in the sample have a similar distribution when it comes to revenue per 
unit. There is a lot of variation in this respect depending on the PKD category. 
The coefficient of variation ranges from 340% to 5121%, the third moment of the 
distribution 4473 =α  whereas the coefficient of kurtosis amounts to 344 =α . 

The problem of the lack of population homogeneity in the business statistics 
makes important difficulties for a model-based indirect estimation. 

“Business surveys often pose a variety of data problems that can be very 
difficult to resolve simultaneously. For example, the study variable(s) may be 
highly skewed, there may be a large proportion of zero responses, some negative 
values and there may be several auxiliary variables that can be used to improve 
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estimation but these may include some extreme values.” (Hedlin et al., 2001, 
p.227) 

Considering the strength of correlation between the estimated and auxiliary 
variables and having limited choice of auxiliary variables, it was necessary to 
select them taking into account the degree of correlation between data from the 
SP3 survey, tax registers and BJS. A close relation between variables from the 
different sources, in particular across PKD categories and quite significant 
correlation across voivodships and categories combined was observed. However, 
the relations between the variables across voivodships were relatively low and 
insignificant at α  = 0.05 

In addition to data from the SP3 survey used as auxiliary variables, other 
sources were incorporated as well: BJS and tax registers.  To estimate the amount 
of average revenue and costs per unit, the same independent variables were used 
interchangeably. For example, when estimating revenue at the unit level, the 
values of the independent variable came from the cost variable from SP3 survey; 
at the domain level it was the average cost per unit from the tax register. In order 
to estimate the number of staff and the average monthly wage, the following 
auxiliary variables were used: at the unit level, they included the number of staff 
from SP3 survey and the income; at the domain level, it was information about 
the average number of staff from BJS and average amount of income from tax 
registers. 

EURAREA approach 

In order to carry out the simulations for the analysis phases of this project, 
we needed the relevant data (for target variables and covariates) on the 
population. In the course of constructing realistic pseudo-population, we drew on 
model-based techniques similar to those that we use for the estimation itself. It 
was the key idea in EURAREA approach. We constructed pseudo-population 
based on joined databases obtained from the Ministry of Finance (tax register) 
and CSO (BJS). To do so, we had to apply an imputation of the data. We tested 
two possibilities: linear and logarithmic regression. However, simulation studies 
turned out to be unsatisfactory. MSEs of seven standard estimators were large, 
quite often we obtained negative or extremely large estimates.  

In view of the stratified sampling used in the study, it was necessary to 
modify the EURAREA programme to account for sample weights.  The change 
involved giving up the simulation-based approach since no pseudo-population 
was created and the estimation was calculated for one sample only, which was the 
result of the SP3 survey of 2001.  Under these circumstances, it was not possible 
to calculate empirical measures of estimation precision.  Direct estimator variance 
was estimated for domains treated as strata and for the synthetic estimator of 
regression and the EBLUP estimator a simplified approach was applied. 
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Conclusions 

• The Center of Regional Statistics was the first institution in Poland to attempt 
indirect estimation in small business statistics in Poland. The preliminary 
results are encouraging but require more adequate assessment.  It would be 
risky at this stage to make them available as a final outcome to a wider group 
of users. The experimental character of the study was also due to its first-time 
application of data from both the SP-3 survey and the administrative (tax) 
register but only for the year 2001. The tax register was used as a source of 
covariate data. 

• Among the 7 estimators under consideration, the best results were obtained 
using the synthetic and GREG estimators. The other estimators yielded results 
that were clearly incompatible with what we knew about economic reality. 

• Our attempt at applying the EURAREA approach involving a pseudo-
population and estimator validation by means of the Monte Carlo method 
cannot be regarded as successful. Further research to be carried out in the 
future, drawing on experiences collected in Western countries with better 
statistical infrastructure and relying on methodologies more suited to handling 
economic data should produce more satisfying results.1. It is impossible to 
apply automatically the experiences gained during the EURAREA project in 
micro enterprise statistics. 

• The asymmetry of distributions for basic variables describing enterprises 
(revenues, costs, wages and number of employees) made it impossible to use 
the approach based on pseudopopulation. This is why empirical estimation of 
variance (mean squared error) could not be applied. 

• One can expect an improvement in estimation precision for small domains 
when analysts gain access to tax registers for consecutive years to enrich the 
pool of auxiliary variables. With respect to individual micro-enterprises, a 
similar positive effect can be expected after analysing different types of 
entities in the tax register and accounting for null values and self-employed.  

• The problems we faced and experiences gained should not result in 
terminating the work on finding more adequate methods for enterprise 
statistics than the ones applied in the EURAREA project. It should be so 
especially because there are reasons for building econometric models based on 
many more covariates than we had. These covariates could be enterprise 
characteristics for several periods of time. 

                                                           
1 see Heldi et al. (2001), Estevao, Hidiroglou, Särndal (1995), Karlberg (2000), Särndal, Lundström 

(2005) 
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LOGISTIC REGRESSION MODELS  
IN SMALL AREA RESEARCH 

Krystyna Pruska1 

ABSTRACT 

In this paper we consider some simulation experiments for populations 
which are analysed with respect to zero-one variable and some auxiliary 
variables. These populations are divided into many small areas. 

The aim of conducted research is the comparison of results of estimation 
of proportion for small areas on the basis of logistic regression model in case 
of some kinds of sampling designs. The estimation errors are studied by 
simulation. The sampling designs that are used are individual sampling with 
replacement, stratified sampling with replacement, stratified sampling without 
replacement, poststratification sampling with replacement, poststratification 
sampling without replacement. The sampling designs are apply for the whole 
population or subpopulation. The sample for small area is the set of population 
sample elements which belong to the small area (the first group of 
experiments) or the sample drawn directly from the small area (the second 
group of experiments). 

The conducted analysis shows that in carried out simulation experiments 
the estimation errors are similar for different sampling designs in case of 
presented estimation method and similar size of small area sample. 

Key words: small area, sampling design, logistic regression model, 
simulation method. 

1. Introduction 

The binary data often appear in statistical research. Logistic analysis allows 
to estimate a proportion on the basis of such data for considered small areas  
(a small area is a subpopulation of given population). In this paper an application 
of logistic regression models in small area estimation is considered. The 
simulation methods are applied in the analysis. 

                                                           
1 Chair of Statistical Methods, University of Lodz, Poland, e-mail:  kpruska@uni.lodz.pl 
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The aim of this paper is to compare the results of estimation of proportion 
for small areas which are obtained on the basis of logistic regression model for 
small areas in case of different sampling designs. One form of estimator of 
proportion is taken. We can analyse differences between estimates which are 
results of application of different   sampling designs. 

2. Logistic model for small areas 

We consider a population which is divided into G strata and M small areas. 
We are interested in the zero-one variable in each small area. The proportion 

of one’s  in i-th (i=1,...,M) small area is denoted by θi . 
We consider some auxiliary variables, too. Let vector xi denote their values 

for i-th small area. 
We can construct the following logistic regression model: 

L-1(
∧

iθ ) = iix εα +'    for i = 1,...,M                                     (2.1) 

where 

L-1(
∧

iθ ) = ln 
i

i
∧

∧

−θ

θ

1
                                                                  (2.2) 

and  
∧

iθ is an estimator of parameter θi, α is the model parameter, εi is a random 
error,  E(εi)=0. 

If we know value of 
∧

iθ for i = 1,...,m (for m small areas which are random 
sample drawn from set of all small areas for given population) and xi for i = 
1,...,M (it means for all small areas of given population) then we can estimate the 
parameter vector of model (2.1) and unknown proportions θi for small areas 
which are drawn and undrawn to sample. We may compare the errors of estimates 
of parameters θi (i = 1,...,M) for small area samples obtained on the basis of 
different sampling designs. 

3. Simulation analysis of estimation errors of proportion for small 
areas 

In order to compare errors of estimation of proportion for small areas on the 
basis of logistic regression models a simulation analysis was conducted. Three 
populations A, B, C are created. Each population is a set of 100000 elements and 
is devided into 10 strata and 100 small areas. These populations are sets of points 
(yigk, x1igk, x2igk) where i = 1,...,100, g = 1,...,10, k=1,...,100, and where i denotes 
the number of small area, g – the number of stratum, k – the number of element in  
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i-th small area and  g-th stratum, yigk is value 0 or 1 and x1igk, x2igk are values of 
transformation of random numbers generated from normal distribution. 

The values yigk, x1igk, x2igk are  realizations of random variables Yig, X1ig, X2ig 
respectively, which are determined separately for each small areas and each 
stratum as follows: 
  Yig = 1  ,  where   Zig < cig   ,                                                                    (3.1) 

Yig = 0  ,   where   Zig ≥ cig                                                                        (3.2) 
and  
  X1ig = U1 + ig1ξ ,                                                                                      (3.3) 

  X2ig = U2 + ig2ξ ,                                                                                      (3.4) 

  Zig = 2X1ig + 3X2ig + iε ,                                                                           (3.5) 
where U1~N(10;2), ig1ξ ~N(0;(i+g)/500),  U2~N(5;1), ig2ξ ~N(0;(i+g)/1000), 

iε ~N(i/b;1/10),  b=30 for populations A, C  and b=100 for population B; the 
random variables U1 , ig1ξ , U2 , ig2ξ , iε are independent; the value  cig is the 10-th 
centile of distribution of random variable Wig which is the form: 

Wig = (Zig – 35 – i/30) / [16 + 4((i+g)/500)2 + 9 +   9((i+g)/1000)2 +0.01] 
     for population A  ,                                                                                         (3.6) 

Wig = (Zig – 35) / [16 + 4((i+g)/500)2 + 9  + 9((i+g)/100)2 +0.01]   
for population  B and C .                                                                              (3.7) 

The populations are constructed in such way that  the distributions of three 
random variables Yig, X1ig, X2ig are determined for each stratum in each small area 
separately. The variables X1ig, X2ig differ with respect to expectations and 
variances for given i and g. The variables X1ig for fixed g and i = 1,...,100 have 
different variances. We observe the  same for X2ig. If  i+g = k for k = 2,...,110 then  
variances of variables X1ig, X1gi are the same for suitable i, g (analogously for 
X2ig). The expectations of variables Zig are the same for g = 1,...,10 and fixed i, 
these expectations are different for different values of i . The distributions of 
variables Yig are different for different variants of (i,g). The g-th stratum in the 
whole population is sum of g-th strata from all small areas. The number of 
stratum and number of small area determine the distribution of random variables 
Yig, X1ig, X2ig for given stratum and given small area. The distributions of variables 
which we consider for g-th population stratum are the mixtures of distributions of 
variables, accordingly, Yig, X1ig, X2ig for i = 1,...,100. The distributions of variables 
which we consider for i-th small area (we denote them Yi, X1i, X2i) are the 
mixtures of distributions of variables, accordingly, Yig, X1ig, X2ig for g = 1,...,10.  

Some parameters of small areas for populations A, B, C are presented in 
Table 1. We can see that these parameters are the least different in the population 
A and the most different in the population C.  
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Table 1. Some parameters of small areasa) for populations A, B, C 

Population 
1001

min
≤≤i iθ  

1001
max
≤≤i iθ  

A 0.513 0.578 

B 0.479 0.563 

C 0.361 0.561 

a) Parameter iθ  is the proportion for i-th small area. 

Source: Own calculations. 

We assume that a logistic regression model is suitable for description of 
dependence between estimates of small area means and auxiliary variables. In this 
study the estimate of small area mean is the value of proper proportion (we 
consider different variants with respect to sampling design). The values of 
auxiliary variables are determined on the basis of sample.  

The parameters of logistic regression model are estimated on the basis of 
information about some small areas which are drawn to sample. Fifteen small 
areas were drawn (sampling with replacement) from each population A, B, C . We 
denote the small areas by S1

T,...,S15
T where T = A, B, C. 

Information about drawn small areas S1
T,...,S15

T can be obtain by different 
way. We consider two approaches.  

In the first approach we draw a sample from the whole population and next 
we choose the sample elements which belong to small area Sl

T for l = 1,...,15 and 
for given T. In this way we have small area samples for drawn small areas 
S1

T,...,S15
T. In the study four variants of sampling designs for obtaining population 

sample were applied: stratified sampling with replacement and without 
replacement — SSWR and SSWOR (it means we draw units from each stratum 
separately and all drawn units create the sample), and poststratified sampling  
with replacement and without replacement — PSWR and PSWOR (it means we 
draw units from the whole population and next we determine the stratum to which 
belong each unit, the strata are the same which were determined earlier). We do 
not know the small area sample size before sampling. We know only the 
population sample size. Two sizes of population sample are taken: 4000 and 
10000. Next there are created samples for small areas. In this case small area 
sample is the subset of population sample. The small area sample size is not large 
in case of considered populations and population sample which has 4000 
elements. 

In the second approach samples were drawn directly from each small area 
S1

T,...,S15
T for given T. In this case also four variants of sampling designs for 

obtaining the sample were applied: stratified sampling with replacement and 
without replacement (SSWR and SSWOR), and poststratified sampling with 
replacement and without replacement (PSWR and PSWOR). Two sizes of small 
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area sample are taken: 40 and 100 (if we estimate a proportion then the  
40-element sample is not large). 

  The samples were drawn 1000 times for each sampling designs and each 
population. 

  The estimates of proportion of one’s for i-th small area, which is denoted by  
θi , were determined on the basis of these samples and on the basis of logistic 
regression model . 

At first, the following values were calculated for each population sample and 
for each sample drawn from small areas S1

T,...,S15
T, and for each sampling design: 
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where 
i       – number of drawn small area (i = 1,...,15), 
g      – number of stratum (g = 1,...,10), 
j       – number of repetition (j = 1,...,1000), 
NMi – number of elements in i-th small area, 
Nig   – number of elements in i-th small area and g-th stratum, 

igjn  – number of sample elements which belong to i-th small area and g-th      
          stratum for j-th repetition, 
yigjl –  value of random variable Yig for l-th sample element from i-th small area  
           and g-th stratum for j-th repetition, 
x1igjl – value of random variable X1ig for l-th sample element from i-th small area 
           and g-th stratum for j-th repetition, 
x2igjl – value of random variable X2ig for l-th sample element from i-th small area 
          and g-th stratum for j-th repetition. 

Next, the following model was considered: 

ijijijij xxL εαααθ +++=
∧

−
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where εij is random error and 
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for each sampling design and for each  j-th repetition, separately. 

The parameters of model (3.11) were estimated by GLS method on the basis 
of information about 15 drawn small areas for each repetition and for each 
population, separately. The estimates of these parameters are denoted by a0j, a1j,  
a2j (j=1,...,1000) respectively. 

Then the following values were calculated: 

 ijijjij XaXaal 22110 ++=                                                                 (3.13) 
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for i = 1,... 100 and j = 1,...,1000 where iX 1  and iX 2  are means of variables X1i 

and X2i   for i-th small area. 

Next, values of the following measures of estimation errors were calculated: 
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where D is the set of indices of  fifteen small areas drawn to the sample and UD is 
the set of indices of undrawn small areas. 

In the estimation procedure the inclusion probabilities are not taken into 
consideration. 

One form of estimator is taken. It enables to analyse the influence of 
sampling design on the estimation errors. 
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The results of calculations are presented in Tables 2-4. 

Table 2. Values of estimation errors for proportion in case of simulation 
experiments for population A 

Sampling 
from whole population 

Sampling  
from each drawn small area 

PSWR PSWOR SSWR SSWOR PSWR PSWOR SSWR SSWOR 

 
Measure 

Population sample size: 4000 Small area sample size: 40 
DS2 0.0007 0.0007   0.0007 0.0007 0.0006 0.0006 0.0003 0.0003 

MIN1 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
MAX1 0.0105 0.0082 0.0068 0.0074 0.0089 0.0049 0.0035 0.0025 
UDS2 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007 0.0003 0.0003 
MIN2 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
MAX2 0.0119 0.0073 0.0070 0.0066 0.0093 0.0056 0.0030 0.0022 

× Population sample size: 10000 Small area sample size: 100 
DS2 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 

MIN1 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
MAX1 0.0015 0.0012 0.0014 0.0011 0.0022 0.0013 0.0014 0.0010 
UDS2 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 
MIN2 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 
MAX2 0.0012 0.0014 0.0012 0.0011 0.0020 0.0011 0.0014 0.0011 

Source: Own calculations. 

On the basis of obtained results we can notice for studied populations that 
the measure DS2 has the same or very similar values for given population, given 
or similar sample size and different sampling designs. We observe the same for 
measures MIN1, UDS2 and MIN2. The values of measures MAX1 and MAX2 are 
more differentiated. 

In general, we observe smaller estimation errors for the estimator of θi for 
sampling without replacement and stratified sampling than for other cases of 
sampling but differences are small, which means these values are similar. 

We observe smaller estimation errors for the estimator of θi for larger sample 
size, what is expected result. 

Generally, we can observe on the basis of conducted experiments that the 
estimation errors of proportion for small area in case of applied estimation method 
are similar for different using sampling designs and similar size of small area 
samples (with the exception of values of measures MAX1, MAX2 and measure 
DS2 for smaller sizes of sample). 

In general, differences between estimation errors for the proportion estimates 
obtained on the basis of logistic regression model are similar for small area 
samples of similar sizes in case of small area samples which are drawn directly 
from small areas and in case of small area samples which are sets consisting of 
elements belonging to the population samples and small areas. 
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Table 3. Values of estimation errors for proportion in case of simulation 
experiments for population B 

Sampling 
from whole population 

Sampling  
from each drawn small area 

PSWR PSWOR SSWR SSWOR PSWR PSWOR SSWR SSWOR 

 
Measure 

Population sample size: 4000 Small area sample size: 40 
DS2 0.0009 0.0009 0.0008 0.0009 0.0008 0.0008 0.0005 0.0005 

MIN1 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
MAX1 0.0071 0.0056 0.0062 0.0070 0.0127 0.0056 0.0030 0.0027 
UDS2 0.0010 0.0009 0.0009 0.0009 0.0009 0.0008 0.0005 0.0005 
MIN2 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
MAX2 0.0079 0.0059 0.0057 0.0060 0.0130 0.0060 0.0030 0.0024 

× Population sample size: 10000 Small area sample size: 100 
DS2 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 

MIN1 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
MAX1 0.0024 0.0013 0.0016 0.0016 0.0017 0.0019 0.0026 0.0011 
UDS2 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 
MIN2 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
MAX2 0.0018 0.0015 0.0012 0.0017 0.0014 0.0017 0.0021 0.0012 

Source: Own calculations. 

4. Final remarks 

In this study the estimation of small area proportion on the basis of logistic 
regression models is considered. In general, the estimation errors of small area 
proportion are on the similar level for similar small area sample sizes in case of 
small area samples drawn directly from the small areas and in case of small area 
samples which are subsets of population samples created from elements belonging 
to small areas (the different sampling designs are considered). Obtained results 
cannot be generalized (with respect to small number of experiment variants) but 
they confirm thesis that the estimation errors are similar for similar small area 
sample sizes (on the levels considered in the paper) and for different sampling 
designs.  

In empirical research we cannot determine the estimation errors in this way 
as in the conducted simulation experiments. In general, we often have only one 
sample and we do not know value of estimated parameter, so we apply other 
methods for estimation of errors. 

In presented analysis the one of estimation method of proportion for small 
area (but for different sampling designs) was considered. In statistical and 
econometric literature we can find different logistic regression models (see e.g. J. 
Wiśniewski (1986), K. Jajuga (1990)) and different methods of estimation of 
proportion for small areas with an application of logistic regression models (see 
e.g. J.N.K. Rao). Therefore a need arises to continue the conducted analysis. 
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Table 4. Values of estimation errors for proportion in case of simulation 
experiments for population C 

Sampling 
from whole population 

Sampling  
from each drawn small area 

PSWR PSWOR SSWR SSWOR PSWR PSWOR SSWR SSWOR 

 
Measure 

Population sample size: 4000 Small area sample size: 40 
DS2 0.0031 0.0030 0.0030 0.0031 0.0030 0.0030 0.0028 0.0028 

MIN1 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 
MAX1 0.0103 0.0090 0.0098 0.0095 0.0129 0.0088 0.0065 0.0060 
UDS2 0.0030 0.0029 0.0029 0.0029 0.0029 0.0029 0.0027 0.0027 
MIN2 0.0020 0.0020 0.0020 0.0020 0.0020 0.0021 0.0021 0.0021 
MAX2 0.0115 0.0104 0.0115 0.0096 0.0102 0.0090 0.0052 0.0061 

× Population sample size: 10000 Small area sample size: 100 
DS2 0.0027 0.0027 0.0027 0.0027 0.0027 0.0027 0.0027 0.0027 

MIN1 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 0.0024 
MAX1 0.0074 0.0048 0.0062 0.0056 0.0057 0.0055 0.0047 0.0068 
UDS2 0.0026 0.0025 0.0026 0.0025 0.0025 0.0025 0.0025 0.0025 
MIN2 0.0020 0.0020 0.0020 0.0020 0.0021 0.0020 0.0020 0.0020 
MAX2 0.0050 0.0046 0.0054 0.0053 0.0058 0.0043 0.0049 0.0057 

Source: Own calculations. 
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IMPACT OF DIFFERENT FACTORS ON RESEARCH 
IN SMALL AREA ESTIMATION IN POLAND1 

Jan Kordos2 

ABSTRACT 

The author considers the impact of different factors on small area 
estimation (SAE) research in Poland. He begins by distinguishing the impact 
on official statisticians and on academic statisticians separately. Four events 
which had a significant impact on SEA research in Poland are discussed: (i) 
Transition from a centrally planned economy to a marked-oriented economy; 
(ii)  International Scientific Conference on Small Area Statistics and Survey 
Designs held in Warsaw in 1992; (iii) International Conference on Small Area 
Estimation held in Riga, Latvia, in 1999, and (iv) the EURAREA project 
(2001—2004).  

The above mentioned events have had a significant impact on the 
following statistical activities in Poland: (i) extensive study of theory of SAE 
methods and  application of these methods in other countries; (ii) attempts of 
application of SAE methods in several fields; (ii) yearly country statistical 
conferences where SAE methods were presented; (iii) international 
conferences where Polish statisticians presented their contributions. 

The author describes here the following  fields in which SAE methods 
were used: a) estimation of some employment and unemployment 
characteristics by region and poviat (county); b) estimation of some 
characteristics of the smallest enterprises by region and poviat; c) application 
of Hierarchical Bayes method in estimation of unemployment by region and 
poviat; d) estimation of some agricultural characteristics by region and poviat 
using agricultural sample surveys and agricultural census data. In concluding 
remarks some aspects of future development are considered. 

Key words: Small area estimation, Official statistician, Academic 
statistician; Model-based estimation, Data quality, Labour force survey, 
Agricultural sample survey. 
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1. Introduction 

Considering the impact of different factors on research in small area 
estimation (SAE) in Poland, one should begin by distinguishing between official 
statisticians and academic statisticians. These two groups of statisticians have had 
different experience with SAE. In Poland, official statisticians, and mainly 
sampling statisticians, have had a permanent contact with the process of data 
collection and with different kind of users and their data requirements. In the 
previous economic system, i.e. before 1989, data for economic statistics were 
usually available from complete reporting and data for different breakdowns and 
domains were available. Some data for social statistics were generally obtained 
from sample surveys, such as family budget surveys, income surveys, time use 
surveys, health status surveys, etc. Sizes of samples were usually adequate for the 
country as a whole, but users required data by regions and different domains. In 
such cases official statisticians sometimes used various statistical methods to 
make assessment of required data. Very often they used simplified methods to 
assess required data, but sometimes these methods were quite complex. Data from 
different sources were used, and some models were constructed to get the 
required information. I would like to give several examples from my own 
experience later.  

Academic statisticians, mainly those teaching statistics and doing research, 
had different contact with data requirements and application of statistical methods 
to get the required information. Sometimes they used simplified methods to get 
required information for their own research (Paradysz, 1998). However, the most 
important factor for them was the change of economic system in 1989, and next 
the International Conference on SAE held in Warsaw in 1992, the Riga 
Conference on SAE in 1999, and the EURERERA Project. They started to study 
the theory of SAE methods and experiences in other countries (Bracha, 1994, 
1996; Domański, and Pruska, 2001; Golata, 2003; Kordos & Paradysz, 2000; 
Paradysz, 1998). Official statisticians took part in all these events, but their 
approach was more pragmatic. 

2. Assessment of required data for domains and small areas before 1989 

Historical review of SAE in Poland was presented at the Warsaw Conference 
in 1992 (Kalton et al., 1993; Kordos, 1994). Several Polish official statisticians 
participated in the assessment of required information from different fields. They 
usually used simplified methods to get the required information or constructed 
some models and sometimes they used more sophisticated methods to obtain the 
required data. First of all, I would like to mention J. Wojtyniak, who constructed 
such a model in 1938, using data from different sources (Wojtyniak, 1938). 
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Official statisticians at GUS1 have had the opportunity of consulting some 
more complex statistical problems with academic statisticians co-operating with a 
Mathematical Commission at GUS, which had a significant impact on application 
of statistical methods in official statistics. Usually they consulted sample designs 
and estimation methods for planned sample surveys. There were also some 
problems connected with small area estimation, but usually these problems were 
solved by sample allocation and application of simplified methods (Pawłowska, 
1969). 

However, as it was mentioned above, other statistical methods were also 
used to get the required data when size of sample was too small to obtain reliable 
estimates. For example, some estimates were required from household budget 
survey by voivodship but the sample size by voivodship was too small to get 
reliable estimates. In some cases special models were constructed using data not 
only from HBS but also from other sources, such as the population census, 
structure of wages by size, and insurance statistics (Kordos, 1959, 1963). 

2.1. The GUS Mathematical Commission 

The GUS Mathematical Commission was established in 1949, and was 
headed at the beginning by the GUS President, Prof. Stefan Szulc (1967). The 
Commission included academic statisticians from various universities in Poland 
and the GUS staff (about 15 members). At that time it was the only commission in 
Poland existing in the public administration, which dealt with the application of 
mathematical methods to the observation of economic and social phenomena. The 
Commission was twice consulted by Prof. J. Neyman (Fisz, 1950; Zasępa, 1958) 
regarding sampling methods in household budget survey, agricultural survey, 
speeding up processing of population census results. 

Although the Commission played mainly the advisory and opinion-making 
role, its particular members dealt with practical matters such as the preparation of 
the sampling design, sample size, estimation methods and estimation of sampling 
errors (GUS, 1979). A considerable number of papers presented at the GUS 
Commission were published in Polish statistical journals and in special 
monographs (see: GUS, 1969, 1971, 1979).  

3. Transition from a centrally planned economy to a market-oriented 
economy 

Gradual transformation of Polish statistics begun in 1989 i.e. with the change 
of the social and economic system. The official statistics was faced with new 
tasks and challenges, the implementation of which depended to a considerable 

                                                           
1 GUS –acronym for the Central Statistical Office of Poland. 
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degree on, among others, effective co-operation with the academic statisticians 
and economists.  

The experience under the previous system was useful only on a limited scope. 
New problems and tasks not known before to our official statistics emerged. 
Some of these problems are listed below: 
• use of administrative registers for statistical purposes, 
• integration of data from various sources, 
• development and implementation of registers of employers, 
• training of experts in the use of various international standards and 

classifications and adaptation of those classifications to the national conditions, 
• extension of sample surveys at a broader scale, especially in the economic 

statistics (estimation for small area, data quality, etc.),  
• extension of the methods compensating non-response (methods of weighting 

the results, imputations, model approach, simulation, etc.). 
In the period of transformation of statistics, in Poland as in other countries, 

there were considerable financial limitations, which certainly had an influence on 
the pace of transformation of statistics and the scope of co-operation with 
academic statisticians and economists. The shortage of highly qualified staff was 
a serious limitation. The previous statistical system which was based mainly on 
complete reporting, simple questionnaires and formal instructions, simplified 
tables and limited descriptive analysis in the majority of cases did not require 
modern methods of data collection, designing of sophisticated questionnaires and 
adequate training of the staff conducting surveys, sophisticated methods of 
control of in-field operations and at various stages of the implementation of 
statistical surveys  

Sampling statisticians at GUS realized that with the change in economic 
system from a centrally planned to market economy sampling methods would 
play an important role. Complete reporting in economic statistics stopped and 
some sample surveys began. They realised fully on advantages and drawbacks of 
sampling methods. Classical approach to sample surveys was not enough. We 
have read on new methods from literature. The first book I read on SAE methods 
was a publication of Platek et al (1987). I studied it with great interest and under 
its influence prepared an article on small area statistics in Polish and published in 
our Wiadomości Statystyczne (Kordos, 1991). I had the opportunity to discuss 
these problems with Director General of Eurostat, Mr. Y. Franchet. In conclusion, 
I suggested organizing an international conference in Warsaw devoted to small 
area estimation. Eurostat accepted the proposition and sponsored it financially, 
together with the Central Statistical Office of Poland and the Polish Statistical 
Association. 
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4. The International Scientific Conference on  Small Area Statistics 
and Survey Designs held in Warsaw in 1992  

Both Dr. Richard Platek from Statistics Canada and Prof. Graham Kalton 
played significant role in organization and preparation of the Conference. Dr. R. 
Platek was chairman of the Programme Committee, and Prof. G. Kalton at that 
time was President of the International Association of Survey Statisticians 
(IASS). The IASS, together with the GUS and the Polish Statistical Association 
organized the Conference. The most important experts in this field from different 
countries were invited. Altogether, 14 invited papers (2 from Poland) and 16 
contributed papers (6 from Poland) were presented. Out of 8 presented papers 
from Poland 6 papers were presented by official statisticians (J. Kordos, K. 
Latuch, L. Nowak, S. Szwałek & H. Zaremba, K. Świerch, and J. Witkowski), 
and 2 by academic statisticians (Cz. Bracha and B. Suchecki). Other Polish 
statisticians served as chairpersons of sessions or acted as invited discussants: 3 
official statisticians (A. Ochocki, A. Szarkowski and R. Zasępa) and 6 academic 
statisticians (B. Górecki, A. Kurzynowski, T. Panek, J. Podgórski, A. Szulc, W. 
Sadowski ). It is possible to draw the conclusion that during the 1992 Warsaw 
Conference the official statisticians from Poland  made major contribution to this 
conference.  

Proceedings of the Warsaw Conference were published in 1993 (Kalton et 
al.,1993) and selected papers in Statistics in Transition in 1994 (vol. 1, Number 
6). Polish statisticians, mainly academic, begun to study not only the papers 
presented at the Warsaw Conference but also those from other journals and books, 
and began to undertake their own research. Several papers were presented during 
the country conferences and some published in English (e.g. Paradysz, 1998). 
Results of these activities were shown at the Riga Conference. 

5. An International Conference on Small Area Estimation held in 
Riga, Latvia, in 1999 

After the Warsaw Conference three academic centres started intensive 
research in SAE, i.e. in Warsaw (Warsaw School of Economics), Poznań 
(University of Economics), and in Łódź (University of Łódź). Later other centres 
joined: in Katowice (University of Economics) and Gdansk (University of 
Gdansk). Results of the undertaken research were seen at the Riga 1999 
Conference.  

The Riga Conference was organized as a Satellite Conference of IASS by: 
IASS, Central Statistical Bureau of Latvia and University of Latvia. The 
Conference was sponsored by: Australian Bureau of Statistics, Central Statistical 
Bureau of Latvia, IASS, Ministry of Economy of Republic Latvia and University 
of Latvia. I served as a chairman of the Programme Committee. 
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One out of 15 invited papers and 6 out of 16 contributed papers were from 
Poland (Riga, 1999: invited paper: Kordos & Paradysz; contributed papers: P. 
Blazczak, G. Dehnel & G. Golata, J. Kubacki; K. Pruska, A. Witkowska and J. 
Wywial). From these three academic centers, Poznań University of Economics 
was the most active (3 papers). It is clear that the 1992 Warsaw Conference had a 
significant impact on the SAE research by academic statisticians in Poland. From 
the Riga International Conference (Riga, 1999) two sets of papers were published 
in Statistics in Transition (vol. 4, Number 4, 2000, and vol. 4, Number 5, 2000).  

There were a few attempts to apply SAE methods to measure the extent of 
unemployment, poverty and household structure and attempts to apply SAE 
methods in agriculture related surveys, also some books and articles have been 
published (Domański & Pruska, 2001; Golata, 2003; Kordos & Paradysz, 2000; 
Paradysz, 2001; Pekasiewicz & Pruska, 2002). 

6. The EURAREA project (2001—2004)  

Preparation for EURAREA project started in late 1999. Polish statisticians 
were invited to join the project. Preliminary programme of the project was 
discussed at the London Conference at the beginning of May 2000. As a 
representative of Poland, I participated in this Conference and was impressed by 
the programme of the Project and its methodology. To popularize the Project 
among Polish statisticians, I published an article on the purposes, technical and 
methodological aspects of the Project in Polish (Kordos, 2000). Finally, the team 
from Poznań University of Economics joined the Project with Prof. Jan Paradysz 
as a team leader. I co-operated with the team only in the first phase of the Project.  
Later I had my own programme focusing mainly on small area statistics and data 
quality, supervising several doctors’ thesis in SAE, and doing some own research. 
The EURAREA project, funded by the EU, was intended both for the research of 
technical aspects of SAE from survey data, and to provide Eurostat and European 
National Statistical Institutes with broad recommendations for statistical policy on 
SAE (Heady and Hennel, 2001; Heady and Ralphs, 2004). Therefore, the purpose 
of the EURAREA project was to investigate the performance of standard and 
innovative methods for SAE in the European context, and to provide advice to 
Eurostat, and to European National Statistical Institutes, on the appropriate use of 
SAE methods in the context of official statistics. The full range of results, 
including methodological findings, specimen programs and recommendations 
regarding statistical policy was published in the EURAREA project reference 
volume, and were made available on the project website (Heady and Ralphs, 
2004). These, and all of the SAS programs developed in EURAREA, are 
available for downloading from http://www.statistics.gov.uk/eurarea. We hope to 
use them in our future research. 
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6.1. The Polish contribution to the EURAREA project 

As it was mentioned above, the group from Poznan University of Economics 
joined the Project: Prof. Jan Paradysz, Dr. Grażyna. Dehnel, Dr. Elżbieta Golata 
and Dr. Tomasz. Klimanek. A number of reports were prepared by the Poznań 
team and some published in Statistics in Transition (Dehnel et al., 2004; Golata, 
2004). Several articles prepared by the Poznań team were published in Polish and 
presented during the country conferences devoted to regional statistics. Dr. E. 
Golata published in Polish a comprehensive monograph on indirect estimation of 
unemployment on local labour market (Golata, 2004) where SAE methods were 
used extensively. The report prepared for the EURAREA project by Dehnel, 
Golata and Klimanek and published also in Statistics in Transition (Dehnel et al., 
2004) was considered as an important contribution to the project (Heady, Ralphs, 
2006). Two papers prepared by the Poznan team were presented at the SAE2005 
Conference (Dehnel & Golata, 2006; Paradysz & Klimanek, 2006). 

For the purpose of the EURAREA validation program, a special database 
was set up. The Polish database — the so-called super-population labelled 
POLDATA — was created on the basis of three data sources: the 1995 Micro-
census, the 1995 Household Budget Survey and the Local Data Bank. POLDATA 
provided real information about the target variables and represents\ed as closely 
as possible the characteristic of Poland in 1995 with respect to the new 
administration division of the country, which was introduced in January 1999 
(Golata, 2004). 

7. Attempts of application of SAE methods in several fields 

After the Riga Conference (Riga, 1999) several attempts were made in 
Poland to apply various SAE methods in different fields. The contribution of the 
Poznan team was already mentioned. Here, I would like to mention briefly the 
application of SAE methods for estimating some characteristics related to 
employment and unemployment, small business, and agriculture by region, sub-
region and poviat (county) (NUTS2, NUTS 3 and NUTS4). 

7.1. Estimation of some employment and unemployment characteristics by 
region and poviat (county)  

Some interesting results of applying SAE methods for estimating some 
employment and unemployment characteristics by region, sub-region and poviat 
(county) for 1995—2002 using LFS results and the 2002 Population Census were 
obtained by Cz. Bracha, B. Lednicki and R. Wieczorkowski (Bracha et al, 2003). 
They used the Polish Labour Force Survey (PLFS) and the 2002 Census of 
Population and Housing (2002 CPH) for estimating some employment and 
unemployment characteristics in Poland in 1995—2002. The SAE methods were 
used to estimate these parameters by region, sub-region and poviat (NUTS2, 
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NUTS3 and NUTS4). The authors used direct, synthetic and composite 
estimators. The PLFS started in 1992 (Szarkowski and Witkowski, 1994), and 
was redesigned according to Eurostat requirements in the fourth quarter of 1999 
(Eurostat, 1998). Direct estimates were obtained from the PLFS in 1995—2002, 
and appropriate data from the 2002 CPH were used as auxiliary information. 
Efficiency analysis of direct, synthetic and composite estimators was conducted. 
The composite estimator was a combination of the direct and synthetic estimators 
with equal weights. This paper is in Polish, but the discussion of results obtained 
by the authors (Bracha et al, 2003) is presented in an article by Kubacki (2006). 

In the second paper by the same authors (Bracha et al., 2004), the composite 
estimator uses data from the PLFS 2003 together with data from administrative 
sources that are available on Polish Public Statistics web pages. They compare 
similar estimates that are based on Census 2002 data which may reveal usefulness 
census vs. administrative data.  

Interesting results are given in Kubacki (2006) paper. The author presents a 
synthetic review concerning methodology and results considered in Bracha et al. 
(2003, 2004) and some own results. The author discusses various methods of 
estimation together with evaluation of quality of such estimation related in 
particular with the type of auxiliary data used for “borrowing strength” and 
efficiency of initial estimates used in models (Kubacki, 2000, 2004). 

The author presents the application of Hierarchical Bayes (HB) methods to 
the estimates of unemployment size for small areas using the Polish Labour Force 
Survey (PLFS) and auxiliary information (Kubacki, 2004). The constructed 
model includes the data obtained from published results of PLFS for regions in 
Poland and 2002 Census data.  

7.2. Estimation of some characteristics in small business statistics 

The Central Statistical Office of Poland annually conducts some sample 
surveys generally designed to provide reliable direct estimates at the level of 
geographic regions and major domains (subgroups) of the population of interest, 
generally defined by economic activity and classes of size (defined by number of 
employees). Often sample direct estimates of small domains (e.g. defined at sub-
regional level for the enterprises of a given four-digit NACE economic activity) 
are likely to yield unacceptably large standard errors due to an unduly small 
sample size for the area.  

A sample survey of the smallest enterprises is carried out each year with 
sample size of about 5 percent. The research project started by the team involved 
in EURAREA under the leadership of J. Paradysz, trying to apply the SAE 
methods for estimates by region sub-region and poviat. Pseudo-population was 
created to study efficiency of different types SAE estimators. The same types of 
seven estimators were used as for the EURAREA project. Personal tax data were 
used as auxiliary information. Report of this research was published in Polish 
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(Paradysz, 2003). Besides, two papers were presented at the SAE2005 Conference 
and are included in this issue. 

The first paper (Paradysz & Klimanek, 2006) deals with a tentative 
application of the EURAREA approach to small business statistics in Poland. The 
study was aimed at accounting for and applying tax data for a more effective use 
of a sample survey of small businesses with up to 9 employees. To achieve this 
aim, several more specific objectives and tasks were set out: 
• identifying available sources of information about economic activities of small 

businesses (SP3 survey, Database of Statistical Units and tax register) and 
assessing the possibility of integrating them; 

• determining the applicability of indirect estimation methods in compliance with 
the standards developed within the EURAREA project; 

• analysing the precision of indirect estimates in comparison with traditional 
estimation techniques. 

After a thorough analysis, the authors proved that it is impossible to apply 
automatically the EURAREA approach to small business statistics due to marked 
differences between statistical unit distributions. The application of small domain 
estimation to small business statistics also needs more tax information over a 
longer period. 

The second paper (Dehnel & Golata, 2006) presents the first attempts to use 
administrative data sources and indirect estimation techniques to estimate basic 
economic information about small business in the joint cross-section of Polish 
Classification of Economic Activities PKD and voivodships. The study objective, 
specified as accounting for and applying tax data for a more effective use of a 
survey of small businesses with up to 9 employees, was understood in a twofold 
manner. First of all, it was the verification of the hypothesis concerning the 
possibility of improving estimation precision in studies available to date.  
Secondly, it was intended as a possible extension of estimation scope by joint 
distribution by voivodship and economic activity (PKD division). The basic 
economic information, for the aim of this study, was limited to employment and 
revenues. 

Results obtained in the study entitled the authors to draw the following 
conclusion. The application of indirect estimation to small business data requires 
considering the heterogeneity of its distribution. Nevertheless the results of the 
study present practical possibilities and benefits of adopting the techniques of 
small area estimation to small business data in Poland.  

These are the first results of an attempt to apply SAE methods in small 
business statistics. Research in this field is also going on in GUS with the co-
operation of the Poznan group involved in regional statistics. 
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7.3. Estimation of some agricultural characteristics by region and poviat 
using agricultural sample surveys and agricultural census data 

The first results of applying SAE methods on experimental basis in 
agriculture in Poland were published by Kordos and Paradysz (2000). They 
related to estimation of some numbers of livestock and area under selected crops 
in 1998 using direct estimates and empirical Bayes estimates by poviat. 

A much more comprehensive study was undertaken by Bartosińska (2005). 
Using direct estimates from agricultural sample surveys in 1998 and 2001, and 
respective data from the 1996 Census of Agriculture as auxiliary information, 
empirical Bayes estimate (EB) and hierarchical Bayes estimate (HB) were 
calculated and compared by poviats (NUTS4). 
The main purpose of the study was as follows: 
• Estimation of selected agricultural characteristics using agricultural sample 

survey and last Census of Agriculture by poviat (NUTS4) 
• Matching of selected holdings in the agricultural sample surveys (in 1998 and 

2001) with the 1996 Census of Agriculture (CA1996) 
• Use of characteristics from CA1996 as auxiliary variables 
• Application of unit-level and area-level in estimation procedure 
• Studying ecological effect 
• Suggesting estimation method for estimating selected characteristics (total and 

means) 

Main conclusions from the research: 
• It is possible to match holdings from the sample  with last census of 

agriculture; 
• Auxiliary data from last census can significantly improve estimates for small 

area (NUTS4) 
• It is possible to obtain quite different results from fitting the unit level 

regression model compared to the area-level regression model  
• It is advisable to fit a unit-and-area level equation whenever possible 
• EB estimation can be applied by NUTS4 
• More experiments are needed in this field 

A more comprehensive paper on results of this research is going to be 
published in our journal soon. 

8. National statistical conferences 

Some results of the EURAREA project and findings of the individual 
statisticians in the field of SAE were presented at the Polish statistical conferences 
and seminars. I would like to mention only the conferences organized at the 
country level. There are three such conferences devoted to: 
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• regional statistics organized by the Poznan University of Economics  
(by Prof. J. Paradysz and his team) 

• sampling methods organized by Katowice University of Economics  
(by Prof. J. Wywiał,) 

• multivariate statistical analysis organized by Lódź University  
(by Prof. Cz. Domański,) 

Some reports from these conferences were published in Statistics in 
Transition. 

9. International conferences and seminars 

There were several international conferences or seminars where Polish 
statisticians (official and academic) presented some papers on their findings in 
SAE. Some of them are mentioned below. 

1. At the ISI 54TH Session in Berlin, in August 2003, one of the invited 
papers meetings was devoted to Small Area Design and Estimation. I 
served as an organizer and chairman of this meeting, and E. Golata, 
presented an invited paper entitled “Attempts 

2. At the European Conference on Quality and Methodology in Official 
Statistics (Q2004), Germany, 2004, I presented a paper on some aspects 
of small area statistics and data quality (Kordos, 2005). 

3. During the seminar with Russian statisticians held in Warsaw, July 4—6, 
2005, the following issues connected with the EURAREA Project and 
SAE methods were presented and discussed (the statistician’s name is 
given in brackets): 

• Genesis, assumptions and implementation of  EURAREA Project 
(J. Kordos). 

• Synthetic results and conclusions from EURAREA Project (J. 
Paradysz). 

• Utilization of experiences from EURAREA Project  for estimation 
in small domains in small business  statistics (G. Dehnel). 

• Application of model approach of SAE for small business 
estimates (W. Niemiro). 

• Some simulation methods for small business estimates (T. 
Piasecki). 

• Some theoretical consideration for synthetic and composite 
estimators  
(J. Wesołowski). 

• Some aspects of sample allocation (R. Wieczorkowski). 
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At the SAE2005 Conference in Finland the following papers were presented 
from Poland:  

a) Invited papers:  
• J. Kordos, Impact of the EURAREA project on research In small area 

estimation In Poland; 
• J. Paradysz & T. Klimanek, Adaptation of EURAREA experience in 

business statistics In Poland. 

b) Contributed papers: 
• G. Dehnel & E. Golata;  Attempts to estimate basic information for small 

business in Poland; 
• M. Gamrot, Estimation of a domain mean under nonresponse using 

double sampling; 
•  K. Pruska, Logistic regression models In small area investigations; 
• T. Żądło, On Mean Square Error of EBLU Predictors based on the 

Formula of Royall’s BLU Predictor. 

10. Concluding remarks 

Presenting and discussing different factors and events, which have had major 
impact on development of SAE methods in Poland, I confined myself to the 
available documentation and facts. However, I realise that my presentation, 
comments, assessments and conclusions are subjective, and given from my point 
of view. Since I have been involved in Polish statistics for the last fifty years, I 
had an opportunity to take part in these events as an official statistician and partly 
as an academic statistician. I worked also at FAO and the World Bank as an 
expert and a consultant nearly eight years. Working abroad I always had some 
problems with SAE. 

During the last fifteen years in Poland we have been involved in SAE 
methods to some extent, first studying theory and practice of other countries, next 
trying to experiment with some methods in practice. This period reminds me of 
our involvement in sampling methods in the 60s and 70s. Even under different 
economic system we tried to introduce sampling methods in social statistics. First 
we were mainly involved in sampling errors, next non-sampling errors were 
investigated, and quality of statistical data. I think that we devoted too much time 
to sampling errors, neglecting different kind of non-sampling errors and data 
quality assessment. It seems to me that in last fifteen years we have been involved 
mainly in sampling aspects of SAE, neglecting other sources of errors. 

Last fifteen years of involvement in SAE methods may be treated as first 
phase of recognising philosophy and methodology. Usefulness of the SAE 
methods for official statisticians is very important. At present it is too early to 
apply these methods in official statistics at a larger scale. Additional research in 
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the field of SAE is needed. Also additional experiments with applying SAE 
methods in different fields are needed. In the future small area estimation should 
not be treated as a separate branch of official statistics but become integrated part 
of statistics system, with common philosophy and methodological foundation. 

Some positive development is observed in Polish official statistics regarding 
SAE methods. At GUS, in one of it’s divisions, a group of mathematicians has 
been set up which is deeply involved in SAE methods. Co-operation of regional 
statistics in Poznań group (prof. J. Paradysz) with appropriate divisions at GUS is 
becoming closer than before in the field of SAE methods.  
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EXACT DISTRIBUTION OF THE NATURAL  
ARPR ESTIMATOR IN SMALL SAMPLES FROM 

INFINITE POPULATIONS 

Ryszard Zieliński1 

ABSTRACT 

In the European Commision Eurostat document Doc. IPSE/65/04/EN 
page 11, the "at-risk-of-poverty rate" ARPR is defined as the fraction of 
persons in a given population with the equivalised disposable income smaller 
than p  percent 60=p of the q th population quantile ( 50.q = - the 
population median). A natural estimator of ARPR  is the fraction of persons 
in a sample with the income smaller than p  percent of the q th sample 
quantile. In the note we present the exact distribution of the estimator as well 
as the exact formulas for its expectation and its variance. Numerical examples 
illustrate the results for some population distributions. 

1. Introduction 

In the European Commision Eurostat document Doc. IPSE/65/04/EN page 
11, the “at-risk-of-poverty-rate” (ARPR ) is defined as follows. Let 

iINCEQ _ denote the equivalised disposable income of person i  and let 
iweight '  denote the weight of person .i  The “at-risk-of-poverty threshold” 

(ARPT) is calculated as 60% of calculated median value, i.e. 

MEDIANINCEQthresholdpovertyofriskAtARPT _%60==  
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Then the “at-risk-of-poverty-rate” is calculated as the percentage of persons 
(over the total population) with an equivalised disposable income below the at-
risk-of-poverty threshold (i.e. the equivalised disposable income of each person is 
compared with at-risk-of-poverty threshold). The cumulated weights of persons 
whose equivalised disposable income is below the at-risk-of-poverty threshold, is 
divided by the cumulated weights of the total population (i.e. sum of all the 
personal weights 
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A difficulty which arises is that what we are interested in is the population 
ARPT but what we are able to calculate is the sample ARPT, which may be 
considered as an estimate  

MEDIANSAMPLEINCEQARPT _%60=
∧

 

of the population ARTP. Then 
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The problem is to assess how the estimate is related to the population value 
of ARPR . The variance of the estimator is one of measures of concern, see for 
example Berger and Skinner (2003), Kovačevic and Binder (1997), or Deville 
(1999). In what follows we consider, in a theoretical setup, the exact distribution 
and the first two moments of (1); the exact formula for the variance we obtain as a 
special case. 

To get a general insight into the problem we consider the following 
theoretical model. Let X  be a positive random variable with an unknown 
continuous and strictly increasing distribution function F with 0)0( =F  and 

0)( >xF  for .0>x  The appropriate density function will be denoted by .f  Let 

nXXX ,...,, 21  be a random sample from the distribution .F  For some given 
)1,0(∈q  and ),1,0(∈α the problem is to estimate the fraction of the 

population below the q⋅⋅α th quantile of the distribution :F  

( ) { }.)()( 11 qFXPqFF F
−− ≤= αα  

In the original problem above 5.0=q  (the median) and .6.0=α  The natural 
estimator has the form  ,/ nKW =  where 
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{ } [ ] 1,: :: +=≤= nqMXXjK nMnjmax  

and )...(,...,, ::2:1::2:1 nnnnnnnn XXXXXX ≤≤≤  is the order statistic from the 

sample nXXX ,...,, 21 . Observe that both )).(F.(F 50160 −⋅  and  

[ ]{ } nXXj nnnj /6.0:max :12/: +⋅≤  are in full agreement with ARPR and its 

estimate (1), respectively. Below we construct the exact distribution of K as well 
as its expected value and the variance. Numerical examples accompanied by 
simulation results illustrate the solution for some interesting populations .F  

2. Exact distribution of K  from sample of size .n  

For a given integer )1( nMM ≤≤  and a real ( )1,0∈α  consider the 
following probabilities 

{ } ....,,2,1,:: MkXXPq nMnkk =≤= α                   (2) 

The distribution of K is given by the formula 

{ } ,1...,,1,0,1 −=−== + MkqqkKP kk            (3) 

ith 10 =q   and  .1=Mq  

If the sample nXXX ,...,, 21  comes from a distribution F with the density ,f  
then (2) is given by the formula (see for example David and Nagaraja 2003) 

( ) [ ]

( ) .)(1
)!()!1()!1(

!

)()()()()()(1
)!()!1()!1(

!

1
)(

0

1
1

0

11

duuvudvv
MnkMk

n

dxxfxFyFxFdyyfyF
MnkMk
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kM
v

k
Mn

kM
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k
Mn

k
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Ψ

−

−

−−

∞−

−

−∞

∞−

−−
−−−−

=

−−
−−−−

=

∫∫

∫∫
α

      (4) 

Here and further on, under a fixed α , 

( ).)()( 1 xFFx −=Ψ α  

The probability can be easily calculated by standard mathematical software. 
As an example, the following Table presents distributions of K  for some 
distributions F  and parameters 6,10 == Mn (the sample median), and 

6.0=α : 
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Here )1,0(U  is the standard uniform distribution on the interval 
( ) ( )ba,,1,0 Γ  is the Gamma distribution with shape parameter a  and scale 
parameter b , and ( )βPar  is the Pareto distribution with distribution function of 

the form ( ) β−+− 11 x . Observe that the distribution of K  significantly depends 
on the parent distribution F . 

3. Expected value of .K  

The value ( ))()( 1 qFFq −=Ψ α  to be estimated is the expected value of the 
random variable { })q(FX:jmax j

1−α≤ . The support of the random variable is 

{ }n...,,1,0  while our estimator is based on the random variable K  with support 
{ }1...,,1,0 −M . It appears however that the expectation )(KE  is “almost equal” 
to )(qΨ . By (3) we obtain 
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−

=

=−=
1
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MnkMk
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                                Distribution F 
)0.5()2.0()1,7()1,1()1,0( ParParU ΓΓ  

)(qΨ  0.3           0.340246     0.110860     0.448496     0.347735 

 P{K=0} 
P{K=1} 
P{K=2} 
P{K=3} 
P{K=4} 
P{K=5} 

0.0102     0.002965     0.256629     0.000058     0.002354 
0.0768     0.031549     0.381128     0.001218     0.026421 
0.2304     0.137365     0.250247     0.012107     0.122200 
0.3456     0.306838     0.091478     0.073911     0.292597 
0.2592     0.353044     0.018772     0.290790     0.365020 
0.0778     0.168239     0.001746     0.621916     0.191408 
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and eventually 

.)1()(
)!()!2(

!)(
1

0

2 dvvvv
MnM

nKE MnM −− −Ψ
−−

= ∫  

The expectation )(KE  is identical with the expectation of the function 
)(VΨ  of a random variable V  with the distribution ( )1,1 +−− MnMBeta  

and moments 

.
)1(

)1)(1()(,1)( 2 +
+−−

=
−

=
nn

MnMVVar
n

MVE                    (5) 

Denote )()( 1 xFxQ −=  and note that the first derivative of )(xQ  is 
( ))(/1)(' xQfxQ = . Then 

( )
( ))(

)()('
xQf

xQfx αα
=Ψ  

and 

( )
( ) ( ) ( ) ( )[ ].)()(')(')(

)(
)('' 3 xQfxQfxQfxQf

xQf
x ααα

α
−=Ψ  

Consider the Taylor series of the function )(xΨ  around the point qx = : 

...)()(''
2
1)()(')()( 2 +−Ψ+−Ψ+Ψ=Ψ qxqqxqqx  

Then 

...)()(''
2
1)()(')()()( 2 +−Ψ+−Ψ+Ψ=Ψ= qVqqVqqVEKE  

For [ ] 1+= nqM  we have 
[ ] [ ] [ ]( ) ...)(''

)1(
)(')()( 2 +Ψ

+
−

+Ψ⎟
⎠
⎞

⎜
⎝
⎛ −+Ψ= q

nn
nqnnqqq

n
nqqKE  

If nqM =  is  an integer then qVE =)( ,  )1/()1()( +−= nqqVVar ,  and 
( )1)()()( −++Ψ= noqbqKE F  

where 

1
)1()(''

2
1)(

+
−

Ψ=
n

qqqqbF  

is the main term of the bias of the estimator K , and )( 1−no  states for all terms of 
the order 1−n  or smaller. The values of )()1( qbn F+  for some distributions 
F and for 5.0=q , n  even (so that nq  is an integer), and for 6.0=α  are 
presented in the following Table 
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      F  )5.0()1( Fbn +  

)1,0(U   
)1,1(Γ   

      )1,7(Γ   
     )2.0(Par  
     )0.5(Par   

     0  
     07917.0  
     13001.0  
     03308.0  
     09094.0  

One can easily see that even for not very large n  the bias is rather small and 
that asymptotically the estimator is unbiased. 

4. The variance of .K  

For the factorial moment )1( −KEK  we have 
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The sum in the inner integral can be considered as the mean of the binomial 
distribution with parameters 2−M  and vu / , which equals vuM /)2( − , so 
that eventually 

.)1()(
)!()!3(

!)1( 3
1

0

2 dvvvv
MnM

nKEK MnM −− −Ψ
−−

=− ∫  

and the exact formula for the variance of K is 

( ).)(1)()1()(
)!()!3(

!)( 3
1

0

2 KEKEdvvvv
MnM

nKVar MnM −⋅+−Ψ
−−

= −−∫  

5. Numerical results 

In tables below we present numerical results for 5.0=q  (the median) and 
6.0=α ; these are parameters chosen by Eurostat. Samples of rather small sizes 

)100,50,10( =n  are treated. In parentheses simulation results are presented; all 
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simulations results are based on 410=sym  repetitions. The quantities 
)()()()(Re qbwEqqs FF −−Ψ=  illustrate how precise are estimators of 

nKW /=  and how precise is the first-order formula for the bias )(qbF . 
410,6.0,5.0,6,10 ===== symqMn α  

Distribution       U(0,1)              Γ(1,1)              Γ(7,1)            Par(0.2)           Par(5.0) 
Ψ(q)         0.3               0.340246        0.110860         0.448496         0.347735 
E(W) 
(sym) 

        0.3               0.348017        0.123987         0.451990         0.356573 
 (0.300640)        (0.348280)     (0.123900)       (0.451160)      (0.355960)  

√Var(W) 
(sym) 

   0.109545          0.104196        0.100605         0.069703         0.102940 
  (0.110189)       (0.103542)     (0.102004)      (0.069776)       (0.103143) 

)(qFb  

)(Re qFs  
         0                 0.007917        0.013001        0.003308          0.009094 
         0                -0.000146        0.000126        0.000186        -0.000256 

410,6.0,5.0,26,50 ===== symqMn α  

Distribution       U(0,1)            Γ(1,1)            Γ(7,1)          Par(0.2)         Par(5.0) 
Ψ(q)         0.3             0.340246      0.110860       0.448496       0.347735 
E(W) 
(sym) 

        0.3             0.341824     0.113466       0.449172       0.349545 
 (0.299608)      (0.341522)   (0.113692)     (0.449234)    (0.349344)  

√Var(W) 
(sym) 

  0.048900        0.047157      0.043811       0.032657       0.046761 
 (0.048598)      (0.046420)   (0.044425)    (0.032566)    (0.046032) 

)(qFb  

)(Re qFs  
         0               0.001583      0.002600       0.000662       0.001819 
         0             -0.000005      0.000006       0.000014      -0.000069 

410,6.0,5.0,51,100 ===== symqMn α  

Distribution       U(0,1)            Γ(1,1)            Γ(7,1)          Par(0.2)         Par(5.0) 
Ψ(q)         0.3             0.340246      0.110860       0.448496       0.347735 
E(W) 
(sym) 

        0.3             0.341036      0.112162       0.448831       0.348642 
 (0.300308)      (0.340489)   (0.112505)     (0.448700)    (0.348459)  

√Var(W) 
(sym) 

  0.034641         0.033392      0.030864       0.023231       0.033125 
 (0.034734)      (0.033389)   (0.031237)     (0.023242)    (0.033031) 

)(qFb  

)(Re qFs  

         0               0.000792      0.001300       0.000331       0.000909 
         0             -0.000002       0.000002       0.000004     -0.000002 
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MULTIVARIATE SAMPLE ALLOCATION:  
APPLICATION OF RANDOM SEARCH METHOD 

Marcin Kozak1 

ABSTRACT 

In the paper, a sample allocation between strata or domains is discussed. 
Sample localization has a big influence on a precision of estimation. In a 
univariate case, the sample allocation is quite satisfyingly described in many 
textbooks, on the contrary to a multivariate case. A random search method is 
proposed to be applied to allocate the sample. A convergence of the algorithm 
is presented using simulation studies for two artificial populations and real 
agricultural data. The application of the method is presented using data from a 
survey of micro enterprises (SP-3) conducted by the Central Statistical Office 
of Poland. 

Key words: Domains, Strata, Multivariate sample allocation. 

1. Introduction 

Stratified sampling is one of the most often used sampling schemes. 
Sample allocation between strata has a big influence on a precision of studied 
estimators. A stratum can be understood as a group of population elements 
fulfilling some requirements; quite often strata are formed by the so-called 
domains (cf. Särndal et al. 1992, Section 10). Then, stratified sampling is the 
scheme to be applied in an estimation process. 

A common problem is a choice of a method of a sample allocation. The 
allocation problem in the univariate case is quite satisfyingly described (see, e.g., 
Cochran 1977, Särndal et al. 1992, Bracha 1996). Kozak and Zieliński (2005) 
proposed a method of a sample allocation between domains and strata within the 
domains, (i.e., when the domains are grouped into the strata,) in three different 
survey types. In the multivariate case, several analytical and numerical methods 
were proposed (see, e.g., Greń 1964, 1966, Hartley 1965, Kokan and Khan 1967, 
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Wywiał 1988, 2003, Holmberg 2002). However, still none of the methods can be 
seen as the optimum one in all allocation problems. 

The aim of the paper is to present the usefulness of a random search method 
in sample allocation. Various multivariate allocation problems are described. A 
convergence of the algorithm will be presented using simulation studies for two 
artificial populations as well as for real agricultural data. The method will be 
applied for the data regarding the survey of micro enterprises (SP-3), conducted 
by the Central Statistical Office of Poland.  

2. Sample Allocation Problem  

Let us consider a population U consisting of N elements; the population U is 

subdivided into L )2( ≥L  strata or domains . , ..., , 11 UUUU L
h hL =
=Υ  Our aim 

is to estimate a population mean of k characters under study Xi, i=1,...,k. As 
usually, let us assume that allocation (auxiliary) variables are the same as the 
survey ones. In the paper, we will consider the mean value as a parameter of 
interest, unless we will mark the other case. Involving other parameters does not 
change the algorithm itself, just the formulas for the estimator and its variance or 
mean-square error change. 

We want to find an L-vector of sample sizes }, ,...,..., ,{ 1 Lh nnn=n  (where 

hn  is the sample size from the stratum h, h=1,..., L,) that minimize some function 
( )nf  under constraints  

 LhNn hh ,...,1for  ,2 =≤≤ ; nn
L

h
h =∑

=1
; ...                               (1) 

The function ( )nf  may get various forms, depending on a survey. In the 
univariate case it can be: 

( ) ,1
1

2
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nWf n  or                                                   (2) 
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hLhh n
S
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n

X
f n                                      (3) 

where Nh is the hth stratum size, Wh=Nh/N, Sh is the population standard deviation 
of the variable under study X restricted to the hth stratum, and hX  is the 
population mean of X in the hth stratum. 

The minimization of the function (2) leads to a minimum variance of an 
estimator of the population mean. Such allocation is called optimal and can be 
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obtained by means of the analytical formula proposed by Czuprow (1923) and 
Neyman (1934). Such sample sizes are real numbers that need rounding. 
However, it can make the allocation not optimal (Bracha 1996). Furthermore, in 
some cases, it can happen that a sample size from a particular stratum (or sample 
sizes from several strata) is larger than the stratum size (strata sizes); then the 
constraints (1) are not fulfilled. In such a case, one has to try some other 
procedure to localize the sample. Hereafter we will propose a random search 
method to be applied. I proposed its application to univariate stratification (Kozak 
2004), and now a similar algorithm we will apply for the multivariate sample 
allocation. 

The function (3) regards a situation in which we aim at precise estimation 
not only for the whole population, but also for domains. Such problem was 
considered for instance by Lednicki and Wesołowski (1994) or Kozak and 
Zieliński (2005). 

Consider a situation in which we are interested in precise estimation for the 
whole population, but also in getting a coefficient of variation of the mean 
estimator in some stratum l not larger than given cl. Then we can widen the 
constraints (1) for the function (2) with  

.11 2

l
l

l

l

l

l
c

n
S

N
n

x
≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−                                                        (4) 

In such an approach just one stratum, as in (4), or several strata can be 
involved. For instance, we can design the survey in which we are interested in 
getting the minimum cv of the estimator under study for the whole Poland, but we 
also require precise estimation for some large cities. 

Let us consider some examples of objective function that can be used in the 
multivariate case: 

( ) ,1max
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where 2
ihS  is the population variance of the variable under study Xi restricted to 

the hth stratum, and ihX  is the mean value of Xi in the hth stratum. 
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Vector n that minimizes the function (5) under constraints (1) leads to the 
allocation that minimizes the maximum variance of k estimators. Because we are 
interested in the coefficients of variation of the estimators mostly, i.e. 

( ) ,,...,1 ,1 kixMSExc iii == −  not in their variances, it is appropriately to use 
such an approach.  

We choose minimization of the function (7) when we are interested in 
precise estimation not only for the whole population but also for domains, i.e., in 
sections defined as domains × variables.  

Let us consider a following case. Suppose we are interested in minimization 
of the variance of the mean estimator for the variable X, i.e., the ( )n1f  function, 
but with additional constraint that the variance of the mean estimator for the 
variable Y will not be greater than given value 2

YD , i.e.  

.1
1
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2
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−

L

h
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h
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h

h
h D

n
S

N
nW                                           (8) 

In such a case, the constraints (1) for the function (2) has to be widened with 
the formula (8). In the constraint (8), we can use cv of the estimator instead of its 
variance. 

We have presented several problems of the sample allocation in a case of 
multi-parameter surveys. This presentation can be widened with some other 
examples. In a following section, a random search algorithm, as the useful tool in 
our problem, is proposed. 

3. The algorithm 

The algorithm is based on a random search algorithm presented by Kozak 
(2004). We will modify some of its aspects and adapt it to the sample allocation 
problem. 
1. Choose an initial point n.  

Usually it will be the L-vector consisting of the elements 

,,...1 , Lh
N

Nnn
h h

h
h =

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

∑
                                                  (9) 

i.e., the vector of rounded to integers sample sizes from the proportional 
allocation. Depending on the constraints (1), the initial point can be different; 
for instance, in a case of widening them with the constraints (8) – see section 2 
– the initial point should be the optimal allocation vector for the variable Y. 
Calculate the function value ( )nff = . 
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2. For Rr  ..., ,1 ,0= , repeat the following steps: 

Generate the point 'n  by randomly choosing two strata 1L  and 2L ; change the 
allocation in a following way: 

{ },, , ..., ,1for  

,

,

21
'

'

'

11

12

LLhLhnn

jnn

jnn

hh

LL

LL

≠==

−=

+=

                                     (10) 

where j is the random integer, 51 ≤≤ j . (The random propriety of j protects 
us against the algorithm stopping in a local minimum and makes the algorithm 
faster; the upper bound can be fixed depending on a population and a sample 
size; the proposed value is good enough even for large samples.)  
If the constraints (1) are fulfilled and ( ) ( ),' nn ff ≤  accept '1 nn =+r , else 

.1 nn =+r  

3. Finish the algorithm if the stopping rule is fulfilled, e.g., if ,Rr =  where R is 
a given number of steps. Take the vector n as the final allocation.  

4. Simulation studies on convergence of algorithm in univariate case  

With the aim of studying the convergence of the algorithm in the univariate 
case, two artificial populations U1 and U2 were generated. Their characteristics are 
given in Tables 1 and 2. The variances of studied variables were quite diverse 
between the strata.  

Table 1. Characteristics of artificial population 1U  

L 1 2 3 4 5 6 7 

Nh 500 2,000 200 2,000 300 3,000 2,000 

Sh 2.1 4.0 5.6 2.9 6.1 2.0 4.0 
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Table 2. Characteristics of artificial population U2 

L Nh Sh  L Nh Sh 
1 15,000 2.0  6 16,000 2.0 
2 2,000 4.0  7 20,000 3.0 
3 3,000 4.0  8 5,000 3.0 
4 20,000 3.0  9 5,000 3.0 
5 4,000 6.0  10 10,000 4.0 

Two samples, one of a sample fraction 1.0=f  and the second of 
25.0=f , were thousand times allocated between the strata of both populations. 

As a stopping rule, a theoretical test was used (Stachurski and Wierzbicki 2001), 
in which the algorithm finishes its work when the vector n of sample sizes is 
equal to the vector of the optimum sample sizes, and the function value reaches its 
minimum, i.e., 

( ) ( ),n̂n ff k =                                                          (11) 

where ( )kf n  is the value of the function ( )nf  in the step k, and ( )n̂f  is the 
value of the function ( )nf  in the global minimum point n̂ . 

The number of steps required to reaching the optimum point and number of 
effective steps were studied. The effective step is the step in which the vector n 
changes. The algorithm reached the optimal allocation in all cases. The results are 
presented in Table 3.  

Table 3. Results of simulation studies on the convergence of the random search 
method algorithm for artificial populations  

Population, sample 
fraction Average number of steps Average number of effective 

steps 
U1, f = 0.1 485 103 

U1, f = 0.25 817 248 
U2, f = 0.1 3,198 1,167 

U2, f = 0.25 5,311 2,026 

A similar study was carried out for data from the Agricultural Census 2002 
regarding cereals (variable X) and potatoes area (Y). The frame consisted of farms 
with the agricultural land larger than 2 ha. The population characteristics are 
presented in Table 4. The population (all farms in Poland) was subdivided into 
sixteen domains (voivodships). The samples of size 10,000 and 50,000 were 
allocated between the domains independently for each variable. Results are 
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presented in Table 5. Again, in all cases the algorithm reached the optimal 
allocation.  

Note that in spite of large number of steps (see Table 5), the algorithm did 
not need much time to reach the optimal allocation – in our studies, it was not 
more than few seconds.  

Table 4. Characteristics of farm population from Agricultural Census 2002 (X – 
cereals area, Y – potatoes area) 

Voivodship xhS  yhS  X  Y  hN  

02 926.4 112.9 587.7  47.8 54,401 
04 874.3 97.0   846.7  51.9 64,013 
06 488.0 48.2   448.3  40.8 170,496 
08 996.2 83.5   543.3  40.5 18,869 
10 464.1 98.4   438.6  69.0 128,429 
12 254.5 42.0   162.8  35.9 124,659 
14 515.4 72.1   422.9  51.0 223,677 
16 961.0 68.9   738.1  38.7 28,368 
18 258.4 43.2   166.5  37.2 119,769 
20 567.5 79.1  571.7  63.9 84,052 
22 968.1 93.3  702.2  63.2 38,899 
24 496.5 54.2 263.2  34.1 57,437 
26 339.1 47.5 277.0  44.0 90,688 
28 1,007.1 74.6 719.0  48.6 39,786 
30 810.3 119.0 771.5  58.9 107,931 
32 1,184.3 142.1 724.6  60.1 27,837 

Table 5. Results of the simulation studies on the convergence of the random 
search method algorithm for the farm population (see Tab. 4) 

Variable, sample 
size 

Average number of 
steps 

Average number  
of effective steps 

X, n=10,000 3,425 1,212 
X, n=50,000 14,311 5,974 
Y, n=10,000 7,584 3,248 
Y, n=50,000 13,897 5,768 
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5. Numerical example — survey of micro enterprises (SP-3) 

In the SP-3 survey, which is the important survey in the Central Statistical 
Office (CSO) of Poland, many parameters are estimated; especially it is the total 
turnover of enterprises, for certain domains (so-called NZ’s) defined by the 
industry classification (NACE). The precision for those domains should be 
approximately the same. In our example we will allocate the sample of size 
100,000 between NZ’s; let us assume that the total of two variables is to be 
estimated, i.e., the number of employees (X1) and enterprise total turnover (X2). 
Data originate from the 2002 CSO survey.  

Because the most important variable is the enterprise total turnover X2, we 
will allocate the sample in such a way that the objective function will be (4) with 
additional constraints that cv of the estimator of the population total for the 
variable X1 is not greater than 0.075 in each domain, i.e., 

77,...,1 ,075.01196.1
1

1
=≤− h

Nn
S

x hh
h

h
.                                (12) 

The results of such allocation are presented in Table 6. Maximal precision 
for number of employees, i.e., variable X2, was 0.192. The precision for number 
of employees was not greater than given 0.075. 

Table 6. Sample allocation between subpopulations in the survey of micro 
enterprises (NZ – subpopulation, X1 – number of employees, X2 – total 
turnover, cv – coefficient of variation for particular variable, c – 
precision of estimator of total value for particular variable) 

NZ NNZ nNZ 1Xcv  
2Xcv  

1Xc  
2Xc  

1 13,717    490 0.86 1.28 0.075 0.112 
2 1,127    390 0.93 1.58 0.075 0.127 
3 1,217    592 1.03 3.32 0.059 0.192 
4 14,345    568 0.78 2.38 0.063 0.192 
5 5,082   1,540 0.92 4.60 0.038 0.192 
6 20,039   1,161 1.08 3.43 0.060 0.192 
7 5,572   1,385 1.07 4.20 0.049 0.192 
8 20,739    657 1.00 2.43 0.075 0.183 
9 1,799    484 0.97 2.52 0.074 0.192 

10 16,009   1,457 0.97 3.92 0.047 0.192 
11 1,817    534 0.89 2.69 0.064 0.192 
12 7,695   1,389 0.94 4.03 0.045 0.192 
13 12,012    735 0.96 2.74 0.067 0.192 
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NZ NNZ nNZ 1Xcv  
2Xcv  

1Xc  
2Xc  

14 27,024    833 1.11 2.87 0.074 0.192 
15 11,510   2,029 1.11 4.86 0.044 0.192 
16 763    543 1.00 4.24 0.045 0.191 
17 3,922    825 1.00 3.16 0.060 0.192 
18 2,878   1,697 1.09 6.29 0.033 0.192 
19 10,815   2,121 0.96 5.03 0.036 0.192 
20 2,321    502 0.97 1.96 0.075 0.151 
21 21,992   1,231 0.99 3.53 0.054 0.192 
22 702    392 1.14 1.86 0.075 0.122 
23 1,175   1,122 0.85 15.35 0.011 0.190 
24 2,814    816 0.92 3.32 0.053 0.192 
25 80,702   2,098 1.06 4.54 0.045 0.192 
26 52,658    819 1.10 2.68 0.075 0.182 
27 37,129    800 0.88 2.80 0.061 0.192 
28 2,753    507 0.95 1.71 0.075 0.134 
29 20,811   2,403 1.01 5.10 0.038 0.192 
30 4,468    809 0.93 3.08 0.058 0.192 
31 11,614    879 0.84 3.02 0.053 0.192 
32 969    490 0.84 3.08 0.052 0.192 
33 382    272 0.92 3.00 0.059 0.192 
34 7,255    475 0.86 2.07 0.075 0.180 
35 5,603   1,201 0.84 3.82 0.042 0.192 
36 1,626    362 0.83 1.87 0.075 0.170 
37 18,820   1,935 0.93 4.54 0.039 0.192 
38 2,898    417 0.76 2.16 0.068 0.192 
39 40,734    762 0.87 2.73 0.061 0.192 
40 21,974   1,345 0.91 3.70 0.047 0.192 
41 4,041    409 0.74 2.09 0.068 0.192 
42 83,271    529 0.82 2.26 0.069 0.192 
43 37,405    433 0.80 1.97 0.075 0.185 
44 32,810    335 0.70 1.38 0.075 0.147 
45 15,090    295 0.66 1.02 0.075 0.115 
46 41,823    467 0.83 2.10 0.075 0.189 
47 16,837    378 0.75 1.64 0.075 0.164 
48 67,894    829 0.89 2.83 0.060 0.192 
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NZ NNZ nNZ 1Xcv  
2Xcv  

1Xc  
2Xc  

49 9,979   1,997 0.67 4.89 0.026 0.192 
50 155    130 0.98 2.73 0.068 0.190 
51 105,412   2,043 0.67 4.47 0.029 0.192 
52 41,455    908 0.90 2.98 0.058 0.192 
53 14,933   1,095 0.70 3.36 0.040 0.192 
54 16,458    429 0.80 1.42 0.075 0.133 
55 37,395    506 0.87 1.79 0.075 0.155 
56 7,501    802 0.86 2.93 0.056 0.192 
57 42,810     92 0.17 0.94 0.035 0.191 
58 86,050    793 1.08 2.57 0.075 0.178 
59 468    295 0.64 2.75 0.044 0.191 
60 10,674    918 0.94 3.10 0.058 0.192 
61 586    297 0.65 2.40 0.052 0.191 
62 1,497   1,305 1.04 9.84 0.020 0.191 
63 54,640  15,278 0.91 14.25 0.012 0.192 
64 20,612   2,625 0.92 5.37 0.033 0.192 
65 4,658   2,907 0.88 8.61 0.020 0.192 
66 23,811   1,156 1.02 3.41 0.057 0.192 
67 502    274 0.94 1.89 0.075 0.151 
68 211,178  12,506 1.07 11.28 0.018 0.192 
69 24,404    878 0.80 2.95 0.052 0.192 
70 19,774    803 0.90 2.83 0.061 0.192 
71 46,329   1,079 1.07 3.25 0.063 0.192 
72 17,494    436 0.81 1.41 0.075 0.131 
73 5,992    417 0.81 1.61 0.075 0.149 
74 853    378 1.00 1.55 0.075 0.116 
75 3,616    647 1.01 2.75 0.070 0.192 
76 22,344   5,401 0.89 8.26 0.021 0.192 
77 43,828    863 0.80 2.90 0.053 0.192 

6. Conclusion 

The random search method has been applied in many areas, in which 
numerical optimization has to be involved. In survey sampling, it has been used in 
univariate stratification (Niemiro 1999, Kozak 2004). In this paper, the random 
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search algorithm is applied to sample allocation between strata or domains. A 
convergence of the algorithm in the univariate case is proofed by means of the 
simulation studies. The example in the two-variate survey based on real data is 
presented.  

The algorithm is quite easy in implementation — I have used the R system 
(R Development Core Team 2004); however, other programming languages can 
be used either. The algorithm proofed to be fast and effective. It makes me to 
recommend it in practical surveys in which a sample allocation between strata or 
domains is involved. 
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REMARKS ON USING THE POLISH LFS DATA 
 AND SAE METHODS FOR UNEMPLOYMENT 

ESTIMATION BY COUNTY 

Jan Kubacki1 

ABSTRACT 

The author presents a synthetic overview of recent efforts related to the 
small area estimation methods applied to the Polish Labour Force Survey 
(PLFS). The review concerns methodology and results obtained by Central 
Statistical Office connected with PLFS and National Census and some results 
obtained by the author of this paper. In the paper author discusses various 
methods of estimation together with evaluation of quality of such estimation 
related in particular with type of auxiliary data used for “borrowing strength” 
and efficiency of initial estimates used in models.  

Key words: Small area estimation, labour force survey, model approach, 
Bayes estimation, quality of statistical data. 

1. Introduction 

The surveys, especially social surveys that are prepared by Polish Central 
Statistical Office are designed in such a manner that allows estimating of most 
parameters with accepted precision only at the national and (partially) regional 
level. However, mainly due to increasing demand of reliable data for small areas 
and also because of European Regulation No 577/98 (1998) on the organisation of 
a labour force sample survey, there is necessity to prepare the techniques of 
estimation that will be suitable to satisfy such needs.    

Recently in Polish official statistics some important improvements to the 
small area estimation methodology (in particular those concerned with Polish 
Labor Force Survey — PLFS) was made. This was connected with publishing the 
results of PLFS for areas smaller than regions (e.g. counties — poviats) together 
with publishing the results from the 2002 National Population Census (Bracha et 
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al. 2003) and the efforts connected with using the complex estimation methods 
(especially empirical and hierarchical Bayes estimation) which have to improve 
the quality of such estimation (Bracha et al, 2004). 

One should mention here, that apart from the attempts made by official 
statisticians, many results were obtained by Polish academic researchers, 
especially by the group from Poznan University of Economics, that participated in 
EURAREA project (Dehnel, Gołata, Klimanek 2004, and Gołata 2004) and also 
by University of Lodz (Pekasiewicz, Pruska 2002).  

Some results concerning the small area estimation methods were obtained by 
author of this work, which were presented at Conference on Small Area 
Estimation in Riga (Kubacki 1999), and also published later in extended version 
(Kubacki 2000). Also some results of application of the hierarchical Bayes 
estimation were published recently (Kubacki 2004). In this paper, the author 
presents the improvements of the results obtained by Bracha et al. (2003) using 
hierarchical Bayes estimation based on the model proposed earlier (Kubacki 
2004) and Polish Census data. This paper presents model for unemployment, 
which includes data from Polish 2002 Census, that make possible to obtain 
precise estimates of unemployment size for regions. In this paper also assessment 
of estimation quality based on different a priori estimates was presented.  

2. Brief description of PLFS design and estimation procedures 

The Polish Labour Force Survey was originally designed to meet the 
requirements of the ILO recommendations concerning the labour force surveys. It 
was conducted first time in May 1992 and until 3rd quarter 1999 its design 
remains unchanged. Both before and after 1999 the survey included all persons in 
the household aged 15 and over. The sample is constructed using two stage 
sampling scheme. At first stage the primary sampling units (PSU) were selected 
using Hartley-Rao with selection probability proportional to the number of the 
occupied flats in PSU. The secondary sampling units were selected using the 
simple random sampling scheme. Until changes in 1999 the PLFS was a quarterly 
survey.  

The sample was obtained using the rotation scheme i.e. in each quarter is a 
set of four, selected independently elementary samples, and in every quarter a 
partial exchange of elementary samples was performed. Here the following rule 
was used: at each quarter four elementary samples were used — two elementary 
samples, that were employed during last quarter, one new introduced elementary 
sample and one sample introduced the year before. More details can be found at 
Szarkowski and Witkowski paper (1994) and also in article by Kordos, Lednicki 
and Żyra (2002) 

Since the 4th quarter of 1999 the PLFS was re-designed. This was partially 
due to the changes in administrative division of Poland. The sampling scheme 
(selection of PSUs and SSU’s) was analogous as earlier, but sample allocation by 
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16 voivodships (regions) was changed. Such stratification was designed to get 
better precision of estimates by voivodship. The size of sample that represents 
each voivodhip was nearly proportional to the square root of number of dwellings 
in every voivodship. The rural-urban division within voivodship was also used 
here, mainly due to increase the precision for rural areas. Also, because of 
organizational purposes, in rural areas and small cities 8 dwelling, for cities 6-7 
dwelling and 5 dwelling for large cities in each PSU were selected. 

The estimation procedure used in PLFS is based on set of weights, that 
incorporate the universal weight F (the design weight), that is obtained from 
reciprocal of the selection probability, the secondary weight that regards the non 
interview factors, and the final weights, that uses the secondary weight and 
current population estimates.  

The design weight is obtained from the selection probability as follows: 

    
k

F
π
1

=                                                                (2.1) 

where πk is the selection probability for k-th class of locality. Next the realisation 
coefficients Rk are obtained using the following formula 
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and πj is the selection probability of the j-th dwelling, that belongs to k-th class of 
locality. Bk is the number of non-interviewed dwellings.  

So the secondary weight is F/Rk and final weight for person in the j-th 
dwelling, that belongs to l-th age-sex group and k-th class of locality is as follows  
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 and here Gl is the size of population based 

on the current demographic estimates and population estimates from PLFS using 
the following formula 
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3. Techniques of small area estimation applied to PLFS estimates 

To improve the quality of estimates for Polish LFS the Central Statistical 
Office undertook the research, which main goal was the selection the best 
estimation technique (also using model approach) of various parameters at the 
local scale. First attempts of such research were presented at International 
Scientific Conference “Small Area Statistics and Survey Designs”, organised in 
Warsaw in 1992. (see Kalton, Kordos,. and Platek, (1993)). The paper by Bracha 
(1994) was one of the first methodological studies of the small area estimation 
technique in Poland. Recently another two papers by Bracha, Lednicki and 
Wieczorkowski were published (2003,2004) and present the possibility of 
obtaining the estimates for smaller area than regions.  

In first paper, published in 2003, three types of estimators were used. First 
was an estimator that has similar form, than described above, second was the 
synthetic estimator, which has the following form: 

• for regions (voivodships) 

     xw = tfw                                                  (3.1) 

where fw is the contribution of particular variable for voivodshp w in the whole 
country, and t is estimator of that variable for the whole country 

• for counties (poviats) 

     xwp = tw fwp                                              (3.2) 
where fwp is the contribution (using Census 2002 data)  of particular variable for 
poviat p in the voivodship w, and tw is estimator of that variable for the 
voviodship w 

Third used form was the composite estimator proposed by Griffith’s (1996) 

   ( ) wpwpwpwpwp xvtvy −+= 1                                 (3.3) 

where vwp is weight for direct estimator for county p (in paper by Bracha et al. 
(2003) is equal 0.5) and xwp is the synthetic estimator for county p in region v. 
Such methods of estimation were applied with application of Census 2002 data, as 
a auxiliary variable. 

In second paper, published in 2004, apart from this three estimators 
presented above, the Bayesian approach was used. Here the empirical Bayes (EB) 
estimation and hierarchical Bayes (HB) estimation were applied to the estimates, 
that uses the direct estimator (similar to estimator used for the whole country). 
However, here — mainly because of precision of estimates — the estimates were 
prepared for the whole year, not for the quarter. Also, the results of estimates, that 
use the estimators having the form (2.1 — 2.3) were presented. 
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The basis for empirical Bayes estimates was regression model that uses data 
from unemployment registration and demographic estimates. Three dependent 
variables were estimated  
• number of employed persons  
• number of unemployed persons  
• number of non-active persons.  

In models the following exploratory variables were used  
• total size of registered unemployment (for particular level of aggregation) 
• current population estimates (for particular level of aggregation) 
• data about unemployment at the county (poviat) level 
• qualitative variable responsible for urban-rural factor 

The last two exploratory variables ware not present in models, where urban-
rural factor was considered.  

Such models, were prepared for poviats, that have more than 10 PSU were 
drawn in 2003 year. The model has the following form: 

   p
T
pp u+= bxθ̂                                           (3.4)  

where b is the unknown vector of regression coefficients, x represents the 
exploratory variables and up is random independent variable with distribution 
up~N(0,σu

2)  

The model (2.4) can be rewritten in matrix form as follows: 

   uXbΘ +=                                                (3.5) 
The b vector can be obtained from classic least-squares estimator, and has 

the form: 
    ΘXXXb ˆ)(ˆ 1 TT −=                                    (3.6) 

Using such estimates, and Bayesian inference, the empirical Bayes estimator 
has the following form: 

    pppp
EB
py θαθα ~)1(ˆ −+=                               (3.7) 

where  

• αp is constant chosen to minimize the MSE of estimator (3.7),  
• pθ̂  is estimator of parameter θp from the survey sample 

• bxT
p

ˆ~
=pθ  is the predictor of that parameter for the poviat p 

For empirical Bayes estimation the αp has the form 
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and pppu θθ ~ˆˆ 2 −=   

Method that uses hierarchical Bayes (HB) approach is based on assumption, 
that the prior distribution f(λ) of model parameters λ is known and the posterior 
distribution f(μ|λ) of small area parameters μ (which are the target of such 
inference) given the data y is obtained. The Bayes theorem used here is based on 
the following reasoning: 

Let us suppose, that the we must obtain the desired posterior density: 

λλμμ dff ∫= )|,()|( yy                           (3.11) 

Using Bayes inference we have: 

)(
)()|,()|,(

1 y
yy

f
fff λλμλμ =                      (3.12) 

where f1(y) is the marginal density of y and has the form: 

λλλ ddfff ∫= μμyy )()|,()(1                                      (3.13) 

In simple case, the posterior density can be obtained analytically, what is 
involved with numerical integration of the marginal density (2.13). However, in 
composite situation, such integration becomes intractable. Markov Chain Monte 
Carlo (MCMC) methods are often used in evaluating the target posterior density. 
Below are the assumptions of hierarchical model used by Bracha, Lednicki, 
Wieczorkowski (2004). 

   ))ˆ(ˆ,(~,,|ˆ 22
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uσ                                             (3.16) 

    ),(~2 baGu
−σ                                                            (3.17) 

where G denotes the Gamma distribution with shape parameter a and scale 
parameter b. This parameters are obviously unknown, and is assumed to be equal 
to a=b=0.001. Such assumption is made internally in WinBUGS software that was 
used to obtain the estimates using hierarchical Bayes method.  

4. Summary discussion of small area estimates obtained for PLFS 

For data from first paper (2003) the authors discussed the values for 
coefficient of variation (CV) and coefficient of consistency for small area 
estimators. The coefficient of variation was obtained using the bootstrap 
technique analogous to the method proposed by P.J.McCarthy and C.B.Snowden 
(1985). The coefficient of consistency for synthetic versus direct estimator was 
obtained using the following formula: 

    
ws

wsws
ws t

tx
z

−
=                                                          (4.1) 

where xws is obtained according to (3.1) and tws is the direct estimator. 

Similarly — for composite estimator 

    ws
ws

wsws
ws z

t
ty

u 5.0=
−

=                                           (4.2) 

where yws is obtained analogously to (3.3) and tws is the direct estimator. Because 
of the dependence uws=0.5  zws only the coefficient of consistency between direct 
and synthetic, and between composite and synthetic was investigated. 

In earlier the comparison of performance of different small area estimators 
was made. The distribution of CV’s (presented both in graphs and in deciles 
tables) show, that the synthetic estimator has the best precision, the composite 
estimator has the intermediate precision. The direct estimator, as it was expected, 
has the worst performance. Moreover, the efficiency of such estimates is better, 
when the considered small area was larger (for regions), what can be easily 
explained, since the sample size for regions is much larger than for counties. 
However, since of the bias of synthetic estimates, it is probably valid, that 
accuracy of composite estimator may be better, than for synthetic estimator. The 
distribution of CV’s for regions and subregions shows distinctively the right 
asymmetry, practically in every considered situation. 

The analysis of coefficient of consistency shows, that consistency of 
estimates is poor for unemployment estimates. It is mainly because the size of 
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such population is relatively small with comparison to other groups (working, and 
non-active persons). The distribution of such coefficient in all cases is almost 
symmetric (seldom shows right asymmetry). The concentration of consistency 
coefficients for synthetic versus composite distribution is larger than for synthetic 
versus direct, what means, that particular deciles is larger (mostly two times) for 
synthetic vs. composite than for synthetic versus direct. 

In both discussed papers (Bracha et al. (2003, 2004)) the results are 
presented for regions (voivodship), subregions and counties (poviats). However, 
the accuracy of results obtained using direct, synthetic and composite estimators 
is limited particularly because of not acceptable precision (like in case of direct 
estimator) or significant bias (in a case of synthetic estimator). Also, for some 
counties (poviats), there are no observed data, or (mostly for poviats, that has less 
than 10 PSU selected) there is too few data to make credible estimates of most 
parameters. Here the model approach can be applied, for example using empirical 
and hierarchical Bayes method.  

The quality of such estimates is connected with the size of particular unit 
(i.e. county) and also quality of used model. The results presented in second paper 
(published in 2004) reveals, that despite relatively better precision in most cases 
for EB estimates, than for direct estimates, the CV characteristics (most CV 
obtained for synthetic estimates is smaller than for EB estimator) are better for 
synthetic estimates. The distribution of CV shows strong right asymmetry, and 
almost 75% of values belong to the first two class intervals.  

The results of HB estimation shows, that the precision for such estimates has 
slightly less efficiency, than for EB estimators. Similarly — the distribution of 
estimates is highly skewed, with strong right asymmetry. However, as Bracha et 
al. (2004) pointed out, the characteristics of such estimates may depend on 
assumption of distribution type (and particularly — the parameters of such 
distribution), and also implementation of MCMC procedure used by software, 
that make the estimates. Author of this paper also confirmed such behavior. Using 
different initial parameters for model and a-priori estimates, that has different 
quality (for example — obtained using direct and synthetic estimation), it can be 
showed experimentally that such selection has significant impact on quality of 
estimates. Such estimates were done for counties in łódzkie region. The model 
uses PLFS 2003 estimates from the Bracha, et al. (2004) paper together with data 
from administrative sources, that is available at Polish Public Statistics web 
pages. It will be interesting to compare similar estimates that are based on Census 
2002 data, what may reveal usefulness census vs. administrative data. Such 
comparison may also reveal the accuracy of model, that uses Census explanatory 
variables and current data from administrative sources or statistical reports  

Below is presented the distribution of empirical and hierarchical Bayes 
estimates made by Bracha et .al (2004) 
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Figure 1. Distribution of coefficient of variation for PLFS estimates of number of 
unemployed using data from 2003 year estimated by empirical Bayes 
procedure 
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Figure 2. Distribution of coefficient of variation distribution for PLFS estimates 
of number of unemployed using data from 2003 year estimated by 
hierarchical Bayes procedure 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The results presented in Tables 1 and 2 concern the estimates of 
unemployment obtained using three different estimation methods. These results 
show, that – practically in every case, that the model approach effects better 
precision. However the comparison of empirical and hierarchical Bayes 
estimators is not straightforward. For most units, the HB approach is better, than 
EB approach, with exception for city of Łódź, where these relationships are 
different. Similar findings were presented in earlier work of author (Kubacki 
2004), however that results was based on different method of variance estimation, 
that uses random group technique, what may cause less stable variance estimate.  

The precision of estimates presented in Table 1 reveals relatively small 
variance values for model based estimates. However, still the question is valid, 
whether such approach reveals true nature of investigated population variability. 
These estimates may be helpful in situation, where size of the sample is relatively 
small, but if they will be used for describing the precision of survey, such 
assessment may be misleading. 
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Table 1. Comparison of unemployment estimates and theirs precision from PLFS 
using direct, empirical and hierarchical Bayes estimation for 
unemployment model using data from the 2003 PLFS for lodzkie 
voivodship (direct a priori estimates) 

Unemployment estimates from Coefficient of variation 
Direct est. EB est. HB est. Direct est EB est. HB est. County 

‘000 %% 
Bełchatów 11.8 11.7 11.2 13.8 10.9 11.1 
Brzeziny 0.8 1.5 2.2 63.7 28.8 15.7 
Kutno 7.0 8.4 9.1 24.4 13.1 8.9 
Łask 8.7 5.9 4.3 36.8 12.6 7.0 
Łęczyca 5.4 4.3 3.2 21.5 14.5 11.8 
Łowicz 6.1 6.5 6.4 23.5 12.6 8.3 
Łódź-wschód 6.3 6.8 6.0 18.7 8.0 5.1 
Opoczno 13.0 12.2 10.9 25.9 10.3 7.2 
Pabianice 11.2 12.7 11.5 17.9 6.4 5.4 
Pajęczno 9.1 4.8 3.5 16.4 11.1 9.0 
Piotrków 6.3 6.7 7.0 25.1 13.8 9.4 
Poddębice 2.6 4.3 3.5 49 16.3 9.3 
Radomsko 11.7 12.0 11.8 16.1 7.0 5.9 
Rawa Maz. 2.2 3.3 3.0 38.9 15.8 9.7 
Sieradz 4.8 6.5 8.4 43.5 18.8 10.2 
Skierniewice 2.0 2.4 1.7 35.5 23.3 21.9 
Tomaszów M. 11.0 11.0 10.9 16.7 9.0 7.2 
Wieluń 6.4 5.1 4.7 27.3 15.8 10.6 
Wieruszów 5.8 3.5 2.0 25.8 17.9 15.2 
Zduńska Wola 6.0 3.4 2.6 38.3 18.2 14.3 
Zgierz 20.1 18.8 18.1 12.9 6.6 5.4 
City of Łódź 66.0 65.8 65.5 8.4 3.2 7.6 
City of Piotrków 
Trybunalski 2.6 2.8 2.8 24.8 20.9 17.2 
City of 
Skierniewice 2.3 3.6 3.0 51.4 21.1 15.4 

Source: own  calculations. 

The more detail analysis of results presented above, shows also, that there is 
a dependency between the size of region (measured by size of the working 
population) and value of variance reduction. Such dependency was also found for 
data from Table 1, where positive reduction of variance for EB method relative to 
HB method was observed for City of Łódź. Such result, however, may not be the 
rule. It can be treated as a research proposal and analyzing that dependence may 
reveal the nature of both empirical and hierarchical estimators. 
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Figure 3. Coefficient of variation for PLFS estimates of number of unemployed 
using data from 2003 year for counties in łódzkie region obtained using 
direct, empirical Bayes (EB) and hierarchical Bayes (HB) estimator 

 
 

 

 

 

 

 

 

 

 

 
 
 
 

Table 2. Coefficient of variation reduction )( EBHB CVCV − / EBCV  for estimates 
using empirical (EB) and hierarchical (HB) Bayes estimation 

Coefficient of variation  Coefficient of 
variation reduction 

direct 
estimator 

EB 
estimator  

HB 
estimator EBEBHB CVCVCV /)( . −  

 
 

Region (voivodship) 

% % 
Dolnośląskie 6.0 2,7 2,6 -3,8 
Kujawsko-pomorskie 6.9 2,2 2,0 -9,1 
Lubelskie 7.4 3,9 3,0 -23,1 
Lubuskie 7.2 4,1 3,4 -17,1 
Łódzkie 5.7 2,9 2,8 -3,5 
Małopolskie 7.0 3,3 3,5 6,1 
Mazowieckie 7.8 3 4,2 40,0 
Opolskie 9.6 8,2 7,0 -14,7 
Podkarpackie 6.6 3,1 3,0 -3,3 
Podlaskie 10.9 6,7 4,5 -32,9 
Pomorskie 7.3 2,8 2,3 -17,9 
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Coefficient of variation  Coefficient of 
variation reduction 

direct 
estimator 

EB 
estimator  

HB 
estimator EBEBHB CVCVCV /)( . −  

 
 

Region (voivodship) 

% % 
Śląskie 5.8 3 3,8 26,7 
Świętokrzyskie 8.2 3,8 2,8 -26,4 
Warmińsko-mazursk. 7.3 3,2 2,9 -9,4 
Wielkopolskie 6.8 3,2 3,5 9,4 
Zachodnio-pomor. 6.3 3 2,7 -10 

Figure 4. Dependency of coefficient of variation on size of region population for 
LFS estimates of number of unemployed using data from 4th quarter 
2002 year for polish regions obtained using direct, empirical Bayes 
(EB) and hierarchical Bayes (HB) estimator 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

It can be mentioned also here, that the comparison of that two methods is not 
obvious. Such conclusion can be found for example in recent Sinha and Ghosh 
(2004) paper, that was presented at Ims/Asa’s Srms Joint Mini Meeting on 
Current Trends in Survey Sampling and Official Statistics organized between 1 
and 3 January, 2004 in Calcutta, India. Similar comparison also can be found in 
Ghosh and Rao (1994) paper. 
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The comparison of model for regions, that uses Census 2002 results, shows 
that, in the situation where precision, for the whole model is better, the EB 
estimates is slightly more precise, especially for larger regions. This is presented 
in table below 

5.Conclusions 

The evaluation of different methods of small area estimation reveals, that 
model approach applied to direct estimates may allow obtain more precise 
estimates. Even, when initial characteristics of estimates isn’t satisfied, using 
properly constructed model and reliable auxiliary data may make possible to 
obtain precise and conform estimates. 

The authors of results discussed here (Bracha et al. 2004) suggest that two 
types of estimators for small area may be accepted. First, it can be composite 
estimator that has form proposed by Griffiths. Second, it can be empirical Bayes 
estimator that (as it was shown experimentally) has better statistical performance, 
than other model based methods. 

As it was pointed out by Bracha et al. the method of estimation used actually 
in PLFS is useful for parameters related to the whole country but it is not 
adequate for estimation of parameters for lower aggregate level (especially for 
counties). According to this the authors suggests the following solutions 
• modification of procedure of obtaining the response rate, which is used in 

constructing of weights 
• using demographic data related to sex and age group for region estimates 

(according to the Eurostat recommendation) 
• application of synthetic estimates to disaggregate the estimates at the region 

and county level 
• application of Bayesian methods for counties 

However when initial model has good statistical characteristics, the quality 
of estimates using both empirical and hierarchical gives relatively similar 
precision and accuracy results. The quality of such estimation also depends on 
selection of the a priori estimates, what is consistent with results obtained for 
PLFS data from 2003 year using different methods of initial estimates.  

Further examination of EB and HB models (for example for counties for the 
whole country) may explain further statistical properties of such approach. Also, 
the estimation of other parameters obtained for PLFS and construction of model 
of such parameters may be interesting, partially because of the observed 
dependency on quality of the a priori estimates.          

 



STATISTICS IN TRANSITION, March  2006                                                             

 

915 

REFERENCES 

BRACHA C. (1994), Methodological Aspects of Small Area Research (in Polish). 
series "Z Prac Zakładu Badań Statystyczno-Ekonomicznych". GUS, 
Warsaw. 

BRACHA, Cz., LEDNICKI, B., WIECZORKOWSKI R. (2003). Data Estimation 
from Polish Labour Force Survey for counties in 1995—2002. (in Polish) 
GUS, Warszawa  

BRACHA, Cz., LEDNICKI, B., Wieczorkowski, R. (2004), Application of 
complex estimation methods to the disagregation of data from Polish Labour 
Force Survey in 2003. GUS, Warszawa, Z Prac Zakładu Badań 
Statystyczno-Ekonomicznych, Zeszyt 299  

COUNCIL REGULATION (EC) No 577/98 (1998) on the organisation of a 
labour force sample survey in the Community 

DEHNEL, G., GOŁATA, E., KLIMANEK, T., (2004) Consideration of Optimal 
Sample Design for Small Area Estimation, Statistics in Transition, Vol. 6, 
No. 5, pp. 725—754 

GHOSH, M., RAO, J.N.K. (1994) Small Area Estimation: An Apprisal, Statistical 
Science, 9, no 1, pp. 55—93 

GOŁATA, E., (2004) Problems of Estimating Unemployment for Small Domains 
in Poland, Statistics in Transition, Vol. 6, No. 5, pp. 755—776. 

GRIFFITHS, R. (1996): Current population survey small area estimation for 
congressional districts. Proceeding of the Section On Survey Research 
Method. American Statistical Association, STR 314—319. 

KALTON, G., KORDOS, J. AND PLATEK, R. (1993). Small Area Statistics and 
Survey Designs, Vol. I: Invited Papers; Vol. II: Contributed Papers and 
Panel Discussion. Central Statistical Office, Warsaw. 

KORDOS J., LEDNICKI B., ŹYRA M. (2002) The Household Sample Surveys 
in Poland, Statistics in Transition, 5, 4, 555—590. 

KUBACKI, J. (1999) Evaluation of Some Small Area Methods for Polish Labour 
Force Survey in One Region of Poland, Proceedings of the IASS Satelite 
Conference on Small Area Estimation, Riga, Latvia, 245—249. 

KUBACKI, J. (2000) Some Small Area Estimation Methods for Polish Labour 
Force Survey in One Region of Poland, Statistics in Transition, 4, 5, 769—
777. 



916                                                            J.Kubacki: Remarks on Using the Polish LFS… 

 

 

KUBACKI, J. (2004) Application Of The Hierarchical Bayes Estimation To 
The Polish Labour Force Survey, Statistics in Transition, Vol. 6, No. 5, 
pp. 785—796. 

MCCARTHY, P.J. AND SNOWDEN, C.B. (1985) The bootstrap And Finite 
Population Sampling. Vital and Health Statistics, pp. 2-95, Public Health 
Service Publication 85-1369, U.S. Government Printing Office, Washington 
DC 

PEKASIEWICZ., D., PRUSKA K., (2002) Analysis of Distribution of Some 
Estimators in Small Area Statistics, Folia Oeconomica, 156, pp. 91—111 

SINHA, K., GHOSH, M., (2004) Empirical and Hierarchical Bayes Estimation in 
Finite Sampling Under Measurement Error Models, Ims/Asa’s Srms Joint 
Mini Meeting on Current Trends in Survey Sampling and Official Statistics, 
1 and 3 January, 2004 at Calcutta, India (http://www.jpsm.umd.edu/ims/ ). 

SZARKOWSKI A., WITKOWSKI J. (1994), The Polish Labour Force Survey, 
Statistics in Transition, 1, 4, pp. 467—483. 

 



STATISTICS IN TRANSITION, March 2006   
Vol. 7, No. 4, pp. 917—928 

COMPARISONS OF THREE PRODUCT-TYPE  
OF ESTIMATORS IN SMALL SAMPLE1 

Arun K. Singh2, Lakshmi N. Upadhyaya3  
and Housila P. Singh4 

ABSTRACT 

In this paper we have proposed a class of unbiased product-type 
estimators for estimating the population mean Y  of the study variate y  using 
auxiliary variate x  in single phase sampling. Expressions for the bias and 
mean square error of the proposed class of estimators have been derived in 
small sample assuming a linear model, and its exact efficiency compared with 
the usual unbiased estimator y , conventional product estimator py  and 

unbiased jack-knife product estimator pjy . Minimum mean square error of 

the proposed class of estimators has been derived, Here, to simplify the 
discussion, we have confined ourselves to simple random sampling and 
assumed the population size to be infinite. 

Key words: Auxiliary variable, unbiased, mean-squared error, product-
type estimator, relative efficiency. 

1. Introduction 

It is well known that the product method of estimation is quite effective 
when the correlation between study varite y  and auxiliary variate x  is negative 
(high). Let ),( ii xy  ) ..., 2, ,1  ( ni = denote observations on the variate ( ) , xy  from 

a simple random sample of size n  and let y  and x  denote the sample means. 
                                                           
1 This paper was presented in 57th Annual Conference of Indian Society of Agricultural Statistic at 

G.B. Pant University of Agriculture and Technology, Pant Nagar during February 2—9, 2004. 
2 SASRD, Nagaland University, Medziphema-797 106. Nagaland. India. 
3 Department of Applied Mathematics, Indian School of Mines, Dhanbad-826 004. Jharkhand. 

India. 
4 School of Studies in Statistics, Vikram University, Ujjain-456 010. Madhya Pradesh. India. 
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Assuming the population mean X  of the auxiliary varite x  to be known, we 
define the well known product estimator for Y  as 

py  = )/( Xxy                                       (1.1) 

In large sample, to the first degree of approximation, it is known that py  is 

better than the sample mean y  when )/( xy CCρ < − (1/2), where ρ  is the 

correlation coefficient between y  and x , xC  and yC  are the coefficients of 
variation of x  and y  respectively. A method of reducing the bias in an estimator 
was first introduced by Quenouille (1956), which was named as the Jack-Knife 
method by Tuckey (1958). Let the sample of size n  be split randomly into two 
sub-groups each of size 2/n . Then we define the unbiased product-type 
estimator for Y  as 

pjy  = )/p( * X                                        (1.2) 

where )]p(p (1/2)-p2[p 21
* += , p = xy , ii xy=ip ( 2 ,1=i ) and 

)2 ,1 , ,( =ixy ii are the i-th sub-sample means of y and x  respectively. 

2. The suggested class of unbiased estimators  

In this paper, we have considered a linear combination of unbiased estimator 
y  and jack-knife estimator pjy  and proposed a class of estimators for the 

population mean as 

ay  = (1-w) y  + w pjy ; 0 < w < 1                         (2.1) 
where w is a constant weight to be determined suitably. 

To derive the bias and mean square error of the proposed class of estimators, 
we consider Durbin’s linear model, which is of the form 
  iy  = α + β ix  + iu  ;  β < 0  

  E )u( ii x  = 0 

  E )uu( jiji xx  = 0  for ji ≠  

  E )u( 2
ii x  = γ n  

where γ  is a non random quantity of order 1−n  and nxi /  has a Gamma 
distribution with the parameter h. 

Recently, considerable attention has been given for the construction of ratio-
type estimators in small sample survey. However, not much is known about the 
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exact efficiency of product estimators in small samples. Therefore, we have 
considered the exact efficiency of product estimators assuming a linear model. It 
is to be mentioned that the model (2.2) has been earlier used by Durbin (1959), 
Rao and Webster (1966), Rao (1981), Chakraborty (1973, 1979), Singh and Singh 
(1999) and others. 

Under the model the (2.2) the bias and mean-squared error of the proposed 
class of estimators ay  can be expressed as 

  B( ay ) = E( ay - Y ) = 0                          (2.3) 

and   MSE( ay ) = [ ] 22-1  wm α  + [ ] 222 w)-mw(141)wm(4w)-m(1 β+++  

            + 2 [ ]αβ w)-w(1w2 2 +  

 + [ ]γ w)-w(12 w2)m(mw)1( 2-12 +++−      (2.4) 

Putting w = 0 and w = 1 in (2.4) the mean-squared error of the estimators y  and 

pjy  can be obtained as 

  MSE( y ) = [ ]γβ +2 m                          (2.5) 

and MSE( pjy ) = [ ]γβαβα 2)m(m  4 1)m(4m -122-1 +++++        (2.6) 

We can write mean-squared error of the estimator py , under the model (2.2), as 

MSE( py ) = [ ]  1)(m   1)m(46)11mm4(m 222-1 γβαβα +++++++  (2.7) 

The MSE of the estimator ay  is minimum for 

w = optw  = - [ ]) m( βαβ + [ ] 1-122-1  m 2   2 4)m(m −++++ γβαβα    (2.8) 
with minimum MSE as 
min. MSE ( ay ) = [ ]2mβδ +  - 

 [ ]2

)m( βαβ + [ ] 1-122-1  m 2   2 4)m(m −++++ γβαβα                           (2.9) 
 In terms of the model (2.2) the values of α, β and γ can be expressed as function of 

,Y m, K and ρ  as 

  α = Y (K- )ρ -1K  

β = Y ρ -1K) m(  
and  

γ = 
2

Y (1- )2ρ -12 )K m(  
where  K = yx CC / . 
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The MSE’s of the estimators considered here are quite intricate. In order to 
have tangible ideas about the behaviour of the suggested estimators we have 
computed the relative efficiencies, in percent, of the estimators py , pjy  and ay  

with respect to sample mean y  from the following: 

REF( py , y )  = pe  = [ ] 100    )MSE(/)MSE( ×pyy , 

REF( pjy , y )   = pje   = [ ] 100    )MSE(/)MSE( ×pjyy , 

and   REF( ay , y )   = ae   = [ ] 100    )MSE(/)MSE( ×ayy  
for selected values of ρ , m, K and w and compiled in Tables 1 to 6. However it 
may be noted that the optimum values of w have been indicated in the brackets in 
Table 6. 

3. Recommendations 

The results of the Tables 1 to 6 may be summarized as follows: 
(i) For w = 0.25, 0.50 and 0.75 and fixed K, the efficiency of the 

proposed class of estimators ay  monotonically increases as m and ρ  

increase. For small values of m, the efficiency of ay  increases 
rapidly but when m becomes large (m≥  32) the increase in the 
efficiency is slow. 

(ii) The efficiency attains stability for fixed values of K, large values of 
m(≥  32)  and for high correlation. 

(iii) The proposed class of estimators ay  is found to be more efficient 

than the simple mean estimator y  except only when 
for w = 0.25 

(a) 1.5 ≤  K ≤  2.0, ρ  ≤  - 0.2 and m ≤  8 
(b) K = 2, ρ  = - 0.2 and m ≥  16, 

for w = 0.5 
(a) 0.50 ≤  K ≤  2.0, ρ  ≤  - 0.2 and  8≤  m ≤  32 
(b) K ≥  2,  - 0.4 ≤  ρ  ≤  - 0.5 and 8 ≤  m ≤  32 

and for w = 0.75 
(a) 0.50 ≤  K ≤  2.0, ρ  ≤  - 0.4 and  8 ≤  m ≤  32 
(b) K ≥  1.5,  ρ  = - 0.5 and 8 ≤  m ≤  32 
(c) K≥  2, 0.7 -  ≥ρ  and 8 ≤  m ≤  32. 

 



STATISTICS IN TRANSITION, March 2006                                                             

 

921 

(iv) From Tables 1 and 4, we observe that for w = 0.25, the proposed 
class of estimators ay  beats our usual product estimator py  except 
only when 
(a) K =1,  ρ  = - 0.9   (b) K ≥  1,  0.7 -  ≥ρ   and  16 ≤  m ≤  32 

(v) From Tables 2 and 4, we conclude that for w = 0.50, the proposed 
class of estimators ay  is found to be more efficient than the usual 

product estimator py  except only when 
(a) K ≤  0.50,  ρ  ≥  - 0.5  and   16 ≤  m ≤  32 
(b) K =1,   ρ  ≥  - 0.9  and  m ≥  32. 

(vi) From Tables 3 and 4, it can be seen that for fixed value of w = 0.75, 
the proposed class of estimators ay  is superior than the usual product 

estimator py  except only when 
K ≤  0.50,  ρ  ≥  - 0.5  and   16 ≤  m ≤32. 

(vii) From Tables 1 and 5, we observe that for w = 0.25, ay  is superior 

than the estimator pjy  except only when 
(a) K ≤  0.50,  ρ  ≥  - 0.5  and   16 ≤  m ≤  20 
(b) K = 1.0,   ρ  = - 0.9   and  m ≥  16 
(c) K≤  0.50,  0.7 -  ≥ρ    and  m ≥  32 

(viii) From Tables 2, 3 and 5, it can be observed that the proposed class of 
estimators ay  is more efficient than the estimator pjy   
for w = 0.50  and  K≤  0.50,  0.7 -  ≥ρ   and  m ≥  16 
for w = 0.75  and  K≤  0.50,  0.7 -  ≥ρ   and  m ≥  20. 

(ix) From Tables 4, 5 and 6 it can be seen that the proposed class of 
estimators ay , under the optimum condition, is more efficient than 

the usual estimator y , product estimator py  and the unbiased jack-

knife product estimator pjy . 
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Table 1. The exact relative efficiency (in percent) of the estimator ay  when  
w = 0.25 for selected values of m, K and ρ  

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 101.85 107.09 109.87 115.75 118.87 
1.00 102.17 113.55 120.19 135.91 145.32 
1.50   99.32 116.45 127.36 156.32 176.60 

 
 
 
m =8 

2.00   93.79 115.19 129.95 174.43 210.25 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 102.69 108.15 110.06 117.33 120.71 
1.00 103.03 114.74 121.62 138.09 148.07 
1.50 100.13 117.69 128.97 159.42 180.69 

 
 
 
m =16 

2.00   94.15 116.41 131.62 178.05 216.07 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 102.87 108.36 111.30 117.65 121.08 
1.00 103.19 114.97 121.90 138.54 148.64 
1.50 100.29 117.94 129.29 160.02 181.53 

 
 
 
m =20 

2.00   94.65 116.65 131.96 178.79 217.27 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 103.13 108.68 111.67 118.14 121.64 
1.00 103.46 115.34 122.34 139.21 149.49 
1.50 100.53 118.32 129.78 160.92 182.81 

 
 
 
m =32 

2.00   94.87 117.02 132.47 179.91 220.10 
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Table 2. The exact relative efficiency (in percent) of the estimator ay  when w = 
0.50 for selected values of m, K and ρ  

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   97.32 106.95 112.28 124.13 130.72 
1.00   98.68 108.40 120.75 155.49 180.99 
1.50   75.33   96.62 112.28 165.12 215.05 

 
 
 
m =8 

2.00   60.06   78.58   92.75 144.24 199.01 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 100.50 111.27 111.43 131.74 140.11 
1.00   92.38 112.83 126.73 167.63 199.50 
1.50   77.22 100.13 117.43 178.87 241.69 

 
 
 
m =16 

2.00   61.26   80.89   96.24 154.66 221.61 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 101.16 112.17 118.52 133.38 142.15 
1.00   92.94 113.77 128.00 170.29 203.67 
1.50   77.61 100.86 118.52 181.90 247.83 

 
 
 
m =20 

2.00   61.5   81.50   96.97 156.92 226.75 
  

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 102.17 113.56 120.83 135.91 145.22 
1.00   93.79 115.19 129.95 174.43 210.25 
1.50   78.20 101.98 120.19 186.64 257.65 

 
 
 
m =32 

2.00   61.87   82.09   98.08 160.44 234.95 
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Table 3. The exact relative efficiency (in percent) of the estimator ay  when  
w = 0.75 for selected values of m, K and ρ  

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   87.96   99.63 106.22 121.19 129.66 
1.00   70.98   88.84 101.19 138.49 168.59 
1.50   50.97   65.41   75.96 111.09 143.63 

 
 
 
m =8 

2.00   35.76   45.18   51.93   73.55   92.54 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   94.00 108.44 117.16 138.81 152.45 
1.00   74.87   75.78 111.06 162.00 209.29 
1.50   52.95   69.09   81.39 125.73 172.13 

 
 
 
m =16 

2.00   36.72   46.91   54.41   79.69   103.59 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   95.32 110.39 119.63 142.97 158.01 
1.00   75.70   97.29 113.27 167.69 219.90 
1.50   53.36   69.89   82.58 129.30 179.25 

 
 
 
m =20 

2.00   36.92   47.27   54.93   81.05 106.13 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   97.35 113.46 123.52 149.69 167.15 
1.00   76.98   99.67 116.76 177.03 238.01 
1.50   53.99   76.10   84.42  134.59 191.10 

 
 
 
m =32 

2.00   37.22   47.83   55.74   83.17 110.17 
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Table 4. The exact relative efficiency (in percent) of the estimator py  for 
selected values of m, K and ρ  

ρ 
K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 
0.50   86.29   99.01 104.07 109.48 109.29 
1.00   60.29   79.37   92.09 126.83 150.38 
1.50   37.61   49.75   58.45   85.95 109.29 

 
 
 
m =8 

2.00   24.05   30.68   35.26   49.06   60.06 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   90.63 107.96 117.70 138.84 149.82 
1.00   61.41   81.55    96.42 146.47 193.24 
1.50   37.14   49.35   57.98   87.32 115.27 

 
 
 
m =16 

2.00   23.93   30.06   34.34   47.44   58.22 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   91.52 109.84 120.66 146.12 150.88 
1.00   61.63   81.94   97.20 150.52 203.42 
1.50   37.69   49.25   57.84   87.39 116.06 

 
 
 
m =20 

2.00   23.91    29.94   34.14   47.07   57.75 
   

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   92.49 112.72 125.26 158.17 180.18 
1.00   61.96   82.32   98.32 156.62 291.78 
1.50   37.71   49.08   57.61   87.36 116.96 

 
 
 
m =32 

2.00   23.87   29.74   33.85   46.49   56.98 
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Table 5. The exact relative efficiency (in percent) of the estimator pjy  for 
selected values of m, K and ρ  

ρ 
K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 
0.50   76.34   87.72   94.12 108.40 116.28 
1.00   53.76   67.11   76.19 102.83 123.46 
1.50   34.36   42.74   48.49   65.68   79.37 

 
 
 
m =8 

2.00   22.42   27.10   30.19   38.87   45.25 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   84.75 100.50 110.35 135.82 152.65 
1.00   57.80   74.35   86.49 127.19 165.29 
1.50   35.97   45.56   52.46   74.84   94.79 

 
 
 
m =16 

2.00   23.09   28.21   31.68   41.91   49.88 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   86.66 103.52 114.29 143.06 162.87 
1.00   58.69   75.99   88.89 133.51 177.31 
1.50   36.31   46.17   53.33   76.98   98.62 

 
 
 
m =20 

2.00   23.23   28.44   32.00   42.57   50.92 
 

ρ K 
- 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50   89.69 108.40 120.75 155.49 180.99 
1.00   60.06   78.59   92.75 144.27 199.01 
1.50   36.83   47.11   54.70   80.44 104.99 

 
 
 
m =32 

2.00   23.45   28.79   32.49   43.61   52.56 
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Table 6. The exact optimum relative efficiencies (in percent) of the proposed 
class of estimators ay  for selected values of m, K and ρ . 

ρ  
K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 102.00 108.00 112.50 124.50 132.00 
 (0.1961) (0.3704) (0.4444) (0.5622) (0.6060) 

1.00 103.28 114.16 123.53 155.52 183.12 
 (0.1587) (0.3100) (0.3809) (0.5100) (0.5674) 

1.50 103.72 116.51 128.13 172.53 218.03 
 (0.1195) (0.2362) (0.2927) (0.4040) (0.4511) 

2.00 103.91 117.53 130.19 181.24 238.38 

 
 
 
 
m =8 

 (0.0194) (0.1865) (0.2319) (0.3201) (0.3628) 
       

ρ  
K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 

0.50 102.70 111.27 118.26 139.04 154.24 
 (0.2632) (0.5063) (0.1930) (0.8023) (0.8791) 

1.00 103.67 116.24 127.59 170.38 213.27 
 (0.1769) (0.3493) (0.4324) (0.5900) (0.6639) 

1.50 103.93 117.69 130.51 182.66 214.87 
 (0.1260) (0.2505) (0.3116) (0.4309) (0.4887) 

2.00 104.03 118.26 131.68 188.04 255.62 

 
 
 
 
m =16 

 (0.0968) (0. 1930) (0. 2406) (0.3344) (0.3805) 
ρ  

K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 
0.50 102.91 112.27 120.00 144.30 162.99 

 (0.2825) (0.5464) (0.6666) (0.8772) (0.9661) 
1.00 103.76 116.74 128.57 174.36 222.14 

 (0.1811) (0.3584) (0.4444) (0.6092) (0.6873) 
1.50 103.97 117.95 131.03 185.04 247.84 

 (0.1274) (0.2536) (0.3158) (0.4376) (0.4971) 
2.00 104.06 118.41 132.00 189.54 259.60 

 
 
 
 
m =20 

 (0.0975) (0.1944) (0.2424) (0.3374) (0.3843) 
ρ  

K - 0.2 - 0.4 - 0.5 - 0.7 - 0.9 
0.50 103.28 114.16 123.53 155.52 183.12 

 (0.3175) (0.6201) (0.7619) (1.0200) (1.1347) 
1.00 103.90 117.53 130.19 181.24 238.37 

 (0.1878) (0.3729) (0.4638) (0.6404) (0.7256) 
1.50 104.04 118.34 131.86 188.87 257.81 

 (0.1296) (0.2583) (0.3221) (0.4481) (0.5101) 
2.00 104.09 118.64 132.49 191.88 265.96 

 
 
 
 
m =32 

 (0.0984) (0.1964) (0.2452) (0.3420) (0.3900) 
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OBITUARY  
Mikołaj Latuch (1931—2005) 

 
 

Professor of economics, Dr. hab. Mikołaj Latuch left us forever on  
3rd October 2005. His legacy comprises highly appreciated research studies, 
academic textbooks, and numerous papers devoted to demography, statistics, 
social policy, and migration. He remained true to these scientific areas throughout 
all his professional life. Professor Mikołaj Latuch began his professional career 
within the academic environment of the former Central School of Planning and 
Statistics (recently Warsaw School of Economics — SGH), which he graduated of 
in 1954, and where he obtained the Ph.D. and habilitation degrees. In 1974 he was 
granted a title of the Associate Professor. He supervised several doctoral 
dissertations. He actively studied demographic and migration phenomena and 
processes taking place in Poland and neighbour countries, particularly those that 
had become the place of exile to many Poles. 

For many years Professor M. Latuch was the Director of the Institute of 
Social Economy in the former Central School of Planning and Statistics and was 
appointed the Head of the Chair of the Socio-Economic Demography in the 
Warsaw School of Economic. He initiated there numerous empirical surveys and 
completed many immensely interesting and significant studies. His individual or 
collective research elaborations, such as „The Basics of Demography”, „Studies 
on Contemporary International Migration” and „The Reasons for Repatriation 
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and Emigration of Population in Contemporary Poland” deserve particular 
attention.  

Professor Mikołaj Latuch was a great social activist. He actively participated 
in numerous social organizations and scientific societies, particularly in the Polish 
Statistical Association and the Polish Demographic Society. In the years 1987—
1989 he held a function of the Chairman of Demographic Sciences Committee of 
the Polish Academy of Science. For a couple of terms he was a member of the 
Government Population Council. He also participated in the activities of the 
Scientific Statistical Council functioning alongside the Central Statistical Office. 
In 1993, he was appointed the Man of the Year in Demography by the American 
Biography Institute.  

In 1981, Professor Mikołaj Latuch together with a group of young academic 
workers of the Socio-Economic Chair of the former Central School of Planning 
and Statistics initiated the foundation of scientific association of the Polish 
demographers. Since its very beginning the Professor actively participated in the 
works of the Main Board of the Polish Demographic Society (PDS) holding 
various important functions for many terms. He was also the Chairman of the 
Warsaw Division of the PDS for many years. True to the Society ideas, he 
continued popularisation of the knowledge of the demographic processes, as well 
as the awareness of social, economic and cultural factors influencing these 
processes. 

Professor Mikołaj Latuch was immensely engaged in the activities that 
resulted in the establishment of the social organization continuing the tradition of 
the Polish Statistical Association (PSA) from the inter-war period. Since April 
1981 he held a function of the PSA President that he was appointed to by the 
Interim Main Council. In November 1982, during the First General Assembly of 
the PSA Delegates, Professor Latuch was elected the President of the Polish 
Statistical Society for the term of the years 1982—1985.  

Professor M. Latuch initiated or co-organised many scientific conferences, 
seminars and symposiums organised by the PSA. He never ceased in his efforts at 
aiding statisticians and demographers. He carried out close co-operation with the 
statisticians of the Central Statistical Office for which he earned our sincere 
gratitude. 

The Professor was the author of many papers published inter alia in the 
Statistical journals, issued by the Central Statistical Office and the Polish 
Statistical Association. His most recent articles were mainly devoted to spatial 
mobility of young Poles — the issue that held a particular place in the Professor’s 
research work.  

Until the end of his days the Professor was very active, devoted to statistics, 
social and demographic problems, despite his severe illness that had been 
increasingly stronger hindering carrying out his noble ideals and extensive 
research plans.  
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